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1 Introduction

Recent work of Browning & Heath-Brown explored the density of rational points on the biprojective
hypersurface of bidegree (1, 2) in 8 variables cut out by the equation

2 2 2 2
T1Y] + Tays + x3y3 + xays =0

in P3 x P3,

Specifically, they, in [I], proved a modified Manin conjecture for this Fano variety, where a
removal of a “thin subset” of problematic points , which yields a greater density of rational points
than predicted by the Manin conjecture, is allowed. Indeed, “points tend to accumulate on thin
subsets which are images of non-trivial finite morphisms” (Peyre, [6]).

We wish to follow a similar line of reasoning for an infinite family of biprojective hypersurfaces
of bidegree (1, k) in P*~! x P*~! cut out by equations of the form

k k
1Yy + -+ xsys =0,

and prove the modified Manin conjecture for all s > 2% + 1.

This would extend a result of Hu ([5]), which established the conjecture for biprojective hyper-
surfaces of bidegree (1, 2) for s > 26, to s > 5 for diagonal equations, of the type investigated for
s =4 by [1], and to biprojective hypersurfaces of bidegree (1, k) given by diagonal equations for all
integers k > 2, holding for s > 2% + 1.

Working towards a resolution of a modified Manin conjecture for these varieties, we apply the
Hardy-Littlewood circle method to establish an asymptotic formula for integer solutions to these
forms, and establish a result for G(k).

We must note that the circle method produces answers for a high number of variables in com-
parison to the exponent, so that, in general, s > k. We establish specific functions of k, which we
call so(k) and s1(k), for the convergence and positivity of the singular series, but our asymptotic
formula holds when s > 2%,

To establish notation, in this paper we say that

F(z) < G(x), or G(x) > F(x)
if there are constants ¢ € Ryg and zg € R such that
|F(z)| < cG(2)

for all = > xg.

We divide this paper into 3 sections. In section 1 we gave basic introduction and prove an
asymptotic for our Waring’s problem. In section 2, we analyzed the convergence criteria for the
singular series. In Section 3 we prove a lower bound for the number of solutions under weaker
conditions.

Part 1
Define
p P , .
TJ(Oé) — Z 6(()4.1‘jyk) _ Z 627rza:cjy )
y=1 y=1
We wish to study the equation
xly’f+...+xsyf =0, (1)

for s > so(k), which is a certain function of k, and y; < @ for j € N, where j < P. Following the
Hardy-Littlewood circle method, we notice that the number of solutions of the above is precisely:

[0 () To(a).. Ty(a)da. 2)

Since the ;s are in fact variants instead of constants in the equations, we wish to evaluate major
and minor arcs, as well as their errors, in terms of the z;s.

Lemma 1.1. (Weyl’s Inequality) Let f;j(x) be polynomial of degree k with top coefficient ax;.
Suppose that o has rational approximation a/q:

a_2‘<i
q' ¢

(a,q) =1,4>0,
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then for any € >0, we have

P 1 ])k
« PV % + P“e(:r:f (q_% + P_%) + (—)_%), (3)
q

e(f())

z=1

where K = 2F1,
Proof. We seek to prove the case when f(y) = omcjyk Define
k 2 k
Se(azjyy) = ) e(az;y”).
y=1

The k subscript standing for the degree of the function evaluated inside. We notice from complex
conjugation that

P P
[Se(azyf)[ = 3 e(az;(yh —45))

y1=1y2=1
1<y1,y2<P

=P+2 ), Re(e(az;(yi -v5)))
Y1>y2
P

=P+2 Zl > Re(e(awj(Ay(y))),
y=1Y;

where

Ay(y)) = (i + )" -4,

and the summation is taking place over y;’s such that y; +y,y; € N and y; +y,y; < P. One can
thus replace the inside sum by Sk,l(Ay(amjyf)), and note that

P
[Sk(az;yf)F < P+2 3 S0 (Ay (azjyh))|-
y=1

In particular, one sees that, replacing £ with k — 1 and summations with appropriate intervals, we
have

P
2
|Sk71(Ay(awjyf))‘ <P+2) |Sk72(Ay,z(0437jZ/;?))
z=1

)

where

A%Z(axjyf) = Ay(ax;(y; + z)k) - Ay(axjyf).

In particular, we see that this is polynomial of degree k-2 in y;. Combined, we have the following:

P
|Sk(oz:zjy§?)|4 < [P +2 Z:l ‘Sk_l(Ay(oz:Ejyé?))”z
=

M~

P
<P?+4P Y | Sk (Ay (axjyh)| +4]
y=1 v

|Sk-1 (A (azjy )]

N s

P
< P?+4P > ‘Sk_l(Ay(axjyf)ﬂ +4P )" ‘Sk_l(Ay(axjyf))F (Cauchy-Schwartz Inequality)
y=1 y=1
P
< P?+P > |Sk_1(Ay(a:ijf))‘ (AM-GM Inequality)
y=1

P P
< PP+ P Y 3 [Ska(Ayz(azyh))].
y=12=1

One may thus follow through similar process and show that

P
ky|2° 2v_1 20V _y-1 k
‘Sk(aiijj )‘ <P +P7 " Z |Sk—v(Ay1,y2--~yv(axj@/j ))|
Y1,Y2.--Yo=1

Letting v = k£ — 1, one sees that

Sk-v(Dyy oy (azyF)) = Klayr..yua;y; + B,
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where [ is a constant. Rearranging, we see that
|0 (A e (@y)) | = D e(Rlays ..y zy5).
x
Here we note that

xo—1 1

e(\r) <« —,
P B

which gives us that, letting v = k-1 and K = 21,

x kPRl
‘Sk(a:njyf)‘K « pE-1, pK-k+e ’ Z min (P, ||am||_1),

m=1

where in the last sum we have rearranged into all possible values for klz;y...yx-1. Reputting the
summations into blocks of sizes q each, we see that the number of blocks « Lf’“ + 1. The rest
follows through the text by Davenport, in which it was proved that:

q-1

" min (P, ||am||71) < P +qloggq.

r=0
Therefore we have that

x; P71
|Sk(amjyf)|K « pE-14 PK“(]— + P’k)(P +qlogq).

q

Taking K™ root gives the result. O

Lemma 1.2. (Hua’s inequality) Given any j, we have
1
[ 1T () da < P2+,
0

Proof. Denoting integral on the left as Ii, we prove the theorem through inducting on k. The base
case is trivial: if £ =1, we have

! 2 LE by o k 21-1+e
_[0 ‘Tj(a)| do = fo > elaxjyi) Y, e(-axjyi) =P < P :
y]:1 yj:l

Suppose case holds for k = v, we show that it also holds for £ = v + 1. In particular, we have from
proof of the previous theorem that

v v X P
T3 ()" <« P*+ P S RSy (Asy e (b)),

21,22...=1
where

k k

Sk?—’U(AZLZQ-nZv (O‘xjyj ) = Z G(Am,ZQ..-zv (Oéxjyj )-
Yj
. . . . . . 2v

Summing over ranges of y; for which y;+ Y73’ z; are contained in [1, P]. After multiplying ‘T](a)|
on both sides and integrating with respect to o from 0 to 1, we obtain:

2v_1 2V—y-1 ! 2v
Lper < P71, 4 P2l ¥ 9%/ So|T3 ()| dar, (4)
0

Z1...20

the last integral being

1
[0 Ye(Az .z, (amjyf) > e(axj(uf +ub +..))e(~az;(vf +vh +...))da.
Yj

U,U2...U2v _1
V1,V2...U2v_1

Hence the integral counts the number of solutions to
Azl.,.zv(xjyf) + xju’f + o= xj'u’f =0. (5)

In particular, we note that the first term is either a strictly increasing or a strictly decreasing
function of y;. Furthermore it is divisible by 21, 23...2,. Thus only one possible y; works for each
choice of parameters. From previous theorem, we have that the number of solutions to (5), denoted
N, has

N <« P2v+,U2u€ — P2v+€
Substituting back into (4) along with inductive hypothesis, we have
Iy < p2'-1p2i-vie | p2°-v-1p2¥re _ P2”+1—(v+1)+e
v+ - ’

giving the proof. O
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With these tools it is possible to evaluate the integral along the minor arcs.

Definition 1.3. Define
m _ . a —k+0
a,q = QE[O,l].|CM—E|<P s
fora<gq, (a,q) =1 and 1 < q < P° for some small §. Define

q
M = U U Maqs
q<Pé  a=1

(a,q):l
m = [0,1]\9.

Here 9N is our major arc and m is the minor arc.

Lemma 1.4. If s> 2k, then we have
4 S— k s
[ IT@Tx(0)- Tu(e)lda <« P (1., )

where Tj(«) are defined as before.

Proof. By Holder’s inequality, one has
1

[ IT@)rda)”,

so we simply need to evaluate one of these integrals. We note that by Dirichlet’s approximation
theorem, one can find a, ¢ such that

fm T4 () Ta(a)... Tu(a)|da < fm T4 ()| dov)

1<q< P9,

- g| < q—lp—k‘+5.
q

Hence if « € m, then necessarily we have ¢ > P?. In particular, we see that, since |a - %‘ <q? and
PTk > P% we can use Weyl’s Inequality to conclude that for a e m,
1+e-§/K _1/K
T (o) < PHe0K g I

Thus using Hua’s Inequality, we have

1/s i 1/s . 1/s
([ mraa) ([ imraa) ([ @)
m m m
_ok 1/s
<« ((P1+€_6/K$;/K)s 2 P2k—k}+6)
_ (Ps—k—é'x§5—2k)/K)1/s‘
Combining using Holder’s inequality, we have finally the desired Holder’s Inequality:

! S— k S
f T () To()...Ts () |do < P5F° (xl...acs)( 2)/Ks

O

In fact this concludes the proof of theorem for the minor arcs. We now seek to evaluate the
expression for the major arcs. The following lemma transforms the summation into easier forms to
handle.

Lemma 1.5. For « in M, 4, let a =3 +a/q, then we have

Ti(@) = ¢ ' Sujaq1i(B) + O(P* ),

where
=l P
Stiaq = ZE}@(Tjrk), I;(B) = ]0 e(a:jﬁuk)du.
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Proof. We see that

P
Tj(a) = ) e(ax;y")

y=1
-1 .
_ Zo(%k) > e(;B(bq +7)")
r= b
= Sayaq 2. (2 B(bg + 1)),
b

where the summation for b takes place such that bg + r runs over 1,2...P. In particular, we now
seek to replace the second sum by an integral as indicated, and then reevaluate the error terms.
Note that

P

/o Te(ziBlyg+r))dy— Y. e(x;B(bg+1)")

03b<§
[%J j+1 i ) i
-y [ e(2;B8(yq +1)%) — e(x;8(iq +r)F)dy.
=0

We note that for |y — j| < 5, if f is continuously differentiable, then we have:

_2,

£) - 1] < 5 max ]G,

for j in that region. In particular, after substitution we see that

P

Aqe(xjﬁ(yq+r)k)dy— 2 e(xjﬁ(bq+r)k)

0<b< £
q

< Z demax 1f' ()]

P

«< max [f'(y)|[—].
ye[0, 2] q

where f(y) = e2miziBay+1)* and therefore |f'(y)| < Bx;qP*!, therefore combining all terms we have

P

[T e@iBa 1))y = ¥ elaybva+)) « Pay,

0<b<
q

since by construction, 8 < P7¥*°  Multiplying from outside by Szja,q We obtain the error term
O(P25xj). Finally a change of variables in the integral gives the result. O

With this it is enough to determine the value along the major arcs

Lemma 1.6.
P !
O( ) E E q flfflvqmsaxs,q + O(]Ds_k_(S max(xl....'ﬂs))a

o xs)k ask? (aaq)1=1

le(a) Ty(@) da = p5F 2

where

C(P) = fwsPé (/01 e(yuk) du)s dry.

Proof. Note that

le(a) Ty(@)da= 3 3 f Ti(a)...Ty(a)do

q<p
(a q) 1

) Z S0 Se.ag fﬂkp_m L(8)...I(8)dB

qsp®  a=1

(q)l

by the definition of the major arcs, where

)= [ eagput) du
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Define I to be the right-most integral

I= [ 1(B)...1(8) ds.
|B|<p~k+o

Then we have that

s P
J:f f Bu) dus d
oL ety

1/k
- k pk
_fﬁ|<P IMH/ e(Buj P*) dvj—- 1/k ap

Ps 1/k
= k pk
B mfkp MI_If e(Buj P") dv; dp,
A

when we set u; = Pv;.
Now, setting v = SP*, we have

_ ps- k/|7|<p5 Hf x]’yv )dvj dry.

Now, we introduce another change of variables, and set ( = v;-“ , and our I now becomes

sk _dCdy
=r ﬁ|<P5 H/ (270 T

Another change of variables, setting u = v(, yields

dp d
s—k . Hay
=P Akpa f (zj1) o) oy (=)

- v 141
) /|7|<P5 lj[l{V ik lfo e(xjp) 1 dp} dy,

and

N

s S v 1
RkT? / e(xjp)u E
‘szév JI:II R CAOI

Finally! We have the desired result:

Theorem 1.7.

o(P s
( ) Z Z q °Sax1,q---Sazxeqg + O(P F 6T), (6)
o xs)k q<P6( " )1 1
aq

1
fo Ti(a)..Ty(e) do = P

where

C(P) = [wgPJ (_/01 e(yu) du)s d, and

T = max((xl...xs)(S_Qk)/SK,max(a:l, vy Ts)).

2 Part II

In this section, we focus on the double series

which we call the singular series in the tradition of Hardy & Littlewood, and the integral

C(P) = /%Pé (/01 e(yu) du)S dr.

Let us consider C(P) first.
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Note that if we take the inner integral, we can apply a change of variables ¢ = u*, to yield, as
in Davenport,

1 1 1
[ ety au=k [T Re(r60) a¢
—iyE [Tt e de,

where v in the last integral is positive.
1 1
The above is absolutely convergent at 0. By Dirichlet’s test, we know that k~1y 7% Jo'¢ Hre(¢) d¢
is a bounded function of 7, so we know that

‘Lle(vuk) du

and so we can extend the integration over v to infinity to obtain

<[ F,

C(P)=C+0(P D9,

where

c- [ (k‘l A Le(0) dc)s dv,

which we call the singular integral.
This treatment is identical to the one in Davenport.
It suffices for our purpose to just show that C' > 0.
We do this as in Davenport, using Fourier’s integral theorem.
Setting £ = (1 + -+ + (5, define

1 1 1
o€ = [ [ GGG = G G g,

taken over values of (y,...,(s-1 such that £ -1 < {3 +---+ (51 <&

The application of Fourier’s integral theorem requires certain conditions to be met, and it
suffices for ¢ (&) to be of bounded variation.

To show this, let (; = &t;, so that

1 1
<p(§):5%_1fog---fog{tl...ts_l(l—tl—---—ts_l)}_“%dtl...dts_l,

taken over values of t1,...,ts_1 such that 1 - Lot +oo4 ts—1 < 1.

As ¢ increases, the region of integration becomes smaller, and since the integrand does not
involve &, we see that ¢(&) is a function of bounded variation, being a product of the power of £
and a positive monotonic decreasing function of £ trivially.

Applying Fourier’s integral theorem for a finite interval, which says that for A < B < D, and
certain conditions that we have already satisfied,

B sin(27rA(§ - D)

jm Jf, PO e by

dD = (D).
Hence, in our case, we have

1 1 L
BC=p() = [ [ o GG =G} G i,

with the integral taken over (y,...,(s—1 for which 0 < (3 +--- + (5-1 < 1.
As Davenport states, this integral was explicitly evaluated by Dirichlet to yield

C_(l)sr(%)S_r(H%)s
\k) (3 T3

which indeed tells us that C > 0.
We now shift our focus to the singular series &;.
Recall that our asymptotic formula is

C(P a ,
N(P):PS—’f(—)l S G Sarrg- - Sageq + O(PTFT,

3 5 ool
(o o) ast o

for s> 2F.
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To show that the main term is significant, we wish to work with the double sum

the singular series, and prove that it is positive, is absolutely convergent for s > 2k.
This singular series is related to the number of solutions to the congruence

331y1f+--~+x3y550 (mod p"), 0<x<p”.

We will show that G, is always positive, in a similar way to how Davenport does in Chapter 8
of his Analytic Methods for Diophantine Equations and Diophantine Inequalities.
Define

and consider the fact that

for s > 2% + 1 since

which follows from the fact that

quq:Q (Saxl,q1q2-~-5aws,q1q2 )3 — ( il: (Saxl,ql ---Saxs,ql )S)( f: (‘S’awl,% --~Sa:rs,q2 )S)
q1 2 ’

a=1 q192 a=1 a=1 q
(a,q192)=1 (a,q1)=1 (a,q2)=1

when (q1,q2) = 1.
In fact, when p > pg for some pg, then

N | =

[T x>

P>po

Because of the above, to show that & is positive, it suffices to show that x(p) > 0 for all primes

p.
Define 7(p, k) to be the highest exponent of p which divides k, and define

T(p,k)+1ifp>2
T(p,k)+2if p=2.

v(p, k) = {

Furthermore, let C), = p 76D 5.
To show that x(p) > 0 for all p, it suffices to show that the form
Ty + e Tyl

represents zero p-adically for all p. That is, for all p,

xlylf +oeeet xsyf =0 (mod p")
has a solution with terms :L‘ny not all divisible by p. This is also called the congruence condition.
Lemma 2.1. If the congruence condition holds, so that

k k _ Y

Ty + -+ x5y, =0 (mod p7)

has a solution with terms xzyf not all divisible by p, then

x(p) > 0.
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Proof. 1t suffices to let
k k _ v
a1bi +--+ash; =0 (mod p7)

with a1b¥ #0 (mod p) be a solution, from which we will construct more solutions for v > .
Choose :cgy];, . ,xsyf arbitrary, but subject to the condition

2yl = aibf  (mod p?), 0<mzyl <p”.

There are p~"=1) guch choices.
Then choose 21y} to satisfy

:Ulylf = —xgy’; — = xsyf (mod p").

This is possible since the right-hand side of the congruence is congruent to alblf (mod p¥) and
alblf by the assumption, which means that the congruence

k _ k k
T1Yp = —X2Yg — " — TslY,

is soluble for every v >, as we will show at the end of this proof.
Thus the number of solutions of the congruence

syt +-+2F =0 (mod p¥), 0<x; <p”.

is at least p(»~"1 (1),
To finish the proof, we show that if the congruence

higF =m (mod p?)
is soluble for m # 0 (mod p), then the congruence
rjs? =m (mod p”)

is soluble for all v > v. We tackle this exactly as in Davenport.

Let p> 2.

The relatively prime residue classes form a cyclic group of order p*~!(p - 1), and they have as
representatives the powers of a primitive root g modulo p”. In particular, if v > 7, then g is also a
primitive root modulo p7.

Let

k

m=g", higl=g", rjsh =g (mod p¥).

The hypothesis that higf =m (mod p7) is equivalent to
n=p (mod p~H(p-1)).
FIX THIS LAST PART OF THE PROOF LATER. O

Showing x(p) > 0 is achieved in the literature by showing
M(pV) 2 Cppy(s_l)a

for sufficiently large v, where M (p”), in our case, denotes the total number of solutions of the
congruence

:Elylf+-~-+:nsyfz() (mod p”), 0<y; <p”.
We now find an explicit function s;(k) such that
M(p") > Cpp ™Y,
holds for each prime p when s > sg(k).
Theorem 2.2.
si(k) =k*+1,

that is, when s> k* + 1, we have that Sg > 0.
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Proof. This follows directly from the analogous result for the form
cla:]f+---+csxl; =0,

where c1,...,cs are given integers, not all of the same sign if k is even.
This proof is given in “Homogeneous additive equations” (Davenport & Lewis, [4]). O

Finally, we show absolute convergence for the singular series for s > so(k) = 2k.
To show that the singular series is absolutely convergent for s > 2k, we show that

q -
s _s

> G Sazig- - Saveg| < g F,

a=1

(a,9)=1

which is directly implied by each of the terms Sg,,  being bounded:

|SaI¢7Q| < ql_k7
and this latter estimate is the one we show.

Theorem 2.3.
|Saz;,ql < ql_%

for (a,q) =1.
Proof. Let

141
T(ami7Q) =q 1+k5axi,q-

We show that T'(ax;,q) is bounded, independently of g, so that |Sgge, ¢ < ql_% will hold.
By the multiplicativity property of Suz,.q---Saz,,q We discuss above in the above discussion of
the product form of the singular series,

T(ax;,q) = T(arwi, py* )T (agzi, py’) - - -,
for ¢ = p'ps? ..., and for suitable ay,as, ..., with each a; subject to (aj,p;/j) =1.
Since when v; > k and a; # 0 (mod p;) for some j it holds that

k-1
j :p‘ S Vj—k,

V] J
ajTiP; a5 Tisp;

we have that

Vj)—1+%

T(ajzi,p;’) = (p]

Vi
ajTispP;

uN-1+1 E-1
= (p; kpi S vk
( ]) J ajxizpjj
»
—'yj+k+?3—1

S vi—k

J
J ajx'ivpj

=P TYES,

J
ain,Pj

—k
:T(ajasi,p? ),

which tells us that T (ajmi,p;/j ) is bounded independently of p;j for v; > k.
On the other hand, supposing that v; <k for all j, since when a; #0 (mod p), we have that

|Sajri,l7j| < ((kapj - 1) - 1)\/]7_3

it holds that

1
%

o=

<kp

-1
T(ajzi, p;) < k\/Djp; ;

Furthermore, since when a; #0 (mod p;) and p; + k, for vj <k, we have that

l/jfl
Sajazi,pjy. :pj )

it is the case that

T(ajai,p) =p» p 0 < 1,

10
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Therefore
T(a]J:l)p;]) < 1)

except in the case that p; < kS and vj=1.
Combining the two results above for v; < k, we have that

_1
T(axhC_I) < H (k;p](i)’
ijkﬁ

thus T'(ax;,q) is bounded independently of ¢, as desired, exactly as in the case for the singular
series for Waring’s problem.
Lastly, for this proof, it remains to check that indeed if a; # 0 (mod p;), that we have

L. ’Sajwhpj’ -3 ((k7pj -1)- 1)\/27_]‘,

: -1
2. if p+ k and vj <k, then S’ajxhp? = p]”,ﬂ , and
3. ifvj>k, then S v = p;?_lS viok.

: J
gl ajrzvpj

We start with 1. In the following proof of 1., sums are always over a complete set of residues
mod p. We have that

Sazip = Z e(@r(lﬁp—l))_

p

Letting x be a primitive character of order (k,p — 1) modulo p, the number of solutions to rd =
t (mod p) is 1+ x(t) +---+ xFP~D(#), so that

Sazip = Y AL+ x(t) +--+ X(k’pl)l(t)}e(al‘it).
p

t

Let 1 denote any one of x, ..., x#? D=1 The Gauss sum

ﬂw=;¢m{ﬁﬂ

is such that [T'(y)| = \/p, since

2 _ - ar; —u
ww»-;gwmmm{p@ ﬂ

:ZZwm{%%wﬂﬁ

v u#0

with a change of variables t = vu (mod p). If v = 1, then

D ¢(1)e(awiu(1 - 1)) -1,

u#0 p

and if v # 1, then

z¢mo{7;uw—1ﬂ=—¢w»

u+0

so that
T =pyp(1) = Y 9 (v) = p.

Since in

ORISR

t

there are (k,p—1) — 1 non-zero terms in the bracket, we have that

|Saz; pl < ((k,p—1) = 1){/p.

11
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For 2., note that

pl/—l_lp_l
ar; ax; k-1
Sazipr = Z Ze(—yr + —kr" 2],
r=0 2z=0 p p

and with a change of variables r = pw, we have

py—2_1
axr; k
Sazipr =D ), e( W )7
w=0 p

where all of the terms are 1 if v < k, so that
Saz,-,p” = py_la
as desired.
Finally, for 3., taking the sum above when p 4 k, if v > k, we have a period function in w of
period p*~*, so that
Sal"i,p” = pk_ls

az;,pr k-

If instead we have p | k, consider k = p" PR ko and note
v > p" PPk > 270k > () k) 41,

so, in particular v > 7(p, k) + 2.
Parallel to the above case when p + k, we have

pufﬂ'(p,k)fl_l pT(P!k)Jrl_l (

ax; ax; _
Sz pr = Z Z el —=2rF — =L gr® 17“)
(3 14
r=0 2=0 p p

p'r(p,k)+171 ars
_ pT(p,k)+1 Z 6( ‘ U}k)

o py—k
= pr PR herek)2g
=" S i
O
Thus, we have proved the following.
Theorem 2.4.
so(k) =2k + 1.

That is, the singular series &g is absolutely convergent for s > 2k.

Lastly, in this section, we make a note about G (k).

We define G(k) to be the smallest value for s such that infinite solutions exist for the equation
with y;’s bounded by P.

From the above 2 sections, we know that G(k) < 2¥ + 1, but we wish to obtain tighter bounds.

It suffices to study solutions to the form

k k
1Yy + .. x5y, = M.

This is the topic of the following section.

3 Part III

In this section we give an upper bound for G(k), the smallest number for s for which infinite
solutions exists for the equation with y;’s bounded by P

xly’f + x2y§ + .+ $5y§ =0, (7)

as P approaches infinity. From Part II we note that to solve for the number of solutions to the
form

xly’f + x2y§ +...+ msyf =M.
it suffices if
M =0 (mod p?®k)
for all primes p less than some fixed py not depending on M. For such choices of M, we note from

Part II that the singular series is guaranteed to be positive.

12
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Definition 3.1. We define major arcs to be

1
Meg=1a:|ga—al< ,
o { ‘q | 2k Pk=1max |z; |}

M= UMy for1<a<q,(a,q)=1, q< Pz,

and we define minor arcs to be the complement of major arcs:

= [0, 1]\

We will make use of the following lemma

Lemma 3.2. (Van der Corput) Let f be twice differentiable function. Suppose we have:

0< f(z) < % and "' (z) > 0.
Then the following holds:
S elfm) = [ e(f @)z +0(1).
A<n<B A

Proof. We can start by assuming that A and B are both integers and that the difference between
the summation and the integral is real by replacing f(x) with f(z) + ¢ if necessary.
Define ¥(z) = z - [z] - 3, then we note that

n+1 1 n+1
/ V(@) F'(2)do = 5(F(n+ 1)+ F(n)) - f F(z)da.
Thus following such procedure, we have

S F(n) = f U(z)F( x)dx+/ABF(x)dx+O(1),

A<n<B

noting that F(x) = e(f(x)), which we can then replace, since the difference can be made real
between the second integral and the sum, with cos 27 f(z). It remains to show that

B
I- fA U (2)F (2)dx
is bounded in absolute value.

Quoting results from Fourier analysis, we have

>, sin 27rvx
U(z) = Z

We note that this series is absolutely convergent

I- fB U(z)F' (2)dz

B sin 2mvx
2 fA —{cos 2 f(z)} dx
2 (B . /
= 112::1; /A sin (2mvz) sin (27 f(z)) f' (z)dx
_ il L7 @) eosam(ve - 1(2)) - cos2n(vr + [ (@)}

We will show that
[ @) cosam(on = f(2))da] <
X)) COS LT(VT X X re——
A T r(2u-1)’

from which the convergence of the series immediately follows. Rewriting ¢(x) = sin 27 (vx £ f(x))

we can reformulate the integral as
1 rB fi(x) ,
— —_ dz.
or [A vx () @

We note that integral for the second term is bounded above by 2, and the first term is monotone
since its derivative is

of"(z)
ve fi(z)

and since the first term is bounded by m, we conclude the proof.

>0,

13
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Remark: the theorem also holds in the case

% < f'(y) <0 and f"(y) <O0.

As in Part I, define

P
k
Tj(a) = 3 e(az;yy).
yj=1
Then we have the following approximation on major arcs:

Lemma 3.3. For o in M, 4, we have
E(a) = qilswja,qu(/g) + O(Q)v

where (as before)

q
Sacja,q = Z e(aszk/Q)a

z=1

and

)= [ e(Bag®yin

Proof. We see that after rewriting o = %; + 3, we have

Tj(a) = z e(az; 1) S e (qy + 2)b),
2= Y

where the summation is over y for which 0 < gy + 2 < P. In particular, let f(y) = Bz;(qy + 2)*, then
we note that for x; and 8 of the same sign we have

1 k

1
"(y) = kBx; +2)F < ks Pkl
f'(y) = kBxjq(qy + 2) i g PFTmasl) 5

and the same holds for § and z; of different sign. In particular, we see that we can replace this
inner sum with

fOqu+z3P e(B(an+2)")dn+O(1),

by lemma 3.2. A simple change of variables lead to Lemma 3.3. 0

We now seek to evaluate integral along the major arcs. Denote sy as the smallest possible value for
s such that the associated singular series in Part I converges. We have the following lemma:

Lemma 3.4. Suppose s > sg, then for

1 2s _
gp’f < M < P max|z;|% 7t < P7¢

we have
[mT1(a)Tg(a)...TS(a)e(—Ma)da > psk,
Proof. We first try to find error terms associated: from Part II we have that
-1 1 1
4 |Saz;ql < lzjlkq*
and we also have:
1;(8) << min(P, B[] %)

Where P comes from the trivial estimate, and the second estimate comes from change of coordinates
U= B:L"jnk, giving:

_1 [Bz;Pk
18) = K7kt [ e(uyu*Edu

14



Hardy-Littlewood Circle Method

Where by the definition of the integral we can assume that ﬂijk is positive. In particular, we
note that the integral is bounded: note that

® omiu, ~1+1 U omiu, —141 ® omiu, ~1+1
f ey kdu:/ e ™y kdu+[ e ™y R du.
0 0 1
In particular the first integral is bounded. For the second integral, we have
_ w14l
‘/ 27rzu 1+kdu‘ _ ‘ Z / 2muu 1+kdu‘
1
n+1 1 .
« ‘ Z f —1+Ed€27rzu|
n=1-"

<<‘§:(n+1)_1+%—n k—i—( 1+ — )f 27rzu _2+kdu
=1
noo 1 0o . 1
< ‘ Z n_2+E‘ + ‘ f e2muu—2+7
n=1 1

which converges and hence the integral converges. This gives the estimate for the size of the main
term:

1 11, 1Lt
q S:):ja,qu(ﬁ) < |xj|kq kmln(Paﬂ k|$j| k)
In particular, we note that error term ¢ doesn’t exceed either of these inside min, since
1 1 1 1
¢F < Plz;|¥ and ¢ <pE

By our construction. Thus we have (assuming |z4| is smallest among all z’s.)

TI(Q)TQ(Q)"-TS(O‘) = q_sS:vla,qn-Sacsa,qu(/8)'-'18(5)4'
1 1 s—1 1 1 1 1
O(q|x1|5...|x5_1|5q77 min(P, |z1| %47 %)...min(P, |xs_1\767))

Once we integrate over (—oo, c0) with respect to 3, we have the error term being bounded:
_s=1 1 1 [ree _1 1 . _1 _1
<@ |y |F |z | [ min(P, |5 ®|z1| %)...min( P, |f] *|zs_1| *)dS

By Holder’s inequality, we have:

1

[T( [ fmin(p, |81 a5 d5) =

1 —00

S—
|/ min(RIBI el ) min( o7 H sl 4] T
In particular, for each term in the product, we have

[ imin(P, 181 orE) < as

(ja; | PF) (ol PFY e
O s [ [ et
_(|$.|pk)- P’C)‘ | Lj | J | |
Cs-1
« Ps” k|1’J| ! |5UJ| ((|$J|Pk) ) .
:|xj| lps 1-k

Thus we have the entire error term bounded by, after integrating;:
Rl _1 1 . _1 _1 1_s-1 1.1 e pq
|[ min(P, || *|z1|*)... min(P, | 8| * |xs_1| k)dﬁ‘ K q Tk |x1x9. 51|k 1P

Summing over all possible values of a, which is at most ¢, and ¢ < P%, we have

J el N slzq T PR gy [

since the series converges.
Summing over all possible values of a and ¢ and integrate along the major arcs we have

Sz1a.0520a.q--Sz.a / I L -MpB)d
q;};( z):l q 10,GPT2a,q 5a,q Be(2hqmas fa )1 P1-k 1(ﬁ) (5)6( ﬁ) B
= a,q)=1

15
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In particular, note that

qu_ssxla,q"-swsa,q] L(B)...Is(B)e(-MB)dB
q a B

>(2kgmax |z |)~t P1-k

Ldorosfta [ jor.a £
< T T
ai%1--Zs174 B>(2kqmax|z;|)~1 P1-k Tl
<<Zq kgh~ max|:z:|k Lp-k-%)
< max|mj\k L psk-l
Consider -
[ 1) 1(B)e(-MB) db.
where
P k
1) = [ e(Bap®) dn,
where n = Pu.
Therefore,
1
Ij(ﬁ):/o e(Ba; P*u™) P du.
Thus,

SO n@).n@e-mpyas=p [7T1 [ (8o Prub) duj e(-MB) 4B
L

o 1 M \ dv
_00]11 o i) du; e(P’ﬂ) PF
n [ [ M
=P k[oo H /(; e('y;rju?) du, e(—Pk’y) dry
J=1
where v = BP*, and thus dvy = d3P*.

Setting ¢; = uf, so that d(; = kuf~"du;.
We have

f: L(B)...I,(B)e(-MB) dB
<P [T, cm g el g
= pok ﬁ [: { fol G(WjCj)k_lgjé_lde}e(_’yg) B (G=)

P”[ I f(C A1+t e~ ) iy

Ps- k 1
= s /\h / [0 (¢ )f (v(x1G + oo+ 2sCs — k)) dy d¢ (Dominated Convergence Theorem
sin (27 A(x1(q + ... + (s — 55
_ - }l_)ﬂolof / %1 ( ( 1C1 ¢ pk)) dc.

T(21C1 + oo + (s — %)

Define z = 1(1 + ...xs(s, we have

T1C1+. AT 1Cs-1+Ts 14,2 — . =T 1Cs-1 1 Sin(27'r)\(z )) B
ks /\—>oo[ f / (Cl“'{ﬁfl)k 1( 1C1 1€ 1)k 1 PE Sld d(

1¢1++Ts-1Cs-1 Ts 7r(z — Pk)
psk 1+.zs sin (2N (z — 4
= —— lim f 1 (2m( i Pk))¢(z) dz,
k A—=o0 JO 71'(2’ — ﬁ)
where

w(z)zfol...fol(gl...gs_l)i1(z—x1gl...x5_1<5_1)i1x;idg1...dgs_1,

with the integration taking place for z —xs < x1(1 + ... + £s-1(s—1 < 2. In particular we see that with
the Fourier Integral Theorem, we have that

Ps—k ) [$1+...$s sin (277)\(2 - %))
0

ks Ahfgo 7r(2_%) (z)dz
Ps k
= w(

Ps k 1 _1
f f (C1e-Csm 1)?( — 211~ Tso1Gso1) B g FdGy . d o
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In particular, we have that since % - 2101 — ... —X5-1(5-1 < 1 and % —1 < 0 where the integral is
taking place, we have that
) Psfk
[0 L(Be(-MB) dB >> ———
—o0 max |z

O]

Lemma 3.5. Define Uj(X) the number of natural numbers M up to X that can be written in the
form

k k
M =z1yf +..2y; .

Then we have:

1
Ui(X) > (21...25) FT (1= M), A =1 -

Proof. We prove the lemma through inducting on 1. For [ = 1, we note that
1
Ui1(X) =2 FXE > (ml)_ﬁXl_A.

For the inductive step, suppose the lemma holds for [ — 1. We show that it holds for I. Consider
integers of the form z + xlylk where z = :Uly’f + ...:L‘l_lyl]il for a certain choice of x;’s and y;’s, and
also subject to the conditions

1

-5 1 el |
o (= X)E <y <, (éX)’“,

1
4
and

0<z< %X 1%,
In particular, we show that such representations are unique. Suppose that we have satisfying
21 > 29,Y1, Y2 such that

k k
21+ 21y = 22 +21Yy-

Then we have the following inequalities:
1ok1 1
l’zyéC - Cﬁzylf > zzzlk:y{“*1 > k(Z_LX)% S §X1’%7
meanwhile
1

-1
21—22<21<§X1 k.

This gives us a contradiction. Hence such representations are unique. In particular, we also have
for such choices of z,y;

1 -1 1 -
z+xlylk<§X1_%+xll k’l(éX)=§X1_%+xl L =X) < X.

N | =

We thus have, using inductive hypothesis:

1 1
Ui(X) > Ul,l(gxl-i)ml T Xk

Bl

1
> X(lf%)(li)‘l_l)((I}l...l'l,l)iﬁa}l_mX
> (xl...xs)_ﬁXl_)‘l,
concluding the proof. O

We thus have the following corollary that will prove to be helpful:
Corollary 3.5.1. Define

Ri(@)= Y elou), (8)

u<%Pk
where u ranges over integers less than %Pk that can be written in the form:
k k
U=T1Y] + ... 2y

Then we have the following asymptotic bound:

1
fo IR(a)|?da = R(0) « (z1..0y) =1 P FAX) R2().

17
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Proof. The first equality is obvious. For the second one, note that R(0) = Ul(%Pk) > (ml...xl)_ﬁ pra-xh,
The second inequality immediately follows. O

The next lemma, due to Vinogradov, also plays an important role.

Lemma 3.6. Let X, Yy be the size of 2 sets of different integers running over interval of length
XY, respectively. Let o = % +0(q7?), then we have

]
\EZe(awy)|2 < XOY(J%(Q +X)(qg+Y),
Ty

where the summation is over x,y of the distinct 2 sets.

Proof. By Cauchy-Schwartz, we have

|2I: Zy:e(ozxy)‘2 < ( ; 1)( Z:C: | zy:e(axy)F)

x1+X

< Xo Z Z Ee(azn(yl -y2))

T=Tr1 Y1 Y2

< Xo Z Zmin(X, llo(y1 - y2)H_1) (Part I, Lemma 1.1)
Y1 Y2
« XoYy Y, min(X, [let]|")
[t|<Y
Y SO at 1 1
< XoYo(—+1) > min(X,||—+O0(¢ ) +7|[) (Part I, Lemma 1.1)
q t=ti+1 q

« XOYO(% e %+X)

1§u£%q

1
< XoYo—2d(g+ X)(g+Y).
q

Corollary 3.6.1. Denote
S(a) = 3. Y elay™v),
Yy v

.. 1 _1
where it is summed over 1 <y < P2 and 1<z < %Pk 2, where z has the form a:ly]f +...+ :clylk. In

addition, if we have o = % +0(q?) and P3 < g < 2max ]:cj|kPk‘1, then we have

1S ()] << S(0)(1...204) T P2 3)A-N) e g
where
A = max (2 max|z;|kP", iPk_% ).
Proof. Following Vinogradov’s theorem, we have
X = 1PFE, Xo = UG PP,
Y = P2,Y, = P3.
Therefore,
S(@)F < X0¥0=EL (g + X) (g +7)
= XoP3 (P +q)(; P + )25
« XoP% Alog P,
where we define
A = max (2 max ||k P, iPk_% ).
In particular, since

S(0) > P X,

18
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we have

S(e) |2 < XglP_ﬁ“A,
S(0)
and from lemma 3.5 we have
X() > P(k_%)(l_)‘)l(xl...xl)_ﬁ.

We thus conclude that

()] < S(0)(1...205,) 7D P35 (k=D A=A)=gve 4

To come to the main idea of the proof, we consider the form
k k k
0=myy +...TsoYs, T U1+ U2+ Y 0,

subject to the conditions that 1 < y; < P, uy,us runs through numbers less than ;llpk that’s also
of the form x80+1yfo+1 +o.t 5’580+ly§0+l and respectively for ug, 1 <y < P2 and 1<z < iPk_% such
that z is of the form Z:c50+25+jy§0 tou4je D particular we see that 0 is represented in the desired

form with s = sgp + 3[. We have all the tools we need to analyze the function along the minor arcs.
stead of positive ones to ensure that the top integral actually converges.

Lemma 3.7. (Minor Arc)
[ (@) T (@) Ri(@) Ra(@)S(@)dar < (21 ggyn) T P3G DO k00 Ry (0) Ry 0)5(0) A

Where the expressions are clearly defined as in Part I1I.

Proof. The proof follows directly once we apply corollary 3.6.1,3.5.1 and using the trivial bound
that |T;(a)| < P. O

Theorem 3.8. If we have
lsits _ plkal-d—c
max |z;|" 21 < P27 Tk
b,

max |z ;| < Pso-F

for natural number [, provided that | > 2klog 3k, then the expression
k k
T1Y] + - Ts+31Ysge31 = 0

has infinitely many solutions.

Proof. We note that all the expressions previously suggested before Lemma 3.7 satisfy such result.
Denote such number r, then we have

- [01Tl(a)...TSO(a)Rl(a)Rz(a)S(a)da

In particular we see that for the major arc we have

SENY [ 7). T(a)e(al-u ~ua - v)da

up u2 Yy v

Using the constraints suggested before Lemma 3.6, we see that they satisfy the criteria for Lemma
3.4, and thus we have major arc contribution bounded below:

Psofk
/ Ti()... Ty (a) Ry (@) Ra(@)S(a)da > Ry(0)Ra(0)S(0)——
m max ||
One could also check that the minor arc is bounded above by
Pso—k—ﬁ

fm T1(Q)... Ty (@) Ry (@) Ra(@)S(a)da < Ry(0)Ra(0)S(0)

max |z ]

In particular, we see that infinite solutions exist provided that the constraints are satisfied. O

19



Hardy-Littlewood Circle Method

References

[1] Browning, Timothy D., & Heath-Brown, D.R. “Density of rational points on a quadric bundle
in P? x P2.” Duke Mathematical Journal, Volume 169, Issue 16, p. 3099 - 3165. https://doi.
org/10.1215/00127094-2020-0031

[2] Browning, Timothy D. Quantitative Arithmetic of Projective Varieties. Progress in Mathematics
277, Birkhauser Verlag, 2009.

[3] Davenport, Harold. Analytic Methods for Diophantine Equations and Diophantine Inequalities.
Cambridge Mathematical Library, Cambridge University Press, 1963.

[4] Davenport, Harold, & Lewis, Donald J. “Homogeneous additive equations.” Proceedings of the
Royal Society A, Volume 274, Issue 1359, p. 443-460. https://doi.org/10.1098/rspa.1963.
0143l

[5] Hu, Liqun. “Counting rational points on biprojective hypersurfaces of bidegree (1, 2).” Journal
of Number Theory, Volume 214, p. 312-325. https://doi.org/10.1016/j.jnt.2020.04.002.

[6] Peyre, Emmanuel. “Chapter V: Beyond Heights: Slopes and Distribution of Rational Points.”
Arakelov Geometry and Diophantine Applications, p. 215-279. Lecture Notes in Mathematics,
Volume 2276, Springer Verlag, 2021.

20


https://doi.org/10.1215/00127094-2020-0031
https://doi.org/10.1215/00127094-2020-0031
https://doi.org/10.1098/rspa.1963.0143
https://doi.org/10.1098/rspa.1963.0143
https://doi.org/10.1016/j.jnt.2020.04.002

	=Introduction
	=Part II
	=Part III

