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Abstract
We propose a monotone, median-filter—type numerical scheme that con-
verges to the viscosity solution of a level-set PDE whose zero level set evolves
as the steepest descent of a weighted curve length. We further show that
a modified two-step variant decreases an associated nonlocal total-variation
energy. Finally, a numerical experiment—with weights derived from a given
image—demonstrates that the scheme achieves effective image segmentation.

1 Problem Formulation

Consider a closed C? curve 7 : [0,1] — R? and a nonnegative function g :
R? — R. Define the weighted length

1
L) = [ at@) @) de
Steepest descent of L (see [1]) yields the normal velocity
vn(x) = Vg(z) -n+g(z) K(2),

where n is the outward unit normal and k(x) the scalar curvature at z.
Embedding the evolving curve as the zero level set of ¢ : R? x [0,7] — R
with n = V¢/|V¢| leads to the level-set PDE

¢t = |Volvy =Vg-Vo+g(V?¢ —|§L§\ ) —|§L§|>' (1)

We seek a numerical scheme that converges to the unique viscosity solution.
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2 Monotonicty and Consistency

Within the Barles-Souganidis framework [2], a monotone and consistent nu-
merical scheme satisfying a mild stability condition converges to the unique
viscosity solution of (1). When g = 1, [3] proves that the median filter fulfils
these requirements; we extend their construction to general g.

Let K be a non-negative, radially symmetric kernel of unit mass and rapid
decay. For bounded, continuous ¢ and A € R set

Tvo = (2] 6(x) > N}, oz, A) = / (o) ~9() + D~ )y

If |g) < 1, then ¢%-¢(x,\) is decreasing and left-continuous in A. With
c:=limy,_o Y-d(x, A) define

Mi-¢(x) = sup{)\ Pi-d(x, \) c/2}

Lemma 2.1 (Monotonicity). If ¢1 < ¢o then Mi-¢1(x) < Miy-¢o(x) for all
.

Proof. Since ¢1 < ¢o, Tapy C Tapa. Thus i-d1(x, A) < i-go(xz, ), for
all x and A\. Fixing any z, as ¢%¢(x,\) is left continuous in A, we also
have ¢9-¢1(x, M }g(qbl( ) > c, which implies, by the earlier inequality, that
Vi pa(x, M p1(x)) > §, and so following the definition of Mj-¢, we have

M-¢1(x) < M ¢o(z) [

Lemma 2.2 (Consistency). Let ¢ € C°(R?*) with 0 < g < 1 and ¢ €
C(R?). Fiz xg € R? such that Vo(zo) # 0 and take r > 0 sufficiently small.
Let K be the unit-mass distribution supported on the circle of radius r. Then
u(x) = Mj-¢(x) is the unique solution to

F(r,A) = /0 7T(g(:l:o +rv(0)) — g(zo) + 2) sgu(¢(zo + rv(0)) — X) db = 0,

where v(0) = (cos,sin ). Moreover, if V¢ points at angle 1 and redefining
v(0) = (cos(0 + 1), sin(d + )7, then

Ar) =6+ = (Vg Vo +g (V6 52, ) ) + O0r). (2)



Proof. First, we show uniqueness. Fix any r sufficiently small. Since ¢(x +
rv(f)) is continuous over 6, there exists m, M € R, such that for all 6,
m < ¢(x+rv(f)) < M. Furthermore, for any a, b such that m < a < b < M.
m({0 | a < ¢(x+rv(f)) < b} >0). Thus since W(0) > 1

F(r,a)—F(r,b)Z/ 2W(0) dx > 0
{0la<p(x+rv(0)<b)}

Therefor F'(r, ) is strictly decreasing for A on [m, M|, and as F(r, M) < 0
and F'(r,m) > 0, there exists a unique A such that F(r, ) = 0.

Now we show (2). By implicit function theorem, we can assume that A =
ag + ar + é,u o %’y + O(r*). With direct computation we obtain ag = ¢(xy),
and a; = 0, so to show (2) to hold, it remains to prove that

v Vo Vo
s (052 0) - 0 ()

, and v = 0. For the remainder of the proof we denote gy := g(xg), Py :=
d(z0), Vgo := Vg(zo), Voo := Vo(zp), Hy := V?g9. And we set W(0) :=
g(xo+rv(d)) —go+ 2, and S(0) := ¢(xg + rv(d)) — A. Then

2 2

F(r,\) = 0 W (6)sgn(cos(0)) do + 0 W(0)(sgn(S) — sgn(cosh))db (3)

Simplifying the first term of (3) :

2m
W (60) sgn(cosf)dd
0
27 .2

= [ (Voo @) sen0) o+ [ T 0(6) Hy (o) v(8) do + O



Where we used the fact that
2
/ v(0) " Hu(0) sgn(cosf) df =0
0

For all matrix symmetric H

Now we need to bound the second term. To do so, we measure how the
root of S(0) perturbate from % and 2F, which are the roots of cos(f)

For this step, we use the implicit functlon theorem. First, with a redefi-

nition, we let

2
S(0,7) = ¢p(xo+rv(0))—\ = acos(9)+gq2(cose, sin 9)+%q3(cos9a sin 0)+0(r°)

, where q2(7,y) = @12% + qozy + qo3y?, and g3(z,y) = g312° + @322’y +
q3.37Y*+q3.4y°. Since S(0,r) is smooth, aS re ( Z) #0, 8ST9 (O ) #£0. In
addition F (0, %) =F (O 3”) =0. Therefore by implicit funetlon theorem on
a neighborhood around (O, 2) or a neighborhood around (0, 37”), there exists
a smooth function 6(r) such that for r sufficiently small, S(r,0(r)) = 0.

So to obtain a taylor expansion of 6 at 0, we calculate 6'(0) and 6”(0).
We can do so by differentiating S(r, ),

dig@ 8(r)) = 8,5(r, 6(r)) + 84S (r, 6(r))

Evaluating both side at (0,%), and (0,28). We obtain ¢(0). Similarly

%S(r, 0(r)) = 0,+S(r,0(r))+20,4S(r, 0(r))0 (r)+0pgS (r, 0(1))0' (r)*+05S (1, 0(r))

and evaluating both side at (07 g) and (0, 37”) gives us 0”(0).

After the calculation, we obtain the expansion 072 (r) = 5+017+0,
O(r®). And 6°/2(r) = 22 — §ir + 55202 4 O(r3), where §; = 2= “, and

2a
/2 _ @347 @2(qs—p) 37/2 _ gaty q2,2(q2,3—11) : : _
52 - T 3q4 242 752 = T34 902 . Note in partlcular, q2.3 =

Vgﬁl
<|V¢l|  Hy(20) gy >

Now we can seek for a taylor expansion of f027r W (6)(sgn(S)—sgn(cosh)) do
in terms of r, by noting that sgn(S) — sgn(cos ) is zero in all places other
than the small bands around § and 37” Assume with out loss of generality
01 > 0. We have that

7r/2




2w

W(6)(sgnS — sgn(cos(h)))

S—

7T/2+517’+(5§7T/2)T2 2

2(2 + r(Vgo, v(6))) + %’U(@)THgv(@)dQ

I
o

3m/2 2
+ / 2(24+r(Vgo,v(0)) + EU(Q)THgU(Q)dQ n O(T?’)
3

/281465y

The O(r) term of the above expression is (201)(4g) = 4q|2v3 5+ By consid-

ering the first term of (3), and solve for y in 4q23 E 44 <Vg,

W :O, we

obtain the desired pu.
It remains to show that + vanishes. First note that by symmetry:

/[ r({Vg,v(0))di = 0r* + O(r®) = O(r?)

Then the only term we need to consider that contributes with O(r?) and is
the constant 4 integrated over measure O(r?). This is equivalent to require

<[2+517“ §+517“—|—5<7T/2) D—m([gg—(ﬁr 7—51 -I—(5<37T/2 ]>:0

, where m([a,b]) = b — a. (We are not assuming b > a). Solving for v (in
d2), we obtain v = 0 O

Remark 1. In the preceding calculation the median uses the weight g(z¢ +
rv(0))—g(xog)+2. If instead we use the symmetric weight g(xo+r v(0))+g(xo)
and repeat the derivation, an additional mobility factor 1/¢ appears in the
normal velocity. Consequently, the scheme converges to

1
Oy = \V¢\§(Vg-n+/£g),

which differs from (1) only by the prefactor 1/¢g (after rewriting the x term
via the tangential Laplacian and simplifying).
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3 Decrease in Nonlocal Total-Variation En-
ergy

Our starting point is the minimization of the nonlocal total-variation energy

&) = [ 9(o) [ Kl =) [6() - o(0) dy d @)

Heuristically, discretize ¢ at points x1,...,z, € R" and perform coordinate
descent on the surrogate

Zg (i) ZK i — j) [p(ai) — ()]

Updating a single variable ¢(xy) gives the stationarity condition
o€
()

When K is supported on the circle of radius r, the factor K(z, — x;) is
nonzero only when ||z, — z;|| = r. Passing to a continuous limit then yields
the rule described in Remark 1, with median weights g(x1) + g(x;).

Then following from [5], we obtain that

— 3" (gxr) + 9(x)) K (xp — ;) sgn(lan) — d(a;)) = 0.

J

Lemma 3.1. Let K be positive, radially symmetric and rapidly decaying
ST Th¢ = ThAMj-¢, where S%- is the weighted threshold dynamics operator,
defined in the following algorithm

Algorithm 1: Weighted Threshold Dynamics

(/Kx— (4) + g(x)) dy
L/Kx‘ (4) + 9(x)) dy.

S(2) = {2 : ule) > 1},

D=

In [4], it is demonstrated that a two-step threshold dynamics method
decrease a certain energy, which when combined with [5], shows that when
g = 1, the weighted two-step median filter in algorithm 2 decreases the
nonlocal total-variation energy. Now we show that this is true for every g
such that 0 < g < 1.



Algorithm 2: Weighted Two-Step Median Filter
Step 1. Grow super level-sets:

Pits = max{¢", M{.¢"}.

Step 2. Shrink super level-sets:

¢n+1 _ min{¢n+%’ Mé}{¢n+%}

Algorithm 3: Weighted Two-Step Threshold Dynamics
Expansion step:
1
Y2 - Yy S (2
Shrinking step:
1 1
St BT 0 S(E2)

Theorem 3.2 (Two step Median Filter Decrease Energy). Let K be a non-
negative, radially symmetric function with sufficient decay. Then the two
step median filter method with weight, g, 0 < g < 1, decreases the energy

Exg(0) = [ 9(x) [ K(z —y)lo(x) — o(y)| dy dx

Proof. As will be seen later in the proof, we let the corresponding energy of
a set 2 be defined as

Ex(X) = K*(glg dr/::—l—/K* (91sc) dx

// K(x—vy dydaer// y) dz dy

Now to write with |¢(z)—@(y)| in "level-set form”, we can use the identity

[ 1260)(0 = lw)) dA = (6(0) = 0.

For later in the proof, we write g as a subscript for notational simplicity.
In particular, we let M , be a growing half step of the weighted median

filter (i.e ]\4}{F ,O" = ¢"1/?), and S;;’ , be a corresponding growing half step
of threshold dynamics. Then we obtain
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Erg( M];g // /1TAM} ¢(w)(1 — 1TAM?( ¢(y)),d)\dxdy

+ [ [o@te =) [ 1n, 001, @)drdedy
/,

_ //g(x)K v @1 —1, . (y).d\dzdy

(z —y)
+ / / 9(@)K(z —y) /R Lot 1o(y)(1 = Lgt 74(x)) dNdzdy
= / Ex(Sk ;Tx¢) dA
R

So it remains to show Ex (Si Thé) < Ex(Th¢), which gives us Ex o (M ,¢) <
E(¢). Fixing a set X, and denote the expansion half step threshold dynamics
evolution of ¥ be ¥1/5. We let u(z) := 1x(z) and ¢(z) = 1g12(x) — 1s(2).
EKQ EKQ(Z)

-/ / o) [(u(e) + 62 (1~ u(y) — ) — u(a) (1 — u(y))] ey
+//ga: K —y) [(uly) + (1) (1 — ulx) — 6(x)) — uly)(1 — u(x))] de dy

— [ [ st Julz) o(y) dody+ / y) 6(x) (1 — uly)) de dy
- [ [ @) K@ -l o) dedy + [ [ 90Ky -2 6(6) (1 - (@) ds dy
=2 [ [ gy Ko~ ) o(a) oly) dedy

=/gb g K*lEC—K*lg)—l—K*(glgc—glg)]dx—Z/(K*gqb)qbdx < 0.

The last step can be justified by noting ¢, g, K > 0 so the second term is
non-positive, whereas when ¢ > 0, by the definition of the modified threshold

dynamics algorithm
g(K x1lye — Kx1y) + K % (glge — gly) <0

, so the first term is also non-positive.
The proof for the shrinking step follows similarly ]
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4 Numerical Experiments

We apply the weighted median algorithm—using the weight g(zo 4+ rv(0)) +
g(xg) with a suitable radius —to an image of vegetables on a solid-colored
background. The function g (Figure 1) is chosen to be close to 0 near veg-
etable boundaries (where colors vary sharply) and close to 1 elsewhere. Start-
ing from an initial function whose zero level set is a rectangular box, the zero
level set contracts over iterations, stabilizes, and delineates the vegetables
enclosed by the initial level-set curve (Figure 2).

Figure 2: Evolution of Level Sets in Weighted Median Filter
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