MODULAR PRINCIPAL SERIES REPRESENTATION OF GL; OVER FINITE RINGS

GAHL SHEMY

ABSTRACT. We construct a Jordan-Hélder series for the modulo p reduction of the principal series repre-
sentation of GL2(Fp[t]/(t")), given any prime p > 3, r € N, and character x on the Borel subgroup of
GL2(Fp[t]/(t7)). As a corollary we provide the semisimplifications of all characteristic p principal series
representations of GL2(Fp[t]/(t")), and explain a process to compute such semisimplifications in small cases
by the means of Brauer characters, apart from utilizing the known Jordan-Holder series.

1. INTRODUCTION

A common quest in representation theory involves determining how the irreducible representations of
a group “fit together” to make up some other representation of concern. For instance, given a complex
representation p : G — GL(V) of a finite group G, Maschke’s theorem guarantees that the representation is
completely reducible, such that it can be uniquely expressed as a direct sum of irreducible representations of
the group G, up to isomorphism. Maschke’s theorem also holds when the representation V' is over any field
of characteristic 0 or over a field of characteristic p, so long as p does not divide the order of the group. In the
case where V is over a field of characteristic p and p does divide the order of the group, Maschke’s theorem
no longer holds, forcing us to consider a different method of determining exactly how the irreducible modular
representations of a finite group G “fit together” to make up the representation with which we are concerned.
This is done through investigating Jordan-Holder series of the representation, which are filtrations

ocvic---CcVg=V

of subrepresentations with inclusions being proper and maximal, in the sense that each composition factor
Vi41/V; is isomorphic to an irreducible representation of G. The Jordan-Holder Theorem states that such
composition series need not be unique, but that the set of composition factors (known as the irreducible
constituents) of a representation is unique. We can then define

d—1
(1) V= P Vi /Vi
=1

to be the semisimplification of V, so that while V' is not semisimple, the semisimplification of V' does indeed
have a direct sum decomposition of irreducible representations by construction. Since each quotient V;1/V;
is isomorphic to an irreducible representation of G, we have

) Ve =@y
J

where p; is an irreducible representation of G' and d; is its multiplicity in the semisimplification of V. A
consequence of the Jordan-Hélder theorem is that V*¢ is unique up to rearrangement of factors in the direct
sum, so V*° is unique up to isomorphism.

In this paper we fix a prime p and consider the non-archimedean local field L = F,((t)), the field of formal
Laurent series in ¢ with coefficients in F,,. The ring of integers of L, denoted O, is given by F,[[t]] and
consists of all formal power series in ¢ with coefficients in IF,,. This ring has a unique maximal ideal generated
by an element wy called a uniformizer, in this case taken to be t. For any r € N, we may consider the
general linear group of the finite ring (F,[t]/(¢"))?, that is, the group consisting of invertible 2 x 2 matrices
with entries in I, [t]/(¢"). We denote G, := GLo(Fp[t]/(t")).
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The choice of L = F,((¢)) puts us in the equal characteristic setting, where the field L has the same
characteristic as its residue field F,,. For work done in the mixed characteristic setting, see the appendix in

[7].

Given the finite group G,, we let B, < G, denote the Borel subgroup of G, consisting of 2 x 2 upper
triangular invertible matrices with entries in F,[¢]/(¢"). Fixing a field E of characteristic 0 whose residue
field kg = Og/(wg) is of characteristic p, we let x1, x2 : (Fp[t]/(t"))* — E* be group homomorphisms, and
define

X : B, — E*
o o]~ .

The principal series representation of G, is the induced representation Indg: (x), which is a vector space

(3) Ind§7 (x) = {f : G» = E | f(bg) = x(b)f(g9) Vg € G,,b € B}
with a G,-action given by
(4) ¥y : Gy — GL(Ind§r (x))

Oy (2)(f(9)) = f(g)

for all x,g € G, f € Indg: (x). In this paper we explore the modulo p reduction of the principal series
representation, where now x maps to kg = Op/(wg) 2 F, and all maps f € Indg: (x) have codomain kg.
From hereon we abuse notation and write Indg: (x) to mean the principal series representation after reducing
modulo p. Hence Indg:(x) is a characteristic p vector space of dimension [G, : B,] - dim(x) = (p + 1)p" !,
with a G,-action still given by (4).

The main result of the paper is an inductive construction of a Jordan-Hélder series for Indg: (x):

Theorem 1.1. Let p > 3 be a prime, let 1 € N>o, and let x : B, — ]IT,,>< be a character. There exists a
filtration for Indg: (x) given by

(5) 0cC Indiﬁl(a(l)) C---C Indgr,l(a(p_l)) C Indi;;l(a) = Indg: (x),

a b
™t d
k-dimensional subspace of . Furthermore, we have that

where IT71 := {{ ] € GLy(F,[t]/(t") : c € Fp}, 0 := Indg:l(x), and o) is an IT~-invariant

. a
(6) mdfy, (o) /Iy, (o™) = Infr | d3 =) (x- (5)F)

for 0 <k <p-—1, where x - (%)* is the character x - ()" : B, — I[Tpx mapping [g cbl} — x( {g Z}) (8.

We prove Theorem 1.1 in §3 after providing some preliminaries in §2. In §4 we give a corollary of the
main theorem regarding semisimplification numbers. Finally, since determining the semisimplification of a
given representation can be done without a Jordan-Holder series via a computational process of computing
Brauer characters, we compute a small example using this method in §5, and show that the semisimplification
matches with what is deduced from our main theorem.

2. PRELIMINARIES

2.1. Basic Representation Theory. We begin by providing key definitions from representation theory.

Definition 2.1. (Modular representation of a finite group) A characteristic p representation of a finite group
G is a group homomorphism

p:G— GL(V)
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where V is a finite-dimensional vector space over a field of characteristic p and GL(V) is the general linear
group of V. Equivalently we may define a representation of a finite group as a group action of G on a vector
space V, such that g - v = p(g)(v).

Remark 2.2. Although a representation of a group G is specified by both a vector space V and a group
homomorphism p, we will often refer to the vector space V' as the representation of G, keeping in mind that
V' is equipped with a G-action.

Definition 2.3. (Subrepresentations) Let p : G — GL(V) be a representation, and consider a subspace
W < V. We say W is a subrepresentation of V if

plg)(w) € W
forall g € G,w e W.

Definition 2.4. (Irreducible representation) A representation p : G — GL(V) is irreducible if its only
subrepresentations are the zero subspace and the whole vector space V. Otherwise we say V is reducible.

2.2. Maschke’s Theorem and its Converse.

Proposition 2.5. (Maschke’s Theorem) Let G be a finite group and let F be a field whose characteristic
does not divide |G|. If V is a representation of G over F and U is any subrepresentation of V, then V has
a subrepresentation W such that V =U & W.

Maschke’s theorem implies that every representation V' of a finite group G over a field whose characteristic
does not divide the order of the group can be expressed uniquely as a direct sum of irreducible represen-
tations. The converse of Maschke’s theorem holds as well: if G is a finite group and V is a representation
over a field F whose order does divide |G|, then V is not completely reducible, that is, there exists some
subrepresentation U of V' which has no complement subrepresentation W in V.

For a common example of Maschke’s Theorem failing when the characteristic of F divides |G|, we consider
the following;:

Example 2.6. Let G = Z/pZ = (g) and let V = IFT,Q over F,. Define an action of G on V via g-e; = €1
and g - es = e1 + ea, giving

p:lg) = GL(V)
plg) = [é ﬂ
1 p 1

We note that this is indeed a representation, as p(0) = p(p - g) = p(g)? = {0 1 = o ﬂ since the

characteristic of the underlying field is p. Notice that (e;) is stable under the action of G and that (e;) is
isomorphic to the trivial representation. We claim that there does not exist V' a subrepresentation of V
such that V = (e1) @ V'. For, if there was, then V/{(e;) = V’. But V/(e;) is isomorphic to (€3), which,
according to the action of G on V, is isomorphic to the trivial representation, as

g-eé2=e1+ex=ea.

This implies that V' is isomorphic to the direct sum of two copies of the trivial representation, and hence that
the fixed subspace of V, denoted V&, is two-dimensional. But V& is one-dimensional: if ayeq + ageq € VE,
then g - (aje; + ages) = aje; + az(er +ea) = aje; + azes implies that ap = 0 and hence that V& = (e).

3. PROOF OF MAIN THEOREM

3.1. Characters of B,. It is known (see [1]) that every character x : By — EX is of the form

{8 2} — a’(ad)®
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for some 0 < /,s < p— 2. We claim that an analogue holds in the general B, case, in the sense that every
character x : B, — EX is of the form

ag +~-~+ar,1t’"_1 bo + '-'—l—brfltr_l
— ag(a()do)s
0 do+ - +dp_qt" "

for some 0 < ¢, s < p — 2, and hence only depends on the constant terms ag, dy belonging to F;.

Lemma 3.1. Every character x; : (F,[t]/(t"))* — IFT,X is completely determined by where it maps the
constant terms belonging to ¥ 5. That is, xi(ao +art +--- + ar_1t" 1) = xi(agp).

Proof. We first show that x; : (Fp[t]/(t"))* — EX must always map an element of the form 1+ a1t +
-4+ ap_1t"" ! to 1. By raising such an element to the p!* power we see that such an element has order
dividing p inside (IF,[t]/(t"))*, and thus any nonidentity element of such form has order p. Since x; is a

group homomorphism, the image x;(1 + ait + -+ a,_1t""1) € EX must have order dividing p. But no
elements in I[TpX have order p, and thus x;(1 + a1t + -+ a,—1t" 1) =1 = x;(1).

Now xi(ao + -+ +ar—1t"" 1) = xi(ao - (1 + gt + -+ “=1)) = xalao)xi(1 + Gt + -+ + “2=2) = xi(ao),

ao

completing the proof. O

Lemma 3.2. FEvery multiplicative map x : B, — EX is of the form

Xt Br = (Fp[t]/(¢7))*
ag+ -+ ar_ltril b
l s
— G,O(Clodo)
0 do+ -+ dp_qt" !

for some 0 </l,s<p—2.

1+ 4a,_qt" ! b

Proof. We first show that any matrix [ 0 1ot d, gt

} must get mapped to 1 in [F
under any multiplicative map x. Notice that

14+ 4 ap_qt" 1t b p_ 1+ pb(1+---)
0 14 +degt™ bt 0 1+---

and since pb = 0 in [F,,, we must have that

X({1+O... 1+b”})pzx([1+0... 1+b”.]p)zx([1+0... 1+0...])-

Because any multiplicative map on a diagonal matrix in G, must be the product of two multiplicative maps
on each entry in the diagonal, and since such diagonal elements belong to (IF,[t]/(¢"))*, each of the two mul-

tiplicative maps must be of the form in Lemma 3.1. In particular this shows that x( [1 +0~ a ) +b. . ] )=1.

a b
0 d} € B, can be expressed as
a bl |a O ) 1 a1
0 d| |0 d 0 1
a O

]) = x( {0 d} ). But a multiplicative map on a diagonal matrix is again just the product of

Now any matrix [

. a b
o
multiplicative maps on its diagonal entries, implying that xy = x1 X x2 where each x; is a map as in Lemma
3.1. In particular, since Lemma 3.1 shows that x;(ag + a1t + -+ + a,_1t""1) = xi(ap) for an element
ag+ -+ ap—1t"1 € (F,[t]/(¢7))*, then we conclude

ag+ -+ ap_t"! b B .
X<|: 0 d0+"'+d7«_1trli|) = X1(ao) Xz(do).
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But both ag and dy belong to I\, a cyclic group of order p—1, and hence x1(ag) and x2(do) must be (p— 1)st
roots of unity in EX. Since all p — 1 such roots of unity lie in F C IETPX, then both y; and y2 map into
IF ¥, which is cyclic of order p — 1. This implies that x1(ag) = ag® for some 0 < m < p — 2 and x2(do) = dj
for some 0 < s < p — 2. Alternatively, we can express aJ' - d§ as a§(aodp)® where £ =m — s mod p. |

9By — EX to mean the map
a b =X
0 d] — T,

Remark 3.3. In this paper we abuse notation and write, for instance,
. b _ o .
sending [8 d} — aody - aody) 2, since the lemmas above guarantee that any character x : [

is of the form a§(agdo)®.

3.2. Induction from Borel subgroup. Let x : B, — ]Fip>< be a character. For r > 2, we define the Iwahori
subgroup

(7) =gl 2 Yean

s . ctr—l d T

to be the invertible matrices in G, whose (2,1)-entry have no terms of the form cpth for 0 < k < r —2.
Equivalently, we may define I"~! to be the preimage of B,_; under the surjective homomorphism

(8) m: G —» Gy
1 0.

r—1
Let o := Indfé‘r (x). Because dim(o) = [I7~! : B,] = p, we fix a basis {do,...,d,-1} of o by setting

A

(9) T A

5,(1) = 1, - X(iw; ")

1 0

where B,x; = B, [jtrl 1

are linearly independent as they each have support on a distinct right coset of B, in I'~!, and that these
functions truly belong to o, as if bi € B,x;, we have

0(bi) = x(biz; ") = x(b)3; (i)

} and 1 refers to the indicator function. It is clear that these p functions

and if bi ¢ B,x;, then ¢ € B,x;, and
d5(bi) = 0 = x(b)d; (7).
We note that by composition of induction, constructing a Jordan-Holder series for Indg: (x) is equivalent to

constructing a Jordan-Holder series for Ind?f,1 (o). Therefore one may initially construct a Jordan-Holder

series for ¢ and then “induce up” to get a filtration for Indg: (x), which can then be further refined to a full

composition series for Indg:(x). Since this is the approach we take in Theorem 1.1, we must first construct
a Jordan-Hoélder series for o:

Proposition 3.4. For every 0 < k < p there exists a k-dimensional Im~*-invariant subspace o® of o, such
that

0C 0—(1) C ...0(1’*1) Co
is a Jordan-Holder series for o.

Proof. The cases of k = 0 and k = p are trivial. For each 1 < k < p — 1, we construct a k-dimensional
subspace of o, denoted o(¥), as follows:
-2

(10) 0 — (5 @@pz (j J; 1)5j pf (”if‘ 1)5j>.

Jj=0 Jj=0 Jj=0



6 MODULAR PRINCIPAL SERIES REPRESENTATION OF GL; OVER FINITE RINGS

To see that the vectors {Z?;g (/ +§_1) d; : 1 < £ <k} are linearly independent (and hence form a basis for

o(k)), we notice that if we express each sum as a tuple in the basis {do, . .., d,—1}, then putting the k p-tuples
into a p X k matrix gives

O W6 ]
oo

(11) A=
e B R
L= B

We verify that the columns {v1,...,v;} are linearly independent by noting that if
a101 + -+ apvp =0

then in particular a; (ij) = 0, implying that a; = 0. Then since a; (ﬁ:;) + as (Z:é) = 0, we deduce that
az = 0. The fact that A;; = 0 for j > p — i + 2 allows us to inductively deduce that a; = 0 for 1 <17 < k.

To see that o®) is I"~Linvariant and therefore a subrepresentation of o, we check that it is invariant under

b} eIt

every generator of I7~!. By the Iwahori factorization of I”~!, we have that any matrix [ctf_l d

a b| 1 0f |a 0 1 ket
™t d| T |ea 1 0 —ca lbtr—t+d 0 1
which allows us to conclude that
11t 1 0] [a 0
(12 =y ] e 3]s d)

where k ranges from 0 to r — 1 and a, d belong to (F,[t]/(¢"))*. In order to determine how I7~! acts on each
subspace o(®), we first determine how each generator of I”~! given in (12) acts on each basis vector dj of 0.

can be expressed as

_ 1
Lemma 3.5. Let x : B, — pr be a character of B, and let 0 = Indgr (x). Let {dg,...,0p—1} be the
ordered basis of o given in (9). Then the generators of I'~! act on each §; via

(13) [(1) ﬂ 5 =5
(14 =
(15) o=y oo

where all indices j are taken modulo p.
Proof. We have that

(o 1|00 = a6y Ghro

by definition of the G, action on o. But

1k 1k 1 0 . 1 0 1 —tk . 1
;( {0 1})#0 = Z{O 1] € B, L.t,._l 1] < i€ B, [jtT—l 1}[0 1] < i€ B, L.t,._l
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k
such that {(1) tl] - 0; only has support on B,z;. Now suppose ¢ € B,xj, so i = b - [jtrll J for some
b € B,. Then

([(1) ﬂ.aj)w—a(b [thl (1)][(1) ﬂ)=5j<b [ﬁ}l jtrltfk+l])zx(b L,tfl jtrl’ful}.[_jt{l ﬂ)

1 7]tr+k 1 tk
= x(b {_jztwuk jtr71+k +1 )

B 1— jtr+k71 tk
—xond[' T )
= 0;(i)

: I+ b 1tk -

since x( 0 Tg-. ) = 1 by the proof of Lemma 3.2. Hence 0 1| 0; = 6;. A similar argument

shows that [tTll (1)] - ¢; only has support on B,z;_1, and if i = bzx;_; for some b € B,x;_1, then

T e P e P e I}

allowing us to conclude [ trl_l 0] -0; = d;—1. Finally, an analogous computation shows that [O d] d; only

1
d .
aJt

R R O P A T e R | IS RSO

whereas

. 0
has support on B,z 4, so we suppose ¢ = b { 1 1] for some b € B,., and find that

5,0 [ ) =x0)

" . a 0 a 0 .
by definition, which shows that {0 d} <65 = x( [O d} )53]- as desired.

]

Recall that we wish to show o(¥) is I"~!-invariant. Consider the sum Py g (JM o, eo® for1 <0<k
k

Since Ll) tl] acts trivially on each d;, then certainly [(1) } Zp ¢ (J'H 1)5 - ZP 14 (J+£ 1)5 c o for

each £. The actions by the other generators are more involved, so we provide them as lemmas.
Lemma 3.6.

(10 ED

j=0

~

(e EE T

<.

) ) ) . 1 .
so that if the basis vectors of o'¥) are ordered, then acting on each basis vector by Lrl ﬂ yields a sum of
the vector being acted on and the preceding basis vectors, thus remaining in o).
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Proof. We prove (16) by induction on ¢: when ¢ = 1, we have

T E QS0
> ()
> ()

so that the base case holds. Now suppose (16) holds for some £ € N, ¢ < k. We wish to show the claim holds

for £+ 1. By the binomial coefficient recurrence relation (}) = (";1) + (#71) (where (}~]) = 0 whenever

k < 1), and by the fact that we can express Zp (e+1) (]H)é = Z (Jj'e) d; since the coefficient (pfz) in
front of d,_, is zero mod p, we get

1 0 .p_gfl) i+, _[1 0 R+t N
=t 1 , j Il 1 < j J
j=0 =0

MM

Il
'3 <.
,_. (e}

M
O

(17)

Il
—
~+
3
| =
—
= o
[ —
S|
|

Our inductive hypothesis guarantees that

A R

m=0 j=0
while
{ 1 0] = (]+€1)§ = <j+€1)5
r—1 ’ Jj = . j—1
t 1 par SN A 1 per AN 1
i1
= i1 6]71
Jj=1 /
p—(€+1) .
j+L
(19) - (")
j=0 J
since the coefficient (7 ffIl) =0 for j = 0, by convention. Hence from (17), (18) and (19), we conclude that
J
p—(£+1) £4+1 p—m
1 0 J+m—
&0 X (e (0 Y)s
j=0 m=1 j=0
. . (k) . . . . 1 0
as desired, confirming ¢'*/) is indeed invariant under -1 1] (]

It now suffices to show that ¢(*) is invariant under [8 2} . Asin the [ tr171 ﬂ case, we show that acting
0

by [8 d] on Zf; (jH 1)5 € o(®) yields an F,-linear combination of f 0 (jer N6, € o® for m < ¢,

and hence belongs to ¢(®). Explicitly, we claim:
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Lemma 3.7. Let a; = ((pf(;)i;rf*l). Then
d

p—L ,. 0 p—m .
a 0 JHL—=1\. la 0 j+m—1

2y [0 d}'Z( j )5j_"([0 d})zcmz< j )5j

j=0 m=1 j=0
where each ¢y, is given by Y v, (—1)"H (T:ll)ozi.
Proof. By the action of {0 2} on each 4;, we have

o] 2L /j+e—1 0] X (j+0—1

a — a _
8 b (T s R
j=0 7=0
For 0 < n < p—1, we see that d,, appears in the right hand sum of (22) with a coefficient of x/( {g 2] )(”%:5*1)’
d

and since §, appears in each vector ?;6” (j+7;."_1)(5j with a coefficient of ("+’:_1) for the respective

1 <m < /¢, it suffices to verify

1 -1 e -1
Cl(n>+02<n+ )++Cz(n+£ ):(nd+f >
n n n TLE

for the proposed coefficients ¢y, ..., c,. That is, we wish to show
¢
n+r—1 i r—1
(23) z( )30 (1] = apen
r=1 i=1

Noticing how often each «, appears in the left hand side of (23) allows us to express

(24) é(n—k;—l)qé(l)rﬂ ezll(jZn>(ri'l) o

r=1 r=1 j=r—

such that the new goal is to show

(25) s gl (J' :; N) (Ti 1) Qr = Qpn.

r=1 Jj=r—

When n = 0, we need to show that Zf, 1 (T_l)cr == (651) = 1. To see this, notice that by (24) we know

that 37 ¢ = Y (=)™ 0 () (2 )ar = X () (e Writing an = (P74 =

a

ﬁ(f —1—9)---(1 = %) and letting the variable x stand in for §, we have that

1

for some coefficients ag_1,...,a;. Notice then that a, = ﬁ((—l)“%f*%#1 + o darz+ (£ —1)), so

a1 = a4 a4 (0-1))

that the constant term of Zf,l ¢, when viewed as a polynomial in x = &, is given by

zf: M( >E€1 Ze: < > = (1)§:(1)T(f> —(-1)=1

r= r=1 r=0

1
since Zr 0 r( ) = 0. On the other hand, the coefficient of ™ in the polynomial Eﬁzl crforl <m < /-1
is given by

(- o )

14

r

due to the combinatorial sum identity Zfzo(—l)rrm( ) = 0 given in [3]. We conclude that Zf:l r=1=q,

as desired.
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To prove Z£:1 ("+;_1)c, = ap_p for 1 <n < p—1, we compare the coefficient of ™ in both expressions.

Since the coefficient of ™ in «,. is given by (Za*’i),rm then from (24) we deduce that the coefficient of 2™
in 30 ("¢, must be Y 1( 1)+ ™ E; Zr_1 F™(,7,)- On the other hand, the coefficient of

n
2™ in a,_, is given by (—n)™ s 7T S0 it suffices to prove

26) St 3 <J+n) (r.1> o

r=1 j=r—1

Because (Tzl) = 0 whenever j < r — 1, we can express the left hand side of (26) as

(27) 223—1)”17“’” [2_3 (j ;n> ( ’ 1)'

r=1 7=0

Identity 3.155 in [2] tells us that ZZ;(I) (fl) (k+m) = ()(°F™) —==n_ which allows us to express (27) as

m m m—+n+1"’
[ —1 4. . [
+n J 12 L+n\l—r+1
71 r+1,_.m J — 71 r+1,_.m
Z( i Z(n)(r—l) Z( i (T—l)(n) r+n
r=1 7=0 r=1
_ (é—i—n) Z(—I)THT’”( 1 )é—r—i—l
n o r—1/ r+n
12
_ < +’ﬂ> Z(—I)T+1Tm-r<£> 1
n = r)r+mn
[
l+n 0\ rmtt
28 = -1t .
(28) () S ()
Finally, identity 1.47 in [2] shows that Zizo(—l)k(i) x’f:k = (—1)j%, and therefore (28) becomes
4
¢
{+n 41 pmtl {4+n P\ pmtl
’r’ — _1 _1 T
( )Z: <r)r+n n ( )TZ::O( ) r)r+n
{+n n"
= —1)(—=1)m*!
G e
= (-1
(29) — (—n)"
as desired. This proves that there exist ¢1,...,¢cp € EX such that

(30) pze(j”f‘ )%:fjcm’f(j‘”?“)aj

7=0 J m=1 7=0 J
which means that there exist ¢1,...,¢¢ € IFTDX such that
p—~ L p—m .
a 0O J+ 5 -1 j—m+1
@) b Z0 e e (77
7=0 m=1 7=0
Because this holds for all 1 < ¢ < k, we have that o) is invariant under action by [8 2} . O

Proposition 3.4 gives us a p-dimensional Jordan-Holder series

OCO'(l)C"'CO'(pil)CO'.
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Since each ¢(*) is a subrepresentation of o which is itself a representation of I7~!, then inducing each o(*)
to G, gives a filtration

0 C Ind%~

Cri(e™) € dGe, (0@ )) € md§r, (o).

In order to refine this filtration to a composition series for IndGT (o) = IndG’"( ), we note that it suffices to
find a composition series for IndG L (0F*t1)) which begins w1th Ind " (c®) for each 0 < k < p—1. But this
is equivalent to finding a comp051t10n series for IndG,1 (o(k+1))/ IndG (c®)) and then lifting the subrep-

resentations under the projection map p : Ind?r, (0(’”‘1)) — Indﬁ, (J(k“))/lndﬁ’;l(o(k)). Furthermore,
since ' ’ ’

Gr : Gr ~ Gr
Indl;«q (U(k+1))/1nd1;71 (G(k)) ) Ind[ﬁ” (U(k+1)/0(k))

then we only need to consider composition series of Ind?;"_l(a(k"’l) Jo®)) in order to answer our original
question.

r—1
We claim that ¢*+1) /¢(*) is equivalent to Infﬁ;ri1 (x-(%)*) as one-dimensional I/~ representations, where
r—1 N
Infé;ril(x - (%)¥) refers to the inflation to I7 ! of the character sending {g 2} — x( [g Z}) (4)k e IFpX.

To prove this equivalence it suffices to show that I"~! acts on o*+1) /o(®) via multiplication by x - (%)k.

Again we show this claim only for the three types of generators of I7~1. |

¢
Lemma 3.8. The generators [(1) tl] and [trl_l ﬂ act trivially on c®*+tV /o(®) for 0 < ¢ < r -1 and
0<k<p-1.

Proof. Notice that o+ /g(k) = (Zp;(kﬂ) (";k)@% where 6,_1,...,0,_) are defined by the equations
1 1t

m +m 1 . ..

5)—0 (7 )61 =0 for 1 <m < k. Since [0 1] acts trivially on each 6;, then clearly {0 1} acts
trivially on Z?;Skﬂ) (J;k) d;, which generates ot /¢(k) . On the other hand, by the proof of Lemma 3.6,

we know that

p—(k+1) k41 p—m
1 0 J+E\=— j+m—1\=—
LIRS R QUL W QR
=0 J m=1 j=0 J
k p—m

(=)

> <j+77_1)5]+p (k;rl) <] k>
LS
e

=0

3
Il

|
—

_|_

where (32) follows from the fact that Zf;g (jH;_l)&? =0 € o+t /5K This proves that [trl_l (;] acts

trivially on o(A+1) / o) completing the proof of our lemma. (|

Lemma 3.9. The generator [g 2} acts on o+ /oK) wia scaling by x( [g 2}) (&)
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Proof. Since o**1) /o(*) is generated by Zp (k+1) (jHC)(S we wish to show that [O d} Zp (k+1) (]+k)5j =

x( [a 0] )(&)F Z?;ékﬂ) (J‘;k)a By Lemma 3.7 we have that

0 d
BUTE Ok DERE 0

=0 N7

and since 0" (j”;_l)é? =0¢€ o /g) for 1 <m <k, then in o1 /o(F) we have

B I (R R 0 ol o

=0 =0

Thus to prove our claim it suffices to show that cx11 = (%)’C Recall that by Lemma 3.7, we have

k+1 ) k
crpr =) (~1)"* (z - 1) o

i=1

where here a; = ((p(;i)ji ") = W In particular, since we may write out a;
a .

H((=Dkak+ap_qab =1+ +ayz+k!) where z = %, then we have that a; = 5 ((—=1)*i*z* +as— 12’“ 1 xh- 1—|—
-+ ayix + k! for 1 <i <k + 1. Since the coefficient of ™ in «; is gi m . 4™ then the coefficient
of ™ in the expression of cj41 is given by

k+1 k a a k+1 k
—1 i+1 m,m _ M -1 i+1 i
(33) N (.5 ) pim =5 > (- ()

Since we wish to show that cj11 = 2% = (2)*, it suffices to show that (33) is zero whenever 0 < m < k—1 and
is 1 whenever m = k. When m = 0, we have that ag = k!, so % S04 (1)1 (5 )30 = M 1)t (k) =
Zfzo(—l)i(’;) = 0, as desired. On the other hand, the identity

(34) %(—1)” (k er 1>z'm =0

=0

holds for 1 < m < k (see [3], #3 in 0.154), and since (*T1) = (¥) + (.*,), we deduce from (34) that

S (Do (£ )

which implies that
k+1 k41 k
§ -1 i+1 mo_ § —1)* mo_ E —1)* ‘m
i:O( : (i_ 1>Z i:O( : <Z>Z i:O( : <Z>Z

since (kil) 0 by convention. Now Zfzo(—l)i(lz)im =0for 0 < m < k—1 by the identity in (34),

SO Z}Hl( 1)ttt (ifl)jm =0for 0 <m < k—1. When m > 0 we have that 0™ = 0, so we conclude
Zfill(—l)”‘l (;F,)i™ =0 for 0 <m < k—1 as desired. On the other hand, identity #4 in §0.154 of [3] gives

k
-k
(35 (=17 ()% = (=1)*k!,
) 2 ()
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which in combination with (34) and the fact that (k+1) = (l;) + (j 1) gives

() S Fo( )

§=0 §=0
k+1
)i+t "= (—1)"k!
— > (5 )r=cn
which is precisely what we wished to show. Hence the coefficient of 2™ in cx41 s 53%-0=0for0 <m < k—1
while the coefficient of z* is (_l)k (=D)*k! = (=1)%* = 1, completing the proof that cpy1 = (%), and
a k41 - a 0 @ —(k+1) [j+k\ T
therefore that {0 d] >r (k+ ) (j+k)5 ([0 d]) S (%)k Z?:(() +1) (Jijk)(Sj. O

r—1
Recall we wish to show that o(*+1) /o(*¥) is equivalent to IanT (X - (%)) as IT™! representations. Let

(- (J'H; ")é;) — F, be the isomorphism sending > %~ y (J‘H; 13; + 1. For all { ¢ b] e,

ct™t d
we have
”z‘: j+k71 s-r| L [ 0 1 ba~! pi JHE=T\5
ct’“ ! ca” "1 1] |0 —catBt"" L 4+ d| |0 1 . j J
7=0 7=0
—k
3 1 0] [a 0 =it k—1\—
(36) = T( |:ca1tr1 1:| |:0 —ca~lptr1t + d:| : ZO ( j )5j)
i=
a 0 ) . o |a 0 1 0 . .
Now ({0 R T d} -9;)(@) # 0 if and only if ¢ {0 S P d] € B, [ =1 1] , which holds if
~1
1 0| |a 0 1 0 -
and only if i € B, [ -1 1} {0 —ea—lbtr 4 d} =B, [thrl 1}. A similar argument as the one for
a 0 a O 0 a
[O d] <05 = x( {0 d} )6 reveals that {0 Ceatptrt 4 d} -0 = x( {0 d} )5d and therefore Lemma 3.9

applies to (36) to give x( {0 2} )(&)k (Z (ﬁ'k 1)57) ({g 2} )(%)*. On the other hand, we have

that

B e (D Z})(T&(”’?l)@))—(x-(fl)k T e H(“’“l) )

=0 J =
a 0
(g &
. (k+1) / (k) a b It a\k a b (k+1) /5 (k)
which shows that Too JoF)( -1 g )=Infg  (x-(5)")( -1 g )oT, and hence that o /o

r—1
and Inf;ﬁil (x - (%)*) are isomorphic as I/~ !-representations.

Now because the diagram

I’”li»Brl

l [

Gr &g G'r’fl

commutes, we have by commutativity of inflation and induction that Ind , Inf? 7T ) (x(%)k) = Infg:_1 IndCB::: (x:

(%)*). But this implies IndIGf_1 (oF+D) /g(k)) = Infg:_1 Indg:: (x - (%)k), completing the proof of Theorem
L1 '
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4. SEMISIMPLIFICATIONS

From Theorem 1.1 we deduce that

(38)  (df ()™ = (IdF = (0)" @ ® (dF = (- ()™ @ © (mdF (- (1)
= (Ind 3 (0)™ @ - @ (I~ (- (5)F)™ @ - @ (1 ()™

In particular, we see that (Indg:: (x))?® appears twice in the direct sum of (38), while (Indg:i (x-(%)F))ss
appears once in the direct sum for every 1 < k < p — 2. Hence we may express

39 Ind’ Indy " (x))*) (Ind3 " (x - (5)%))%.

(39) (Ind7 (x))** = ((In @@ n d) )

Since the semisimplifications of Indgi (x) are well known for all characters x : B(GL2(F,)) — IFT,X, it is
desirable to express (39) explicitly in terms of (Indgi (x))?® for various x. We claim that we may continue
simplifying (39) inductively to obtain:

=14, o Pl

Corollary 4.1. For a prime p, (Indg: (x))*° = ((Indgi X)) 71 @ DL ((Indgi( (&)ky)ss) T

Proof. We prove the corollary by induction on r. When r = 1, the claim is that

(Ind§; ()" = (15 (60)*) 745 & ([ (- (5))7)5
k=1

which is easily seen to be true when one simplifies the exponents on the right hand side of the equality.
Suppose the claim in the proposition holds for some r € N. We wish to show it holds for r+1. As a corollary
of Theorem 1.1, we have that

p—2
G, a‘ ss
(Ind5* (x))™ = ((Ind$r (x))*)* & @ (ImdF (x g)k)) .
k=1
Utilizing the inductive hypothesis on (Indg: (x))** and on each (Indg: (x - (%)k))** gives
1 p— 2 1 2
p"~ +p 2 pr—1_1
(10) (S () = <<<1ndg; (0)*) & P((maf (x - (5))) )
k=1
p—2 a pT—1lip_2 a r—1_4
o | P | ((ndF (x- (a)k))ss) =1 © @ ((IndF (x - (F)™)) 7=
k=1 m#£k
Counting how many times (Indgi (x))** appears in the direct sum of (40) yields that (Indgi (x))*® appears
r—1 r—1 T
P +p—-2 p -1 _ptp—-2
A——7—)+ (-2 =

p—1 p—1  p-—1
times, whereas counting how many times (Indgi (x-(5)™))*° appears in (40) for a given 1 < n < p—2 yields

that (Indgi (x - (§)"))® appears

r—1 r—1 r—1 T
pr -1 p +p—2 pr -1 p -1
2 — =
o+ = -y =
times. Therefore
p—2
Gri1 ss ss P +p=2 a ss pT -1
(41) (Tnd"*! (x))** = ((Ind$G! (x))**) 7T & @H((Ind! (X'(g)k)) ) T
k=1
proving the inductive claim. O

A complete semisimplification expresses the given representation as a direct sum of its unique set of
composition factors, which are each irreducible representations. Hence giving the semisimplification Indg: (x)
requires knowing the irreducible characteristic p representations of GLo(F,[t]/(t")).
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4.1. Classifying Modular Irreps of GLy(F,[t]/(t")). We give a complete characterization of the irre-
ducible characteristic p representations of G, for r > 2. For r = 1 we have that F,[t]/(¢t) = F,, and the
characteristic p irreducible representations of GLy(F),) are fully classified; see [1]. Consider the surjective
homomorphism

7 GLo(F,[t]/(t7)) — GLa(F,)

ap+ - ar_1t" "t bg 4 bt
aop  bo
(42) — L d }
o+ He it do+ - dpgt"! 0
and notice that G; = GL(F,) may be viewed as a subgroup of G, as it respects multiplication in G,. By
the first isomorphism theorem for groups we know that ker # < G,., and since the matrix

ap+ - +apat" "t bo+ b gt"!

o+ et do+ -+ dpgt"!
belongs to ker 7 if and only if ag = dy = 1,bp = ¢o = 0, and a;,b;,¢;,d; € F, for 1 < ¢ < r —1, then
| ker | = |Fp|4(’”_1) = ptr=1),

We wish to show that every irreducible characteristic p representation of G, is of the form p o7, where 7
is as in (42) and p is an irreducible characteristic p representation of GLy(F,). To prove this fact we need the
following two lemmas, which then establish the result as a quick corollary. The fact that ker 7 is a p-group
is essential.

Lemma 4.2. Let G be a finite group and let H < G be a p-group. If V is an irreducible characteristic p
representation of G, then VH =V that is, H acts trivially on all elements of V.

Proof. Let VH = {v € V : h-v = v}, with the action of H on V given by the action of G on V. We wish to
show that V¥ is a nonzero subrepresentation of V, such that V' being irreducible implies that V7 = V.

We claim that there exists a nonzero element of V' which is fixed by all h € H. By the Orbit-Stabilizer
theorem, we have that for any v € V, H/H, = Orby(v), where H, = {h € H : h-v = v} and Orbgy(v) =
{h-v:h € H}. In particular this tells us that | Orbg(v)| | |[H| for every v € V, so if |[H| = p* for some k
we must have | Orbg (v)| = p? for some 0 < ¢ < k. Notice that V can be assumed to be finite; otherwise let
v # 0 € V, and consider the Fy span of Orb(v), where ¢ is a power of p and this orbit is considered over
all g € G. Let this finite vector space be denoted W. Since G (and thus H) acts on V via the irreducible
characteristic p representation p : G — GL(V), H also acts on W, and we get that

(43) (W= [{0}[ + ) | Orbg (w)].
w#0

Because W is a finite vector space over a field of characteristic p, then |W| = p™ for some m. But then
|[W| —1{0}| = p™ — 1 which is not divisible by p, and hence on the right hand side of (43) there must exist
some nonzero w for which | Orby (w)| = 1, that is, some nonzero w which is fixed by the action of all h € H.
Now the F,, span of w is a subspace of V which is fixed by all h € H, and hence VI # {0}. To see that
VH is a subrepresentation of V, notice that V' is invariant under the action by G, since if v € VH, then
h-v=wforall he H, and thus h-(g-v) =hg-v=gh’-v=g-v, where hg = gh’ for some h' € H by the
fact that H < G, and where b/ - v = v since v € V. Finally, since V is irreducible, this gives VH = V. O

In particular Lemma 4.2 tells us that if G is a finite group, H < G is a p-group, and V is an irreducible
characteristic p representation of G, then V' must be the trivial representation on H. We claim that this
implies V factors through G/H.

Lemma 4.3. A representation of a finite group G is trivial on a normal subgroup H if and only if it factors
through G/H.

Proof. Suppose p : G — GL(V) is trivial on a normal subgroup H. Let 7 : G — G/H be the natu-
ral projection. We wish to show that there exists some group homomorphism ¢ : G/H — GL(V) such

that p = ¢ ow. Define ¥(9H) = p(g). Then ¢(g1HgoH) = (g192H) = p(9192) = p(g1)p(g2), and
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Y(H) = p(e) =1 € GL(V), so 1 is indeed a representation of G/H. In addition, we have that p(g) = ¥ on(g)
by definition.

Suppose a representation p: G — GL(V) factors through G/H where H <4 G. We wish to show that p is
trivial on H. Express p = pom. Then for all h € H, we have g(h) = p(m(h)) = p(H) = I € GL(V) since H
is the identity of G/H and p is a representation of G/H. O

The preceding lemmas allow us to prove the claim established at the beginning of this section:

Corollary 4.4. Any irreducible modular representation of GLo(F,[t]/(t")) is the inflation of an irreducible
modular representation of GLa(Fp).

Proof. The surjective homomorphism 7 in (42) gives us H = kerm < G,.. Since H is a p-group, we know by
Lemma 4.2 that any irreducible modular representation of G, must be trivial on H. But by Lemma 4.3, we
know that a representation of G, is trivial on a normal subgroup H if and only if it factors through G,./H.
Since G,/H = GLy(F)), then every irreducible characteristic p representation p of G, must be of the form
pom where 7 is the map given in (42) and p is an irreducible characteristic p representation of GLo(F,). O

Fortunately the irreducible characteristic p representations p of GLy(F,) are fully classified (see [1] or
[4] for the proofs). Given 0 < n < p—1and 0 < £ < p — 2, let P, be the E span of the basis
{z", 2"y, ..., xy" "t y"}. Define

(44) Pt GLo(Fp) — GL(P,)

[z Z] - P(z,y) = Plaz+ey, br + dy) - (det [CCL ZD@

Then {p, ¢} give a complete set of irreducible characteristic p representations of GLs(F,) up to equivalence.
Hence every irreducible characteristic p representation of G, is given by p, ¢ o7, where 7 is the map in (42).
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