CHRISTOFFEL TRANSFORMATIONS OF LEGENDRE POLYNOMIALS

ANDREW FISCHER-GARBUTT

1. INTRODUCTION

In this paper we are interested in class of orthogonal polynomials (OPs). OPs with respect to
the measure du(x) are sequences {P,}2°, of polynomials so that

1
/ 2*P,du(z) = 0

1
for k=0,1,--- ,n—1.

Here we are interested only in the case where our measure du(x) can be expressed in terms of
some weight function i.e. du(z) = w(x)dz. In particular in the case when w(z) is a polynomial. In
the case when w(z) > 0 the OPs will always exist and they will satisfy deg P, = n. For a reference
on classical OPs see [2]. In this paper we will be concerned with weight functions of the form

(x — z).

g
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—

In particular we are interested in how the OPs P? with weight w(z) change when we very our z;s
as parameters. Previous studies of orthogonal polynomials with polynomial weight functions have
used that we can think of OPs with respect to the measure w(z)dx as the Chistoffel transform (for
more information see the next section) of the Lengendre polynomials (orthogonal polynomials with
respect to the weight function w(z) = 1). In the first section some classsical results and ways of
thinking about OPs are introduced. In the second section we introduce the Chistoffel transform.
In the third section introduce the idea of recurrence relations and give a table of some recurrence
coefficients for w(x) = z—z. In section four we use apply a method that was first used by Magnus in
[4] to derive a set of equations on the recurrence coefficients of for semi-classical OPs. Magnus found
that the equations that recurrence coeffients the semi-classical OPs with weight w(x) = o /At
on R satisfy the Painlevé IV equation. However, unlike in Magnus’s the paper our string equations
also involve coefficients of our OPs. In sections six to nine we introduced the Riemann-Hilbert
problem (RHP) for OPs with weight function w(z) = x — z and proved uniquess of the solutions
for our RHP. In the final sections we used the RHP for OPs with weight w(z) = 2 — z and we used
a method similiar to the method used by Celsus et al. in a paper on kissing polynomial to find =
and z differential equations that our OPs satisfy [7].

2. SOME CLASSICAL PROPERTIES OF ORTHOGONAL POLYNOMIALS

There are other ways to think about this definition of OPs. Firstly we can we can define a
bi-linear form

1) (f, g = / J@g(a)ula)ds.
1
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Another way to think about OPs is using Gram-Smchidt algorithm. We can construct a set of OPs
by starting from the basis {1,z,--- ,2"} and constructing a set of OPs using the Gram-Smchidt
procedure

Pi(x) =1,

F(2)w

However, because (-, +),, is a bi-linear form and not a an inner product it can happen that (f, ), =
0. When this happens Gram-Schmidt can fail.

A natural question that arises when thinking about OPs is for which values of n do OPs exist
and are they unique. A second way that we can think about this problem is as a linear system of
equations on the coefficients ¢; (Pi(x) = Y i, ¢;x’) of our polynomials. If we define

1
/Lk_/ o*q(r)dz

1

L Py ) g
Pj?(x) = — jZO <P<iq(zx(),)Pq(> P(x).

then we have the equations

HoCo + picy + -+ ey =0
p1co + poct + -+ pfpy16y =0

Hn—1Co + pnCy + -+ + fop—1¢, = 0.

If we assume that we are looking for a monic polynomial we can set ¢, = 1 and therefore we can
express our system of equations as

HoCo + p1C1 + -+ -+ fp—1Cp—1 = —ln
H1Co + foC1 4 -+ + fUpCp—1 = —fn+1

Mn—1Co + fnC1 + + - + Hon_2Cn_1 = —H2p-1.

From linear algebra this system will have a solution when

Mo M1 - fHpod
det(Dy ) = | 1 1y,
Hn—1 Hn - Hop—2

One example of a set OPs is the Legendre polynomials with weight function w(z) = 1. We will
denote the degree n monic Legendre polynomial by P, (x).

In the case were w(z) is polynomial function we have a tool call the Chistoffel transform that
can be used to study this problem.

Theorem 1 (Chistoffel [1]). Let {P,} be the set of monic polynomials orthogonal with respect to
w(z)dz and let

m

() =[x~ =),

j=1
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be a positive polynomial on [—1,1]. Then, the polynomials Pi(z) defined by

pn(zl) Pn+1(21) T Pner(Zl)
Pu(z2)  Poyi(z2) -+ Puym(22)
(2) Cromq(z)Pl(x) =1 : . : :
Po(zm) Pori(zm) - Poym(zm)
Po(z)  Pop(z) - Popm(z)
where
Pu(z1)  Po(z1) - Pagmei(21)
Cn,m _ Pn('z2) Pn+%<22) ’ Pn+m'1<22) ’
Pn('zm) Pn—i—l.(zm) o Pn+m;l<zm)

are orthogonal with respect to q(x)w(x)dx. PI has degree n. If the zero xy is repeated, replace the
corresponding rows with successive derivatives evaluated at xy.

For a proof of this see [6].

Theorem 2. The Orthogonal polynomials { P?} with weight function q(x) = x — z always exist and
satisfy deg P? = n if and only if z is not a root of the nth Legendre polynomial.

Proof. In order to prove this fact we can start by noticing that the moments of x — z are given by

M@>=/iﬁ@—wa

l’k+2 Z{Ek—H
T |k+2 k+1 »

1 z
= (1— (D" = —=—(1+(=1)".
s (DY) = g (1Y

From this formula we can see that each p; is polynomial of degree at most 1 in z and therefore it
follows that det(D,,_1) is a polynomial of degree at most n. Were D,,_; is defined by

fo f1 o Hnet
M1 f2 o g
Dn—l = . . . .
Hn—1 Hn - Hop—2

Now suppose that we consider the polynomial p,, defined by

. _ | Pa(z) Pata(z)
(3) q(x)pn(x) = P.(z) Po(z)|
From the definition of p,(x) we can see that

/_ P (2)g(2)d = / P (Po(2) Pasa () — Posa(2) Pa())dz = 0,

1 -1




4 ANDREW FISCHER-GARBUTT

for k =0,1,--- ,n—1. In addition to this we can notice that the right hand side of (3) as a simply
root at x = z and there is divisible by ¢(z) =  — z. That’s more if P,(z) = 0 then we can see that
the degree of p(z) will be n — 1 and therefore we don’t have unique OPs of degree n which satisfy
n orthogonality conditions. So it must be the case that det(D,,_;) = 0.

Because det(D,,_1) is a polynomial of degree n and it has root everywhere that P,(z) has roots.
Because Legendre polynomials have simple roots in (—1,1) only (for a proof of this see [2]), we can
therefore conclude that det(D,,_1) = c¢P,(x) were ¢ is some constant. It follows from this not p,(x)
will exist if and only if z is not a root of a Legendre polynomial as desired. 0

3. RECURRENCE RELATIONS FOR ORTHOGONAL POLYNOMIALS

Theorem 3. Suppose that a function w(z) is chosen so that the set of OPs { P }155 satisfy deg Py =
k for k=0,1,--- ,n+ 1. Then there exists sequences complex numbers {ay} and {fx} such that

xP, = Pn+1 +Ofnpn+ﬁnpn—1-

In our case a,, and 3, are meromorphic functions of z. The first few recurrence coeffients are
given by

n Qn ﬁn
1 5—322 1 1
152—4523 3 922
2 —15+4622+52% 1222(—3+527)
352(3—1422+15z%) 25(1—322)2
3 —8144522—152443526 3(—1+32%)(3—3022+35z%)
63(—94+10522—2552%4+17525) 4922(3—522)2
4 —405+10822+2102%—36426+31528 | 8022(=3+522)(15—7022+632%)
992(3—302243524)(15—7022+632%) 81(3—3022+3521)2

What’s more there are some formulas for a,, and 3, in terms of orthogonal polynomials. The
first set of formulas give «,, and 3, in terms of inner products of orthogonal polynomials

P2 P2,
o _ aPL P

(Pr, Pi)w
and
6 o <‘rPg7 P’rcllfl>w
t (PPl
where (-, -),, is defined in (1). In addition to this formula we have that
(4) a = k) — R
(5) B = sy = D+ ()7 —

4. STRING EQUATIONS

The idea of determine equations by computing the integrals

/ (1 — 22)(PY(x))?q(a)] da

1
and

/1[(1 — x2)Pg($)Pg—1($)Q(ZL‘)]/dx

was first introduced by Magnus in [4]. Using this method Celsus et al. [7] found that recurrence
coefficients for OPs with weight ¢(z) = €“® which they called kissing polynomials satisfy a string
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equation similiar to the equations found by Magnus with goal of using them to compute OPs
efficiently. This method can also be applied to OPs with weight ¢(x) = = — 2.

The first way of evaluating our integrals is with the fundamental theorem of calculus. Applying
the fundamental theorem of calculus to the first integral gives us

I= / (1 — 2 [PI(@)Pg(a)]/de = (1 - 2)2[P3(a)q(x)| =0,

1 -1

What’s more applying the fundamental theorem of calculus to second integral gives us

J = / (1 = 2®)Pi(x)Pi_(x)q(z))'dz = (1 - m2)Pg(x)Pg_1(;p)q(x)’1_1 _0

1

Now if we expand the derivative in first integral we get

I= / (1 = 2?)[Pu(2)%q(z)] do = [, + [, + I3

1

where

_71:/ —22[P(z)]*qdx

1

L= [ (=Pl T et

I :/_ (1 — 22)[P3(x)da.

1

Now we can compute I; and I, using a method that is analogous to the methods used in [7] to get'

1
L =-2 / (Pl +anPl+ B, P ) Pldx
-1

= =20, Xn-
! dp?
I, :/ —2xPlx—=qdx
-1 dz

1
= _2/ (PSH +an Pl + BnPg_l)(nPg - “Z—ng—l + -0 )dz
1

= —2n0,Xn + 280K, 1 Xn-1-

!Because the notation P{(z) is somewhat cumbersome we will will instead write P from now on.
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Where x; = (P} ,Pq’“>q. However the final integral I3 requires some modifications to compute
consider the expression”

d 1
U=—~— [ (1—2*)(P9)%d
= [ -
d 12 2
= X — P9)’qd
Xn = _lx(n)qa:
d 1

= Xn — P (Pl + Pl + B, Pl ) qdx
1
. . d, , 2
= Xn — Xn+1 — @(aan + ﬁan—l)-
On the other hand we also have that

1
U= / 2(1 — 2®)PIPlqdx — Iy

1

1
= 2/ 2?PIPqdx — I

1

1
=2 / (Poyy + anP? 4 B, P ) (0PI 4 (Y, — &) kS, PO - )da — I
-1

= 2000, X+ 205 — 1) X1 —

Now putting all of these together we get the string equation

n . ) d
_2aan - 2naan + QBnHSL_)1Xn—1 + Xn — Xn+1 + &(aan + 5721Xn—1)

20 + 2050 — 1 = )X = 0.

Next if we expand out the second integral we get
J:J1+J2+J3+J4

where

1
Ji = —2/ xPIP!  qdx

1

! dpa
= [ -2 P g
-1

1 dP?
Js :/ (1—a2*)P? dnflqu

1 i

1
Jy = / (1—2*)P?P?_ dz.

1

2We use a . above a variable to denote differentiation with respect to the parameter z.
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If we apply our recurrence formula to J; we get

1
J = —2/ (Pl + an P!+ B,P!_ )Pl qdx
—1

= =28, Xn-1-
Next we need to evaluate J, by expanding :pzdp" =nP? |+ ((n— 1),{1(1")1 _ n/fﬁl"’Ll))Pn +((n —
2% = ni5 4 (= DRI P - we get
1 1
dP? o dP?
Jo = np?  gdr — an d
2 /_1 dz n—194L /_1 dz 194T

= nxu-1 = ((n = 2 =0 4 (= D)y
J3 can be evaluated directly using the orthogonality conditions to get J3 = —(n — 1)x,. Finally
evaluating J; requires a special trick that is similar to trick that was used to evaluated I3. We will
start by defining

d 1
V= % _1(1 — 2%)PIP!_ qdu.
If we directly evaluate V' using the recurrence relation for P? we get
d 1
V:_& (Pngl"’_anPg"i_ﬁnPg—l)(Pg'f_O‘n 1B, 1+5n 1P, 2)qu
—1

d
— -5 [ Xn + Brnn—1Xn-1] -

If we instead evaluate V' by moving d/dz inside our integral we get

1 1
Vz/ (1 —2?)PIPI_ 1qu+/ (1 —2*)PIP¢ qdz — | (1 —2*)PIP? \dzx

1 : [
/.

1
=™ o1 — / 22PIP? qdx —

1

2PqPq _,qdx — Jy

1
= v = [ (P 2 - K P
-1

(il = R = R P e P ade = i —
= 'EL )IXn—l - ("fnn)3 q(zn)llffznjl) ’fgn)2"%(v, )1)’% 1 £Ln—_21)Xn — Ju.
Therefore it follows that we have
Jy = P [ Xn + Brnn-1Xn-1] + ’%21)1Xn—1 - (’.fnn)s, gln)l"igl,n—‘rll) - "%@2’1@1)"%—1 - ’.ffzn 21)Xn'
Our second string equation is given by
Mt = (1= 28— rD 4 (1= DR X+ [+ Bt tet] + A X

dz

- ’;{nn—Q'%Ezn—)l)Xn—l - H7(1n—721)Xn = 2/8an—1 + (n - ]-) 7(—7 21)Xn
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5. A DIFFERENT METHOD TO FIND STRING EQUATIONS

This new method starts with an integral very similar to integral from the previous method except
with ¢ replaced by ¢? using this method gives us

U= /_1 (1= 2?) (PN (2 — 2)*]"da = 0.

On the hand we also have that
1

- 2(/_1 (1—22)(P")2(x — 2)da — / 2z — 2)(P)2(z — 2)de

1 -1
+ /1 (1 — 2?)(z — 2) PP (z — z)dx).

—1

If we can evaluate each of the three seperately to get
/11(1 —2?)(P1)*(x — 2)dz = Xn = Xnt1 — QnXn = BaXn-1-

For the next term we get

[ @ = 2B~ )r = =2+ s + o+ B
And for the final term we have

/_ (—2® — 22 + 1 — 2) PYPY (v — 2)dx

1

1
_ / (2% — 22+ 1)(PY,, + anP? + BuP?_ ) (P2 (x — 2)da
—1

1
= / (Pg—l-l + a, Pl + BnPg_l)(cngH + Pl + e3Pl +---)(z — 2)da
-1

= C1Xn+1 + 200 Xn + €380 Xn-1,

where

CiT = —"N

o= (1- n)/igi)l +zn

(n)

c3=n+z(n— 1)557_)1 — Nk
If we combine these three terms we end up with the equation

—(24 1) xni1 4 (14 za, — 202 + (n— 1)) + 2n)x,
n)

+(n+ 2(n = DS — iy = 282)xn-1 = 0.

We can apply similar reasoning to

V= /_1{(1 —A)PIPY (¢ — )2 da,

n* n—1
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we get

1
V= 2/ —2% 4+ 22)PIP!_ | (v — 2)dx +/ (1 —a*)(z — 2)(PYP!_ (v — z)dw
-1
1

—|—/ (1 —a2*)(x — 2)PI(P?_ )(x—z)da:—i—Z/ (1 —2*)PIP! (2 — z)dz.

~1
For the first term in our integral we have

1
2/ (=2 + z2)PIP!_|(xv — 2)dx =

1

1
2(/_ — (Pl + o, P+ B, Pl ) (Pl 4+ an1 Pl + Bo1 Ply)(x — 2)dx

1
1
/ (Pl 4+ an P!+ B,PL )Pl (x— z)dx)

= —QOéan + 25n<2 - an—l)Xn—l'

Now applying fact that our orthogonal polynomials will form a basis when there is no degeneration
to our second term we can write (—z3 + 222 + x — 2)(P?)" as linear combination of orthogonal
polynomials

1
/ (=2 + z2® + o — 2)(PY)'P!_ (v — 2)dx

1

1
= / (caPl o+ 5Pl +cgPl 4Pl +--- )Pl (z — 2)dx
-1

= C7Xn-1-
were
cy=—n
cs = nm,(ﬁrlm +on+ (1—n)s"™,
g = —csk — skl o+ (n = 2k, + (n— 1)zelY,
cr = —eskl™D — o™V — egr!™ — 2+ (n — )k, + (n — 2)z6, + (n — 1),

Next if we examine the third term we see that

/_ (1 - 2?)(x — 2) PP, Y (& — 2)da

1

1
— [ (=2 PP Y (o - s
-1
Now if we can use the fact that orthogonal polynomials for a basis we can right (—2® + z2?)(P?_,
in terms of orthogonal polynomials as

(—* + 22®)(PLL) = (L= m)PLy + [(n = Dm0 4 2(n = 2050 — (0= 3)m75 [P+
If we substitute this into our third term we get

[ =@ = PPLY (@ = 2)de = [0 = DR 42l = DR = (0= 98

1
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Finally looking at the fourth term we see that

1
2/ (1 —2*)PIP! (2 — 2)dz =

1
2 /1 (Pry1 + an P+ Bu B ) (Bl + a1 Py + Bpa Py o) (@ — 2)dz =
: 20t Xn + 2Xn-18n0n—1-
If we put all of these terms together we get the equation
Xn-1(228, + ¢7) = 0.
If we fully write out ¢g and c; we get

ce = nk"tY — (n/-zgﬁﬁ) +zn+ (1 —n)k ") )R 4o 4 (n — 2) 7(1 )2 +(n—1)zk

cr = n/q;(n+2) (nni:f) +zn+ (1 — n)fffl")l)/i,(l +1 ) (nk

+n+ (n — 2)/@7(22 +(n— 1)2%,(:_) VK

+2) _ (nli1(1+1 '+ on+ (1 =)k 1)/@ (n+1)
W=t (= 3w+ (= 2)zm + (0 - D)
Therefore we have the string equation

— (nk0 — (neD 4 zn 4 (1= n)e) 0D

(n+2) ( (n+2)

22, + nk,_| Nk p +2n+ (1 — n)n(")l)ka

+n+ (n — 2)/@1(;1)2 +(n—1)zk n)l)li(J —zn+ (n 3)/{&723 + (n— 2)2/4;522 +(n—-1)k 721 =0.

n

n+1)
n—1

In the future we hope to be able to use expression like these to compute as and s which we
could use to compute OPs using the three term recurrence relation. We would also like to simplify
these string equations in the future perhaps using (1) and (5). Although we explored computing
some integrals inspired by Magnus there are other integral we could have computed for example

/[ﬂ—x%@ﬁ@f@—zﬂﬂx

1

were 1 is some positive integer.

6. THE RIEMANN HILBERT PROBLEM

In addition to the characterizations of as being polynomials that are orthogonal to all polynomials
of degree n for some given. There is another way to characterize OPs. This method is called a
Riemann-Hilbert Problem (RHP) and it was first used as formulation of OPs by Fokas, Its, and
Kitaev in [3]. In addition to formulating the RHP they used to RHP to derive the recurrence relation
(see equation (3.14) in the reference). The RHP for OPs has also been used to obtain asymptotic
information about OPs, for example [5] discusses the asymptotics for Jacobi polynomials which have
weight w(z) = (1+2)%(1 — x)? for a, 8 > —1. In addition to this RHPs have been applied to prove
results for kissing polynomials (polynomials with weight w(x) = €“*, w € R) for more information
about this application see [7]. The RHP is a type of boundary value for matrix valued functions
in the complex plane. In particular the problem is to look for a function Y (u) that satisfies the
following conditions

(1) Y(u) is analytic u = C\ [—1,1].
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(2) For x € (—1,1), Y (u) admits boundary values Y. (x) = lim. ,o+ Y (2 + i€), which are related
by the jump condition

1 x—z]

(3) As u — oo we have that’
Y(u) = (I +O0(1/u))u""?

were we are using the notation

f(u)? = [f(()u) l/ﬁ(u)] .

(4) As u — £1, we have that

O(1) O(log |1 Ful)
Yu) = {0(1) O(log |1 $u|)} :

In the case were n # 0 the solution to the RHP is given by’

Pi(u) A Pi(s)(s=2) 4o

n 2mi J—1 S—u

(6) Y(u) = _2mpd () 1 1 Pia()(s=2) g0
Xn—1~ N1 Xn—1 J—1 s—u

In the n = 0 case we have the special solution

(7) Y (u) = [(1) o

For more information about the Riemann-Hilbert problem and for a proof that formulas given
above are in fact solutions to Riemann Hilbert see [6].

7. TRANSFORMATION TO CONSTANT JUMP

In order to transform our problem into a Riemann-Hilbert problem with constant jumps we make
the substitution

W(u) =Y (u)(u— 2)7/>

Making this substitution complicates our problem slightly because we no longer have that W (u) is
analytic on C\ [—1,1] since W (u) is not analytic on the branch cut of v/u — z. If we choose the
principle branch of v/u — z then our contours were we have jumps look like

30(1/u) is what is know as landau o notation. We say that f(z) = O(g(z)) as 2 — o if for z sufficiently close to
xo there exists a constant M > 0 such that |f(x)| < Mg(x).

a S)(s§—=z
4This holds when deg P = n so x,,_1 # 0 and f_ll Puoa(9)lm2) L(1+0(1)).

s—u "
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Im

> N

b

Re

Because we have two different contours we also have two different jump conditions. Across ¥, we
have the jump condition

Across the contour ¥, we have the jump condition

WH(z) = -W~ ().

8. INVERTIBILITY OF W (u)

Theorem 4. The matriz valued function Y (u) satisfies det(Y (u)) = 1.

Proof. To show this we start by showing that det(Y (u)) is a bounded entire function and then use
our boundary conditions to show that det(Y (u)) — 1 as u — oo. To show that Y (u) is an entire
function we can apply Morera’s theorem. Because Y (u) is analytic on C \ [—1, 1] we have that
det(Y'(u)) is also analytic on C\ [—1,1]. There if v C C is a closed contour that does not enclose
any points from [—1, 1] we have that fw det(Y'(u))du = 0. Now suppose that v is a closed contour

that contains of points points of Y (u). Then we can consider integrating over two different contours.
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Im

i1

V2

Re

In this figure v has counter clockwise orientation and v, has clockwise orientation. Because our
jump matrix is upper triangular with 1s on the diagonal the limit of det(WW/ (u)) is the same weather
u approaches some point € (—1,1) from above or from below. Therefore if we move the curves
v and s closer to [—1, 1] the contributions from the bottom of 7, and the top of 4, will cancel out
and therefore we can see that integral of Y (u) over any closed curve is zero and therefore Y (u) is
entire. From condition (3) of the RHP we can see that det(Y (u)) — 1 as u — oo and therefore by
Liouville’s theorem we have that det(Y (u)) = 1 as desired. O

Now using this theorem we can write

det(W (u)) = det(Y (u)(u — 2)7)
= det(Y (u)) det((u — 2)7®)
=1.

Therefore we also have that det(WW (u)) = 1. Which implies that [W(u)]~! exists for all u € C.

9. EXISTENCE AND UNIQUENESS OF THE SOLUTION

Theorem 5. Formulas (6) and (7) give the unique solution to the RHP described above in the n > 0
and n # 0 cases respectively.

Proof. Suppose that Y;(u) and Y2(u) both satisfy the RHP. Because from the previous theorem we
have that det(Ys(u)) = 1 we can therefore consider the expression Y;(u)[Yz(u)]™t. We can observe
that Y;(u)[Ya(u)] ™! is an entire function of u. What’s more if we use our asymptotic condition as
u — 00 we get

lim Yy (u)[Ya(u)] ™' = lim (I + O(1/u))u"u "7 (I + O(1/u))

UuU—00 U—00

=1

Therefore we can apply Liouvell’s theorem to get that Yi(u)[Y2(u)]™! = I. So we have that ¥; = Y,
and therefore it follows that our RHP has only one solution. For a proof that these are in fact the
solutions see [6]. O
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10. ASYMPTOTIC EXPANSION FOR W (u)

We because we have an explicit formula for Y (u) we can expand Y (u) into an asymptotic series
by expanding each entry of Y (u) into an asymptotic series

B A, B, C, ANy nos
Y(u)—([—i-?—i-?%—?—i-O(l/u))u .

From this it follows that W (u) has the asymptotic expansion

. An Bn Cn 4 nos 0'3/2
W(u)-(]#—;—l—ﬁ—i-?—l—()(l/u))u (u— 2)7%/%,

We can determine the values of A,,, B, and C,, by expanding our solution for n # 0 a series

no )

__ U 'L{l"n—l n—2 /‘in_3 4
Yu(w) =L+ ==+ =5 + =5 00/
(n+1) (n+2) (n+1) (n+2)
Xn Rn /‘in+1 Kn — Kn ,
el = B o(1
O )
27Tiun_1 //b'(n;]') K(nz}l)
Yl == 14 =2 28 4 o1/
51 (u) 1 ( + " + = +O(1/4®)
1 Kn_1 n Ky "
Y —_— —_— 1 _ n n n
() "< U + u2
(n+2) _(n+1) (n+2) _(n) (n+2) _(n+1) (n) n42)
+/<u'n+1 Kp—1 + Kn, Kp_1 ;Hn+1 Kn Kpl1— Kp_q +O(1/u4)>
U
[ ™ Xn
K
An(2> = niﬂi T
L X2n—1 _“?131
_ (n) Rgln-&-l)xn
Ko _
Bn(Z) = i (1) 2mi
2 Xnn:12 H7(’Ln+1)ﬁ"£7,n—)1 _ K;nn_+11)
Gy = | S (w2 )
il R S L

What’s more we can take the derivative of this asymptotic expansion to get

W’(u) — % |:(] + Anu(z) + BZ(QZ) + 0(1/u3)un03(u . Z)a3/2:|
_ _Az(z) B 2353(2) 00 /ut) + (I + Anu(z) N BZ(;) . 0(1/&))(”53 . g(uai z))} o 2y

1 r
_—{Fo—i‘ !
U

FQ 3 no. 03/2
E—FE—I—O(l/U)}U S(U—Z) 3/,
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were [y, I'1 and I'y are given by

1
FO = (n + 5)0’3
z0 1
Fl = 73 + (7’L+ §)An0'3 — An
2205  A,zo 1
F2: 23+Tg+(n+§)Bn03—QBn

11. THE RIEMANN-HILBERT PROBLEM FOR W'(u)

Now using this asymptotic behavior we can determine that W’(u) will satisfy the new Riemann-
Hilbert problem.
(1) W' is analytic except on [—1, 1] and on the branch cut of \/u — z.
(2) W' satisfies the same jump conditions as W.
(3) As u — oo we have

1 < Fl FQ

W' (u) Lo + o + ol + 0(1/u3)>u”"3(u — 2)73/2,

u

(4) As u — %1 we have the asymptotic behavior

12. ASYMPTOTICS FOR [W (u)]™!

Before we can use the RHP to prove a u-differential equation we need an asymptotic expansion
for [W(u)]~'. Fortunately because W (u) as an expansion in terms of inverse powers of u thing will
work out nicely and we get that W (u) has the asymptotic expansion

A A 1
-1 _ —03/2, —nos 1 2
(5) W@ = (= 2) 72 (1 2 220,
where
A =—-A,
Ay =A% — B,.

13. DETERMINING THE u-DIFFERENTIAL EQUATION
If we consider
(u—2)(1 — u®)W'(u)[W(u)] ' =
+ 0(1/u3)> (1 LA B
U u2
= M(u) + O(1/u)

1 r r
(—u3+zu2+u—z)—<Fo+—l+—;
u uoou

were

M<U> = (_U2 + zu + 1)F0 + <—U + Z)Fl — FQ + (—U + Z)F()Al — FlAl — FoAg.
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We can write out the entries of M (u) = [M;;(u)] explicitly

1 1 .
My (u) = 5 +n—(n+ §)u2 + nzu + 2!{,&22 +(u—2)kp g — (K

27

3

Moy (u [Qnu T (1—2n)z+ (1 — 20k — (14 2n)mn”_1}

Anxn
Moo (u) = ( +n) + (14 2n)u? — 2nzu — 2(k" g )% — 4k 4 /igl_)l(—Zu + 2u + 4D 4 Xn

2 Xn—1 '
Now if we subtract M (u) from both sides we get
(u—2)(1 = u?)W' () [W(u)] ™" = M(u) = O(1/u).

Now because the left hand of this expression is an entire function we which decays to zero as u — oo
we can apply Liouville theorem to conclude the difference is a zero and therefore we have that

(u—2)(1 —u*)W'(u) = M ()W (u).
Now we can use that W (u) = Y (u)(u — 2)?3/? and therefore we have that

W (u) = |Y'(u) + Y(u)% (u— 2)7/°.
Looking at the first column of both sides we can see that we have the system of ODEs
y = X(u)y
were y = (y1,%2), Y1 = pulu) and yp = 27” “-pn—1(u) and were
M (u) I

X(u) =

(u—2)1—u?) 2w—2z2)

We can rewrite this system as a second order ODE that y; satisfies namely

X/ X, X
vy — ( + X + XZQ) + ( 2L X Xor + X11X22) yr=0.
X2 X2

14. ASYMPTOTICS FOR W (u)

To determine the asymptotic series for W (u) all that we need to do is differentiate the asymptotic
series for W (u) with respect to z doing this gives

W(u) = % {(I + % + % + % O(1/u*))u" (u — z)73/?
= <% + % + % +O(L/u")u" (u — 2)™% — (I + % + % + 0(1/#))%11%3(@6 )7l
= %(An + By + % +O(L/u))u"® (u — 2)7/?
—%([ + % + % + O(1/u?))o3(1 + 3 + 2—2 + O(1/u))u"? (u — z)°2/

1 H H
= —(Ho+ —1 + —2 + O(1/ub))u" (u — 2)7/,



CHRISTOFFEL TRANSFORMATIONS OF LEGENDRE POLYNOMIALS 17

were Hy, Hy and Hs are given by

HO == _@ + An
2
Z203 An(fg .
H =22 B,
! 2 7
Bnag ZAn0'3 2203 .
Hy = — — — C,.
2 2 2 7 "

15. THE 2z-DIFFERENTIAL EQUATION

To determine the z-differential equation apply our asymptotic expansion to get

(= 2)(1 — W)W (w)[W (u)] " = (u— Z)ftl — ¢ )(Ho + % + % + 0(%))(1 + % + % +O(1/ud))

= <—U2 + zu + ].)H() + (—U -+ Z)H1 - HQ + (—U + Z)H()Al - HlAl — HOAQ.

Once again it follows from Liouville’s theorem that this result is exact and therefore we have that
(1 —u®)(u — 2)W(u) = A(w)W (u).
were A(u) = [A;;(u)] is given by
A(u) = (=u® + zu+ 1)Hy 4 (—u + 2)Hy — Hy + (—u + 2)HyAy, — HiA, — HyAs.

We can also write our the entries of A(u) explicitly using the notation A, = [p;;], B, = [g¢;;] and
Cn = [TZ]]

A1) = (=0 2+ 1)(= 3+ ) + (w22 4 ) + 5+ 2

—i—% — 71+ (—u+ z)(—% — Puipi — PaaPa1) — % — P2, + PraPa1 + Guipi1 + Guapar
—piy — p1apa1 + Pui(ply + prapar) + Pr2(p2ipin + paspar) + % — P11qu1 — P29,

A (u) = (—u? + zu + 1)pra + (—u + z)(% + G12) — % — % — T19

+(—u + 2)(% — Puipi2 — P12P22) — % — puipi2 + P12P22 + GuiP12 — P11P12 — P12P22
Pr1(p1ipia + propa2) + Pra(propar + pis) + 6122 — P11qi2 — P12922,

Agi(u) = (= + 20+ )par + (—ut 2)(= 150 + ) + 50+ 5 —

+(—u + Z)(—% — P21P11 — PoaPa1) + % — p21p11 + P22Pa1 + G21P11 + Gazpar

+p1p21 + Pap22 + D1 (P11 + prapa1) + Paa(paipin + pazpar) — % — P21q11 — P22q21
An) = (=04 2+ )3+ ) + ()G 4 22 ) — S — L2

—% — T + (—u + Z)(Z% — P21Pi2 — DoaP22) + % — P21P22 + Dy + (o112 + GoaPa

. . q . .
—p§2 — p1aP21 + Por(P11p12 + Pr2pa2) + Poo(P1pie + pgg) — % — D21G12 + P22Go2-



18 ANDREW FISCHER-GARBUTT

were Using the same method as for the u-dfferiental equation we can determine that our OPs will
satisfy

M MM
ij — J+M11+M22 Y+ —r i — MioMayy + My Msy |y = 0.
Mo Aqo

were M = [M,;] is given by
A(u) I

M= 0= 2u—2

16. CONCLUDING REMARKS

Future work on the this project includes searching for formulas for a,, and 3, as functions of z.
In particular we would like to understand the singularities of a,, and (,. Looking at the table in
section 3 it seems that singularities of «,, and 3, are roots of Legendre polynomials. Another future
goal is to generalize these results for weights of the form w(z) = (x — 21)(z — 22) - - - (z — 2,) instead
of w(x) = x — z. Finally we would like to look for a way to write our string equations in terms of
recurrence coefficients without reference to the coefficients of our OPs.
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