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Abstract
We propose a monotone, median-filter–type numerical scheme that con-

verges to the viscosity solution of a level-set PDE whose zero level set evolves
as the steepest descent of a weighted curve length. We further show that
a modified two-step variant decreases an associated nonlocal total-variation
energy. Finally, a numerical experiment—with weights derived from a given
image—demonstrates that the scheme achieves effective image segmentation.

1 Problem Formulation

Consider a closed C2 curve γ : [0, 1] → R2 and a nonnegative function g :
R2 → R. Define the weighted length

L(γ) :=

∫ 1

0

g(γ(x)) |γ′(x)| dx.

Steepest descent of L (see [1]) yields the normal velocity

vn(x) = ∇g(x) · n+ g(x)κ(x),

where n is the outward unit normal and κ(x) the scalar curvature at x.
Embedding the evolving curve as the zero level set of ϕ : R2 × [0, T ] → R
with n = ∇ϕ/|∇ϕ| leads to the level-set PDE

ϕt = |∇ϕ| vn = ∇g · ∇ϕ+ g
〈
∇2ϕ ∇

⊥ϕ
|∇⊥ϕ| ,

∇⊥ϕ
|∇⊥ϕ|

〉
. (1)

We seek a numerical scheme that converges to the unique viscosity solution.
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2 Monotonicty and Consistency

Within the Barles–Souganidis framework [2], a monotone and consistent nu-
merical scheme satisfying a mild stability condition converges to the unique
viscosity solution of (1). When g ≡ 1, [3] proves that the median filter fulfils
these requirements; we extend their construction to general g.

LetK be a non-negative, radially symmetric kernel of unit mass and rapid
decay. For bounded, continuous ϕ and λ ∈ R set

Tλϕ := {x | ϕ(x) ≥ λ}, ψg
Kϕ(x, λ) :=

∫
Tλϕ

(
g(y)− g(x) + 2

)
K(x− y) dy.

If |g| ≤ 1, then ψg
Kϕ(x, λ) is decreasing and left-continuous in λ. With

c := limλ→−∞ ψ
g
Kϕ(x, λ) define

M g
Kϕ(x) := sup

{
λ : ψg

Kϕ(x, λ) ≥ c/2
}
.

Lemma 2.1 (Monotonicity). If ϕ1 ≤ ϕ2 then M g
Kϕ1(x) ≤ M g

Kϕ2(x) for all
x.

Proof. Since ϕ1 ≤ ϕ2, Tλϕ1 ⊆ Tλϕ2. Thus ψg
Kϕ1(x, λ) ≤ ψg

Kϕ2(x, λ), for
all x and λ. Fixing any x, as ψg

Kϕ(x, λ) is left continuous in λ, we also
have ψg

Kϕ1(x,M
g
Kϕ1(x)) ≥

c
2 , which implies, by the earlier inequality, that

ψg
Kϕ2(x,M

g
Kϕ1(x)) ≥

c
2 , and so following the definition of M g

Kϕ, we have
M g

Kϕ1(x) ≤M g
Kϕ2(x)

Lemma 2.2 (Consistency). Let g ∈ C∞(R2) with 0 ≤ g ≤ 1 and ϕ ∈
C∞b (R2). Fix x0 ∈ R2 such that ∇ϕ(x0) ̸= 0 and take r > 0 sufficiently small.
Let K be the unit-mass distribution supported on the circle of radius r. Then
u(x) :=M g

Kϕ(x) is the unique solution to

F (r, λ) :=

∫ 2π

0

(
g(x0 + rv(θ))− g(x0) + 2

)
sgn

(
ϕ(x0 + rv(θ))− λ

)
dθ = 0,

where v(θ) = (cos θ, sin θ)⊤. Moreover, if ∇ϕ points at angle ψ and redefining
v(θ) = (cos(θ + ψ), sin(θ + ψ))⊤, then

λ(r) = ϕ+
r2

2

(
∇g · ∇ϕ+ g

〈
∇2ϕ ∇

⊥ϕ
|∇⊥ϕ| ,

∇⊥ϕ
|∇⊥ϕ|

〉)
+O(r4). (2)
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Proof. First, we show uniqueness. Fix any r sufficiently small. Since ϕ(x +
rv(θ)) is continuous over θ, there exists m,M ∈ R, such that for all θ,
m ≤ ϕ(x+ rv(θ)) ≤M . Furthermore, for any a, b such that m ≤ a < b ≤M .
m({θ | a < ϕ(x+ rv(θ)) < b} ≥ 0). Thus since W (θ) ≥ 1

F (r, a)− F (r, b) ≥
∫
{θ|a<ϕ(x+rv(θ)<b)}

2W (θ) dx > 0

Therefor F (r, λ) is strictly decreasing for λ on [m,M ], and as F (r,M) < 0
and F (r,m) > 0, there exists a unique λ such that F (r, λ) = 0.

Now we show (2). By implicit function theorem, we can assume that λ =

a0+ a1r+
r2

2 µ+
r3

6 γ+O(r4). With direct computation we obtain a0 = ϕ(x0),
and a1 = 0, so to show (2) to hold, it remains to prove that

µ = |∇ϕ|
(
κg +

〈
∇g, ∇ϕ
|∇ϕ|

〉)
= ∇g · ∇ϕ+

〈
∇2ϕ

∇⊥ϕ
|∇⊥ϕ|

,
∇⊥ϕ
|∇⊥ϕ|

〉
, and γ = 0. For the remainder of the proof we denote g0 := g(x0), ϕ0 :=
ϕ(x0),∇g0 := ∇g(x0),∇ϕ0 := ∇ϕ(x0), Hg := ∇2g. And we set W (θ) :=
g(x0 + rv(θ))− g0 + 2, and S(θ) := ϕ(x0 + rv(θ))− λ. Then

F (r, λ) =

∫ 2π

0

W (θ)sgn(cos(θ)) dθ +

∫ 2π

0

W (θ)(sgn(S)− sgn(cos θ)) dθ (3)

Simplifying the first term of (3) :

∫ 2π

0

W (θ) sgn(cos θ) dθ

= r

∫ 2π

0

⟨∇g0, v(θ)⟩ sgn(θ) dx+
∫ 2π

0

r2

2
v(θ)⊤Hg(x0) v(θ) dx+O(r3)

= r

(∫ 2π

0

〈
∇g0,

∇ϕ0
|∇ϕ0|

〉
cos θ sgn(cos θ) dθ

+

∫ 2π

0

〈
∇g0,

∇ϕ⊥0
|∇ϕ⊥0 |

〉
sin θ sgn(cos θ) dx

)
+ O(r3)

= 4r
〈
∇g0,

∇ϕ0
|∇ϕ0|

〉
+O(r3).
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Where we used the fact that∫ 2π

0

v(θ)⊤Hv(θ) sgn(cos θ) dθ = 0

For all matrix symmetric H
Now we need to bound the second term. To do so, we measure how the

root of S(θ) perturbate from π
2 and 3π

2 , which are the roots of cos(θ)
For this step, we use the implicit function theorem. First, with a redefi-

nition, we let

S(θ, r) = ϕ(x0+rv(θ))−λ = a cos(θ)+
r

2
q2(cos θ, sin θ)+

r2

2
q3(cos θ, sin θ)+O(r

3)

, where q2(x, y) = q2,1x
2 + q2,2xy + q2,3y

2, and q3(x, y) = q3,1x
3 + q3,2x

2y +

q3,3xy
2+q3,4y

3. Since S(θ, r) is smooth, ∂S(r,θ)
∂θ

(
0, π2

)
̸= 0, ∂S(r,θ)

∂θ

(
0, 3π2

)
̸= 0. In

addition F
(
0, π2

)
= F

(
0, 3π2

)
= 0. Therefore, by implicit function theorem on

a neighborhood around
(
0, π2

)
, or a neighborhood around

(
0, 3π2

)
, there exists

a smooth function θ(r) such that for r sufficiently small, S(r, θ(r)) = 0.
So to obtain a taylor expansion of θ at 0, we calculate θ′(0) and θ′′(0).

We can do so by differentiating S(r, θ),

d

dr
S(r, θ(r)) = ∂rS(r, θ(r)) + ∂θS(r, θ(r))

Evaluating both side at
(
0, π2

)
, and

(
0, 3π2

)
. We obtain θ′(0). Similarly

d2

dr2
S(r, θ(r)) = ∂rrS(r, θ(r))+2∂rθS(r, θ(r))θ

′(r)+∂θθS(r, θ(r))θ
′(r)2+∂θS(r, θ(r))

and evaluating both side at
(
0, π2

)
and

(
0, 3π2

)
gives us θ′′(0).

After the calculation, we obtain the expansion θπ/2(r) = π
2+δ1r+δ

(π/2)
2 r2+

O(r3). And θ3π/2(r) = 3π
2 − δ1r + δ

3π/2
2 r2 + O(r3), where δ1 =

q2,3−µ
2a , and

δ
π/2
2 =

q3,4−γ
3a −

q2,2(q2,3−µ)
2a2 ,δ

3π/2
2 =

q3,4+γ
3a −

q2,2(q2,3−µ)
2a2 . Note in particular, q2,3 =〈

∇ϕ⊥

|∇ϕ⊥| , Hϕ(x0)
∇ϕ⊥

|∇ϕ⊥|

〉
.

Now we can seek for a taylor expansion of
∫ 2π

0 W (θ)(sgn(S)−sgn(cos θ)) dθ
in terms of r, by noting that sgn(S) − sgn(cos θ) is zero in all places other
than the small bands around π

2 and 3π
2 . Assume with out loss of generality

δ1 > 0. We have that
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∫ 2π

0

W (θ)(sgnS − sgn(cos(θ)))

=

∫ π/2+δ1r+δ
(π/2)
2 r2

π
2

2(2 + r⟨∇g0, v(θ)⟩) +
r2

2
v(θ)⊤Hgv(θ)dθ

+

∫ 3π/2

3π/2−δ1r+δ
(3π/2)
2 r2

2(2 + r⟨∇g0, v(θ)⟩+
r2

2
v(θ)⊤Hgv(θ)dθ +O(r3)

The O(r) term of the above expression is (2δ1)(4g) = 4
q2,3−µ
|∇ϕ| . By consid-

ering the first term of (3), and solve for µ in 4
q2,3−µ
|∇ϕ| + 4

〈
∇g, ∇ϕ|∇ϕ|

〉
= 0, we

obtain the desired µ.
It remains to show that γ vanishes. First note that by symmetry:∫

[π2 ,
π
2+δ1r]∪[ 3π2 −δ1r,

3π
2 ]
r⟨∇g, v(θ)⟩ dθ = 0r2 +O(r3) = O(r3)

Then the only term we need to consider that contributes with O(r2) and is
the constant 4 integrated over measure O(r2). This is equivalent to require

m
([π

2
+ δ1r,

π

2
+ δ1r + δ

(π/2)
2 r2

])
−m

([
3π

2
− δ1r,

3π

2
− δ1r + δ

(3π/2)
2 r2

])
= 0

, where m([a, b]) = b − a. (We are not assuming b ≥ a). Solving for γ (in
δ2), we obtain γ = 0

Remark 1. In the preceding calculation the median uses the weight g(x0 +
r v(θ))−g(x0)+2. If instead we use the symmetric weight g(x0+r v(θ))+g(x0)
and repeat the derivation, an additional mobility factor 1/g appears in the
normal velocity. Consequently, the scheme converges to

ϕt = |∇ϕ|
1

g

(
∇g · n+ κ g

)
,

which differs from (1) only by the prefactor 1/g (after rewriting the κ term
via the tangential Laplacian and simplifying).
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3 Decrease in Nonlocal Total-Variation En-
ergy

Our starting point is the minimization of the nonlocal total-variation energy

EgK(ϕ) =
∫
g(x)

∫
K(x− y) |ϕ(x)− ϕ(y)| dy dx. (4)

Heuristically, discretize ϕ at points x1, . . . , xn ∈ Rn and perform coordinate
descent on the surrogate

EgK(ϕ) ≈
∑
i

g(xi)
∑
j

K(xi − xj) |ϕ(xi)− ϕ(xj)|.

Updating a single variable ϕ(xk) gives the stationarity condition

∂E
∂ϕ(xk)

=
∑
j

(
g(xk) + g(xj)

)
K(xk − xj) sgn

(
ϕ(xk)− ϕ(xj)

)
= 0.

When K is supported on the circle of radius r, the factor K(xk − xj) is
nonzero only when ∥xk − xj∥ = r. Passing to a continuous limit then yields
the rule described in Remark 1, with median weights g(xk) + g(xj).

Then following from [5], we obtain that

Lemma 3.1. Let K be positive, radially symmetric and rapidly decaying
Sg
KTλϕ = TλM

g
Kϕ, where Sg

K is the weighted threshold dynamics operator,
defined in the following algorithm

Algorithm 1: Weighted Threshold Dynamics

u(x) =

∫
Σ

K(x− y)
(
g(y) + g(x)

)
dy∫

Σ

K(x− y)
(
g(y) + g(x)

)
dy

, Sg
K(Σ) = {x : u(x) ≥ 1

2}.

In [4], it is demonstrated that a two-step threshold dynamics method
decrease a certain energy, which when combined with [5], shows that when
g = 1, the weighted two-step median filter in algorithm 2 decreases the
nonlocal total-variation energy. Now we show that this is true for every g
such that 0 ≤ g ≤ 1.
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Algorithm 2: Weighted Two-Step Median Filter
Step 1. Grow super level-sets:

ϕn+
1
2 = max

{
ϕn, M g

Kϕ
n
}
.

Step 2. Shrink super level-sets:

ϕn+1 = min
{
ϕn+

1
2 , M g

Kϕ
n+ 1

2

}
.

Algorithm 3: Weighted Two-Step Threshold Dynamics

Expansion step:

Σn+
1
2 ← Σn ∪ Sg

K(Σ
n)

Shrinking step:

Σn+1 ← Σn+
1
2 ∩ Sg

K

(
Σn+

1
2
)

Theorem 3.2 (Two step Median Filter Decrease Energy). Let K be a non-
negative, radially symmetric function with sufficient decay. Then the two
step median filter method with weight, g, 0 ≤ g ≤ 1, decreases the energy
EK,g(ϕ) =

∫
g(x)

∫
K(x− y)|ϕ(x)− ϕ(y)| dy dx

Proof. As will be seen later in the proof, we let the corresponding energy of
a set Σ be defined as

EK(Σ) :=

∫
Σc

K ∗ (g1Σ) dx+

∫
Σ

K ∗ (g1Σc) dx

=

∫
Σ

∫
Σc

g(x)K(x− y) dy dx+
∫
Σc

∫
Σ

g(y)K(x− y) dx dy

Now to write with |ϕ(x)−ϕ(y)| in ”level-set form”, we can use the identity∫
R
1Tλϕ(y)(1− 1Tλϕ(x)) dλ = (ϕ(y)− ϕ(x))+

For later in the proof, we write g as a subscript for notational simplicity.
In particular, we let M+

K,g be a growing half step of the weighted median

filter (i.e M+
K,gϕ

n = ϕn+1/2), and S+
K,g be a corresponding growing half step

of threshold dynamics. Then we obtain
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EK,g(M
+
K,gϕ) =

∫ ∫
g(x)K(x− y)

∫
R
1

TλM
+
K,g

ϕ
(x)(1− 1

TλM
+
K,g

ϕ
(y)), dλ dx dy

+

∫ ∫
g(x)K(x− y)

∫
R
1TλM

+
K,g
(y)(1− 1

TλM
+
K,g

(x)) dλ dx dy

=

∫ ∫
g(x)K(x− y)

∫
R
1S+

K,gTλϕ
(x)(1− 1

S+
K,g

Tλϕ
(y)), dλ dx dy

+

∫ ∫
g(x)K(x− y)

∫
R
1S+

K,gTλϕ
(y)(1− 1S+

K,gTλϕ
(x)) dλ dx dy

=

∫
R
EK(S

+
K,gTλϕ) dλ

So it remains to show EK(S
+
K,gTλϕ) ≤ EK(Tλϕ), which gives us EK,g(M

+
K,gϕ) ≤

E(ϕ). Fixing a set Σ, and denote the expansion half step threshold dynamics
evolution of Σ be Σ1/2. We let u(x) := 1Σ(x) and ϕ(x) = 1Σ1/2(x)− 1Σ(x).

EK,g

(
Σ 1

2

)
− EK,g(Σ)

=

∫ ∫
g(x)K(x− y)

[
(u(x) + ϕ(x))(1− u(y)− ϕ(y))− u(x)(1− u(y))

]
dx dy

+

∫ ∫
g(x)K(x− y)

[
(u(y) + ϕ(y))(1− u(x)− ϕ(x))− u(y)(1− u(x))

]
dx dy

= −
∫ ∫

gt(x)K(y − x)u(x)ϕ(y) dx dy +
∫ ∫

g(x)K(x− y)ϕ(x) (1− u(y)) dx dy

−
∫ ∫

g(x)K(x− y)u(y)ϕ(x) dx dy +
∫ ∫

g(x)K(y − x)ϕ(y)
(
1− (u(x))

)
dx dy

− 2

∫ ∫
g(x)K(x− y)ϕ(x)ϕ(y) dx dy

=

∫
ϕ
[
g (K ∗ 1Σc −K ∗ 1Σ) +K ∗ (g 1Σc − g 1Σ)

]
dx− 2

∫
(K ∗ gϕ)ϕ dx ≤ 0.

The last step can be justified by noting ϕ, g,K ≥ 0 so the second term is
non-positive, whereas when ϕ > 0, by the definition of the modified threshold
dynamics algorithm

g(K ∗ 1Σc −K ∗ 1Σ) +K ∗ (g1Σc − g1Σ) ≤ 0

, so the first term is also non-positive.
The proof for the shrinking step follows similarly
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4 Numerical Experiments

We apply the weighted median algorithm—using the weight g(x0 + r v(θ)) +
g(x0) with a suitable radius r—to an image of vegetables on a solid-colored
background. The function g (Figure 1) is chosen to be close to 0 near veg-
etable boundaries (where colors vary sharply) and close to 1 elsewhere. Start-
ing from an initial function whose zero level set is a rectangular box, the zero
level set contracts over iterations, stabilizes, and delineates the vegetables
enclosed by the initial level-set curve (Figure 2).

Figure 1: The function g used for numerical simulations

Figure 2: Evolution of Level Sets in Weighted Median Filter
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