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BEYOND THE ADAMS CONJECTURE
ALEXANDER HAZELTINE, AARYA KUMAR, ANDREW TUNG

ABSTRACT. For quasi-split symplectic and even orthogonal groups over a p-
adic field, we determine the number of local Arthur packets containing certain
fixed tempered representations. As an application, in many cases, we deter-
mine the number of local Arthur packets containing the local theta lift of a
tempered representation at the first occurrence in the going-up tower. These
counts show that the local theta lifts can lie in many more local Arthur packets
than those predicted by the Adams conjecture.
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1. INTRODUCTION

Recently, Ben-Zvi, Sakellaridis, and Venkatesh have proposed a series of con-
jectures which are known as the relative Langlands program ([9]). One of the
key ideas in their theory is the notion of duality. The goal of this article is to
study a specific manifestation of this duality which we outline below.

The influential Gan-Gross-Prasad (GGP) conjectures seck to study certain
branching problems for classical groups ([10, 11]). For example, let n € Zs,
F be a non-Archimedean local field of characteristic 0, G = SOg,1(F) and
H = SO, (F). Given an irreducible 7 representation of G, the GGP conjectures
aim to study the restriction of 7 to H, i.e., to determine the irreducible admissible
representations 7’ of H for which

Homy(m @ 7', C) # 0.

The GGP conjectures provide a partial answer in terms of “relevant” pairs of
local Arthur packets ([11, Conjectures 6.1 and 7.1]). However, it is known that
this relevance condition is not necessary in a sense. Specifically, there exists 7
and 7" as above such that Homy (7 ® 7/, C) # 0, but 7 and 7’ lie in a pair of
non-relevant local Arthur packets ([11, §7]).

The GGP conjectures fit into the theory of the relative Langlands program
([9, §1.5]). In this framework, the GGP conjectures can be considered as the
“dual” problem to the Adams conjecture (see Conjecture 1.1 below). We defer
to [15, Remark 7.12] for the details of this duality. We are particularly interested
in studying the analogues of non-relevant pairs (called non-6-relevant below) for
the Adams conjecture.

Hereinafter, let m,n € Zs¢ and G,, = Sp,,,(F') denote a split symplectic group
and H* = O3, (F) denote a quasi-split non-split even orthogonal group (see §2.1
for explanation of the notation). We assume that m > n and set « = 2m—2n—1
which is the difference in the ranks of the dual groups. Let II(G), respectively
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II(HZ), denote the set of equivalence classes of complex irreducible admissible
representations of G, respectively H. We consider the local theta correspondence
defined by Howe ([21]) which we denote as a map 6=, : II(G,,) — II(H) U {0}.
The local theta correspondence has proven to be an incredibly useful tool within
the Langlands program; however, it does not necessarily preserve L-packets. As
an attempt at remedying this non-preservation, Adams proposed that instead of
L-packets, the local theta correspondence should preserve local Arthur packets
([1]). This prediction is known as the Adams conjecture and we recall its precise
formulation in Conjecture 1.1 below.

We briefly recall several notions related to local Arthur packets and defer to
§2.2 for details. For brevity, let G € {G,, HZ}. A local Arthur parameter of G
may be roughly thought of as a homomorphism 1 : W x SLy(C) x SLy(C) — G,
where Wy is the Weil group of F and G denotes the L-group of G. We note
that we may regard “G,, = SOy,41(C) and YHE = 0,,,(C). Furthermore, we
have a natural inclusion of “G, < YHZ since m > n. In Arthur’s seminal
work, to each local Arthur parameter v of G, Arthur attaches a local Arthur
packet 11, which is a finite subset of II(G) which satisfies the twisted endoscopic
character identities ([2, Theorem 1.5.1]). The impact of Arthur’s work cannot be
understated. Indeed, Arthur’s theory implies the local Langlands correspondence
for GG and also provides a decomposition of discrete spectrum of square-integrable
automorphic forms ([2, Theorem 1.5.2]).

Let x denote the trivial representation of Wr and yy denote the character
of Wr associated to a certain quadratic character related to H= (see §2.3) via
local class field theory. Given a local Arthur parameter ¢ of G,,, we set

VYo = (Xwxy @V) ® xw ® S1 ® S,

The Adams conjecture is the following.

Conjecture 1.1 (The Adams conjecture ([1])). Suppose that = € 1L, for some
local Arthur parameter 1 of G,. If 6=, (w) # 0, then 0=, () € 11, .

We remark that the Adams conjecture in this setting is fully understood via
8, 26]. In particular, Moeglin showed that the Adams conjecture is true when
a > 0 ([26, Theorem 6.1]) but it can and does fail otherwise. The exact extent
of this failure is determined by Bakié¢ and Hanzer algorithmically ([8, Theorem
A]). Moreover, if we fix 7 and allow ¢ to vary, then we understand the extent to
which the Adams conjecture holds via [17, Theorem 1.3].

Note that it is the pair of local Arthur parameters (1, 1, ) which are involved in
the Adams conjecture. In analogy with the GGP conjectures, we say that a pair
of local Arthur parameters (¢, 1) of G, x HE are 0-relevant if ¢/ = 1),,. Note that
representations often lie in many local Arthur packets ([4, 18, 19]). Consequently,
we expect to have many non-f-relevant pairs (1, ¢’) of local Arthur parameters for
which (7, 6%, (7)) € I, x IIy. Our overarching goal is a systematic investigation
of these non-f-relevant pairs given a fixed 7 € II(G,,).

Problem 1.2. Determine all non-0-relevant pairs given a fized w € II(G,,).

For a representation 7’ € II(G), let ¥(7n’) denote the set of local Arthur pa-
rameters ¢ of G such that 7’ € II,;. Then, for a fixed 7 € II(G,,), we have that
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(m,6%, (7)) € Iy x Iy for any (¢,9') € ¥(x) x W(0=,(x)). Consequently, de-
termining the non-f-relevant pairs reduces to the computation of (6%, (r)). For
a > 0, it is a straightforward consequence of the theory of intersections of local
Arthur packets developed by Liu, Lo, and the first author ([18, 19], see Theorem
3.16) that (0%, (7)) = {1 | ¥ € ¥(n)} and so determining the non-f-relevant
pairs is simple.

We begin our investigation in the following situation. We let up € {+, —} be
the “going-up” tower for = € II(G,,) and m®"P(7) denote a certain odd integer
determined by the first occurrence of the local theta lift 7 in the going-up tower
(see §2.1 for terminology). Baki¢ and Hanzer showed that the Adams conjecture
holds at (and above) the first occurrence in the going-up tower ([8, Theorem 2],
see Theorem 2.9). If 7 is supercuspidal, then 6™ o (r )(77) is also supercuspidal
([23]). Results of Meeglin imply that [W(0%) ... (7)) = 3[¥(m)| ([24, 25], see
[11, Theorem 7.5]) and so we obtain many non—9 relevant pairs.

In this article, we provide a conjecture which completely determines the count
(W (0%, cun(ry (7)) when 7 € TI(G,,) is tempered (see Theorem 4.8 and Conjecture

4.11 for details).

Conjecture 1.3. Suppose that 7 € II(G,) is tempered. Then there is a recursive
formula for computing |V (0™ . an(ny (M)

We remark that one could compute ¥(6™

- up(7r)(7r)) via brute force by al-
gorithmically using algorithms for the local theta correspondence ([5, 8]) and
algorithms for determining the local Arthur packets to which the theta corre-
spondence belongs ([19]), but the relation to ¥(7) becomes unclear. Further-
more, this computation by brute force is impractical for theoretical applications.
In contrast, the main benefit of Conjecture 1.3 is its explicit use of the struc-
ture in W (7). For example, when 7 is supercuspidal, Conjecture 1.3 immediately
implies that [W(0™) ... (7)) = 3[¥(m)|. In contrast, the brute force approach
would require computing both (6" . ., (7)) and ¥(m) explicitly.

One of the main results of this article is the verification of Conjecture 1.3 in
many cases which we view as a first step towards Problem 1.2.

Theorem 1.4. Conjecture 1.3 is true in many cases. Specifically, we verify
Theorem 4.8 and Cases 1, 3, 4, 5, and 6 of Conjecture 4.11.

As a consequence of the above theorem, we also determine a complete result
on |W(6™ ()|, when  is anti-tempered (see Theorem 4.16).

mos,up (ﬂ-

Theorem 1.5. Suppose that m € H(Gn) s anti-tempered. Then there is a recur-
sive formula for computing [V (0™ . (r) ()]

The proof of Theorem 1.4 largely follows from the following counting problem.

Problem 1.6. Given a tempered representation m € II(G,,), determine is the
size of U(m).

Indeed, in many cases if 7 is tempered, then Hugna up 7r)(7r) is also tempered. For
split symplectic and odd special orthogonal groups, the above problem can be

answered by reversing [18, Theorem 8.27|; however, this is impractical in practice.
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Our second main result is a recursive formula for determining |W(7)|, where 7 is
a certain kind of tempered representation (see Theorem 4.9).

Theorem 1.7. For certain tempered representations m € 11(G,,), there is a re-
cursive formula for determining |V (r)|.

The key idea behind Theorem 1.7 is to decompose the combinatorial data un-
derlying 7 (specifically a certain tempered extended multi-segment, see Theorems
3.3 and 3.30) into blocks (see Definition 4.4). This decomposition is uniquely de-
termined by 7 (Lemma 4.5). Theorem 4.9 then relates |¥(7)| with determining
the number of local Arthur packets each block “belongs” to. Theorem 4.7 further
gives a recursive formula for determining this count in terms of smaller blocks.

The proofs of the results on this tempered count largely rest upon the pa-
rameterization of local Arthur packets using extended multi-segments and their
theory of intersections developed in [3, 18, 19]. The results on the local theta
correspondence utilize the Adams conjecture ([1]), its specific validity for the
going-up tower ([8, 26]), the calculation of the first occurrence on the going-up
tower for tempered representations ([6]), and the translation of these results into
the language of extended multi-segments ([19]).

Here is the organization of this paper. In §2 and §3, we recall various results
on the local theta correspondence and parameterization of local Arthur packets
using extended multi-segments. In §4, we state the main results precisely. Then
we provide some motivation behind the results in §5. We collect some preliminary
definitions and statements in §6. In §7, we study the case of individual blocks.
From this theory, we prove the first main result (the number of local Arthur
packets containing a given block, Theorem 4.7) in §8. Following this, we prove
the several results related to the local theta correspondence in §9. Next, we
discuss how blocks may interact with each other in §10. We prove a remaining
case of one of the main results in §11. Finally, we discuss some results related to
determining W(6™) ..., (7)), as opposed to just its size, in §12.

—m&,up

2. BACKGROUND

Recall that F' is a non-Archimedean local field of characteristic 0. For the
moment, let G be a reductive group defined over F' and G = G(F). We are
primarily concerned with the set of equivalence classes of complex irreducible
admissible representations of G, which we denote by II(G).

2.1. Local theta correspondence. We let n € Zs, fix an additive character
Y of F, and let Wy, denote the unique (up to isomorphism) symplectic vector
space over F' of dimension 2n. Let m € Zsq, fix d € F* \ (F*)?, and consider
the quadratic spaces over F' of dimension 2m and discriminant d. Note that up
to isomorphism, there are two such quadratic spaces which are distinguished by
their Hasse-Witt invariant. We let Vfﬁn be the unique quadratic space over F
of dimension 2m, discriminant d, and Hasse-Witt invariant 4+1. The isometry
groups of Wo, and V5, denoted G,, = G(Wa,,) and HZE = H(V;,), respectively,
are isomorphic to the split group Sp,, (F) and the quasi-split non-split group
Oz (F). Here the superscript + in Of, (F) is used to keep track of the underlying
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quadratic space as it plays an important role in the local theta correspondence.
These symplectic and quadratic spaces are naturally arranged into towers:

V= A{Vy, [ m € Zz1},
Vo ={Vy | m € Ziz}.

The pair (G, HZ) forms a reductive dual pair of a certain metaplectic group.
Consequently, given 7 € II(G,,), we may consider its local theta lift which we
denote by 6y, =+, (m) which either vanishes or is an element of II(H,;). The

nyVom YF
local theta lift was originally defined by Howe (see [22]) and has found many uses
within the Langlands program. For our purposes, it is sufficient to recall several
properties of the local theta lift.

Originally conjectured by Howe ([21]), the following theorem was first proven

by Waldspurger ([31]) when the residual characteristic of F' is not 2 and then in
full generality by Gan and Takeda ([14]) and Gan and Sun ([13]).

Theorem 2.1 (Howe Duality). Let 7,7 € II(G,,).

(1) If Oy, v . (m1) # 0, then by, e, (m1) is irreducible.
(2) If 1 % w2 and both by, v+ , (71) and Oy, e o, (T2) are nonzero, then

0W2n7V2:5L7wF (71-1) % 0W2n7V2jfn,¢F (7T2)'

The following theorem gives the persistence principle (also called the tower
property) for the local theta correspondence.

Theorem 2.2 ([23]). Let m € II(Gy). If Oy, v . (7) # 0, then Oy, =, (7) F#

0 for any m' > m.
The persistence principle allows us to define the first occurrence as follows.

Definition 2.3. Let © € II(G,,). We define the first occurrence of w (in V) to
be

m* (1) := min{2m | O, vt o () # 0}

Note that since we have two “target” towers V=, we have two first occurrences.
They are related by the following theorem which is known as the conservation
relation.

Theorem 2.4 ([30]). Let 7 € II(G},). Then
m*(7) +m ™ (7) = 4n + 4.

As a consequence, we may choose up, down € {+£} such that m"P(7) > 2n+2 >
mdo (7). Also, if one inequality is strict, then both inequalities are strict. In
this situation, we call the tower whose first occurrence is m"(7w) the “going-
up” tower for m and denote it by V"P. Similarly, we call the tower whose first
occurrence is mI®"(rr) the “going-down” tower for m and denote it by Vdovn,
When m" (1) = m®" (), there is a choice of up,down € {#}, but it will not
matter for the Adams conjecture (see Remark 2.10).

It will be convenient for us to repurpose our notation. Fix m and n and let
a = 2m — 2n — 1 (which is the difference in the ranks of the dual groups). For
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7 € II(G,,), we let 6%, (1) = O,y vt e (). We let up, down € {4} be such that

m"(7) > md®(x). This allows us to consider the local theta lifts 6" (7) or
gdovn () for the going-up and going-down towers for 7, respectively. We also set
m*"P (1) = m"(r) —2n — 1.

2.2. Local Arthur packets. In this subsection, recall some results concerning
local Arthur packets. We let G' denote one of G,, = Sp,,(F) or HX = O (F)
for brevity. Note that G,, is connected, but H= is disconnected. Consequently,
we will consider the complex dual group and L-group for the identity component
(HX)° = SO% (F). We have that the complex dual group G(C) is given by
SO2,41(C) or SOy, (C), respectively. Recall that G,, is split while HZ is quasi-
split, but not split. Thus, the L-group G is given by SOs,1(C) or Os,,(C),
respectively.
A local Arthur parameter of GG is a direct sum of irreducible representations

Y Wr x SLy(C) x SLy(C) — =@

i=1
satisfying the following conditions:

(1) ¢;(Wp) is bounded and consists of semi-simple elements, and dim(¢;) =
d;;

(2) z; € R and |z;] < 3;

(3) the restrictions of ¢ to the two copies of SLy(C) are analytic, Sy is the
k-dimensional irreducible representation of SLy(C), and

Zdiaibi N - 2n+1 when G = Slizn(F),
— 2m when G = 0O3,,(F).

We remark that the bound |z;| < i follows from the trivial bound of the Ra-
manujan Conjecture.

Two local Arthur parameters of G are said to be equivalent if they are conjugate
under *G. When G = G,,, this is equivalent to the usual notion of equivalence
using conjugation by the complex dual group. However, if G = HZE, defining
the equivalence using conjugation by the complex dual group would result in
equivalence classes of local Arthur parameters for (HZ)°, not H=.

We let UF(G) denote the set of equivalence classes of local Arthur parameters.
We will not distinguish a local Arthur parameter ¢ and its equivalence class.
We let U(G) denote the subset of equivalence classes of bounded local Arthur
parameters, i.e., those v for which x; = 0 for any ¢ = 1, ..., r in the decomposition
(2.1).

By the Local Langlands Correspondence for GLy4(F'), any bounded representa-
tion ¢ of Wg corresponds to an irreducible unitary supercuspidal representation
p of GL4(F) ([16, 20, 29]). Consequently, we may identify (2.1) as

(2:2) =P [Pl

i€l,

i & Sai & Sbi )
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where the first sum runs over a finite set of irreducible unitary supercuspidal
representations p of GLg(F') where d € Z>;.

For a local Arthur parameter ¢ € U(G), Arthur constructed a finite multi-
set II, consisting of irreducible unitary representations of G that satisfy certain
twisted endoscopic character identities ([2]). We call Il the local Arthur packet
of 1. Moeglin further showed that II, is multiplicity-free ([28]). We do not recall
the precise definition of II,. Instead, it suffices for our purposes to recall a
parameterization of II,, using extended multi-segments (see Theorem 3.3).

Moeeglin showed that the computation of II, can be reduced to the “good
parity” case (see Theorem 2.6 below). We proceed by recalling this reduction.

Definition 2.5. Let 1) be a local Arthur parameter as in (2.2), we say that v is
of good parity if v € U(Q), i.e., x; = 0 for all i, and every summand p®S,, Sy,
is self-dual and orthogonal. We let U,,(G) denote the subset of U (G) consisting
of local Arthur parameters of good parity.

We explicate this condition further. Consider a summand p|-|* ® S, ® S, of ¢
as in (2.2). This summand is self-dual and orthogonal if and only if x = 0, p is
orthogonal (resp. symplectic), and a; + b; is even (resp. odd).

Let ¢ € UH(G). Since v is self-dual, we have a decomposition

?ﬁ = wngp + wgp + w'r\:glﬂ

where ¢y denotes the dual of ¥, Vg, € Wy, (G), and 1)y, is maximal for this
decomposition, i.e., if we decompose g, + 1y, as in (2.2), then any irreducible
summand p| - |* ® S, ® S, is not of good parity. Note that 1), is uniquely
determined by this decomposition, but 1,4, is not necessarily unique. Moeglin

showed that the local Arthur packet Il can be constructed from Il ,.

Theorem 2.6 ([27, Proposition 5.1]). Let ¢ € U (G) with decomposition 1) =
Ungp + Ygp + Uy, as above. Then, there exists T € II(GLy(F)) (determined by
Ungp) such that for any myy, € 1L, , the normalized parabolic induction T X 7y, is
wrreducible and

(23) HT/} = {7’ X Tgp | Tgp c ngp}.

2.3. The Adams conjecture. In this subsection, we recall the Adams conjec-
ture (see Conjecture 2.7 below) along with some relevant results.

As in [12, §3.2], we fix a pair of characters xy, xv associated to W, and V=
respectively. More specifically, we have that xy is the trivial character of F'* and
xv is the quadratic character associated to F/(v/d)/F, where d is the discriminant
of V. Recall also that a = 2m — 2n — 1.

It is known that the theta correspondence does not preserve L-packets. As a
remedy, Adams proposed that instead, it should preserve local Arthur packets
([1]). We recall Adams’ conjecture below.

Conjecture 2.7. Assume that m > n. Suppose that m € II(G,,) lies in a local
Arthur packet Il for some 1 € UH(G,,). If 0=, (1) # 0, then 6=, () € I, where

(24) ¢a = (XWX;/l (059 w) D Xw (029 Sl & Sa.

Moeglin verified that when « is large, the Adams’ conjecture is true.
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Theorem 2.8 ([26, Theorem 6.1]). Suppose that © € 11(G,,) lies in a local Arthur
packet 1, for some 1 € UH(G,,). For a > 0, we have 0%, () € I, .

However, Moeglin also showed that the Adams conjecture can and does fail
in general. The failure of the Adams conjecture in this case is well-understood
through the works of [8, 17]. We are particularly concerned with the case of the
going-up tower for 7 in which case Baki¢ and Hanzer showed that the Adams
conjecture always holds.

Theorem 2.9 ([8, Theorem 2|). Suppose that m € I1(G,,) lies in a local Arthur
packet 11y, for some p € WH(G,,). If 02%,(7) # 0, then 028 (1) € Ty, .

We remark that while [8, Theorem 2| is stated for ¢» € ¥(G,,); however, the
extension to ¥ (G,,) follows directly from [17, Lemma 2.33].

Remark 2.10. We remark that if m“?(w) = m@*"(r) then the Adams conjecture
is always true. That is, for any odd positive integer o and m € Ily, we have
0%, () € Iy, (see also [8, p. 15]).

3. EXTENDED MULTI-SEGMENTS

Let G € {G,, HZ}. In light of the Theorem 2.6, it is desirable to parameterize
T, for ¢ € V,,(G). In this section, we recall such a parameterization using
extended multi-segments (Theorem 3.3). Furthermore, we also recall some results
on the theory of intersections of local Arthur packets from [18, 19]. We begin by
recalling some notions related for extended multi-segments.

We fix the following notation throughout this subsection. Let ¢ € ¥, (G) with

decomposition
o= D5, 5.

p i€l
WesetAi:aiT*bi—landBi:%biforielp.

We say that a total order >, on I, is admissible if satisfies:
(P) Fori,j e, if A; > A; and B; > B;, then i > j.
Sometimes we consider an order >, on I, satisfying:

(P) Fori,j e 1, if B; > Bj, then i >, j.

Note that (P’) implies (P). For brevity, we often write > instead of >, when it
is clear that we are working with a fixed admissible order.

Suppose now that we have fixed an admissible order for 1. We define the
support of 1 to be the collection of ordered multi-sets

Supp(L/J) = Up{[Aiv Bi]p}ie(lp,>)-
Note that supp(¢) depends implicitly on the fixed admissible order.
We recall the definition of extended multi-segments.
Definition 3.1. (Extended multi-segments)

(1) An extended segment is a triple ([A, B],,l,n), where
o [A,Bl,={p|l |0l -|1" Y ....pl-|P} is a segment for an irreducible
unitary supercuspidal representation p of some GLy4(F);



10 ALEXANDER HAZELTINE, AARYA KUMAR, ANDREW TUNG

elcZwith0<l<? 5, where b= #[A,B],=A—- B +1;
o e {£l}.
(2) An extended multi-segment for G is an equivalence class (via the equiv-
alence defined below) of multi-sets of extended segments

£ = Up{([Ai7 Bi]m li ni)}i6(1p1>)

such that
e [, is a totally ordered finite set with a fized admissible total order >;
o A+ B; >0 forallp and i € 1,;

e we have that
v~ DD s, o5,

p i€l,

where (a;, b;) = (A;+ B+ 1, A; — B;+1), is a local Arthur parameter
for G of good parity.
e The sign condition

(3.1) IR FHlipghi = ¢,

p i€l,

holds. Here e = 1 if G = Spy,(F) or G = O3, (F) and e = —1
otherwise.
(3) Two extended segments ([A, Bl,,l,n) and ([A', B']y,l',n) are weakly equiv-
alent of
hd [A’ B]P - [A/> B/]P’f
o/ =1;and
o 1) =1 whenever | =1' < 2.
Two extended multi-segments £ = U {([As, Bilp, li, i) Yier,>) and &'

Up{([A%, Bilp, 1, M) Yie(r,,>) are weakly equivalent if for any p and i €
1,, the extended segments ([Ai, Bilp, li, i) and ([A%, Bjl,, 1}, 1)) are weakly
equivalent.

Note that if | = %, then n s arbitrary. In this case, we always take
n =1 (unless explicitly stated otherwise, e.g., in Definition 3.11).
(4) We define the support of € to be the collection of ordered multi-sets

supp(€) = Up{[Ai, Bilp}ie, >)-

We implicitly include the admissible order > in supp(E).
(5) We let Eseg(G) denote the set of all extended multi-segments of G up to
weak equivalence.

If the admissible order > is clear in the context, for & € I,, we often let
k+1 € I, be the unique element adjacent with & and &+ 1 > k.

The data in an extended multi-segment can be cumbersome to list out in detail.
Instead, we attach a symbol to each extended multi-segment by the same way in
3, Section 3|. We give an example to explain this.
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Example 3.2. Let p be an orthogonal representation of GL4(F). The symbol

-1 0 1 2 3 4
<4 << B 6 > D>
E = g >

S
p

corresponds to € = {([As, Bilp, lis ) Yic(1<2<3) 0f SPayq(F) where the data is given
as follows.
i ([Al? Bl]m [A27 BQ]pv [A37 B3]p) = ([47 _1]P7 [37 2]1)’ [47 4]p) specz'fy the “sup-
port” of each row.
o (I1,15,13) = (2,1,0) counts the number of pairs of triangles in each row.
o (1m1,m2,m3) = (1,1, —1) records the sign of the first circle in each row. Note
that setting no = £1 results in weakly equivalent extended multi-segments.

The associated local Arthur parameter is
¢g:,0®S4®56+p®56®52+p®59®51.

With the above symbol in mind, we often say that an extended segment r =
([A, Bl,,1,m) is a row of £ if r € £. Furthermore, we define the support of r to
be supp(r) = [A, B], and let A(r) = A, B(r) = B, a(r) = A(r) + B(r) + 1,
b(r)=A(r)—B(r)+1,1(r) =1, and n(r) = n.

Let € € Eseg(G). If G = Sp,,(F), then we attach a representation m(€) of
G as in [3, §3.2]. This is done using the theory of derivatives developed by
Atobe and Minguez in [7]. We have that either 7(&) vanishes or 7(€) € II(G).
If G = OF,(F), then we attach a representation 7(€) of G as in [19, Definition
6.3]. This definition avoids the use of derivatives by using the Adams conjecture
as established by Moeglin (see Theorem 2.8). Again, we have that either 7(€)
vanishes or 7(€) € II(G).

In either case, we have that extended multi-segments parameterize local Arthur
packets.

Theorem 3.3. Suppose ¥ = D, D c;, p© Sa, ® Sy, is a local Arthur parameter
of good parity of G. Choose an admissible order > on I, for each p that satisfies
(P') if “5% < 0 for some i € I,. Then

ﬂ'EHw &

where € runs over all extended multi-segments with supp(€) = supp(¢) and
(&) #0.

When G = Sp,,,(F), the above theorem was proven by Atobe ([3, Theorem
3.3]). When G = Oj,,(F), the above theorem was proven in [19, Theorem 6.10].
As a direct consequence of the above theorem and that fact that local Arthur
packets are multiplicity-free ([28]), we obtain the following corollary.

Corollary 3.4. Let &,&; € Eseg(G) and suppose that supp(&;) = supp(&y). If
ot b < 0 for some i € I,, then we also require that the order on I, is (P'). If
(gl) = W(gg) 7é 0 then 81 52
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Recall that supp(€) implicitly records the admissible order on £ € Eseg(G).
Thus, the hypothesis supp(&;) = supp(&,) in the above corollary also asserts that
the admissible orders on & and & agree.

3.1. Intersections. In this subsection, we recall the theory of intersections of
local Arthur packets as developed in [18; 19]. We begin by recalling various
operators which are used in the classification of these intersections (see Theorem
3.16), along with some other useful operators and their properties.

We note that the effect of an operator often only depends on a fixed p. To
simplify the definitions of the operators, we introduce the following notation.

Definition 3.5. Let & = U, {([As, Bil,, li, i) }ie(1,>) € Eseg(G). We set
Ep = {([Ai, Bilp: lismi) ier, ), € = Upap{([As, Bl iy mi) Yie(r,),>)-
We let Vseg(G) denote the set of elements of the form
F =Uy&y
where the union is over a finite set of irreducible self-dual supercuspidal repre-
sentations p' of GL4(F), d > 1, and € € Eseg(G). Essentially, F is an extended

multi-segment (for some group) except that we not enforce the sign condition
(3.1). We say that F is a virtual extended multi-segment.

Next, we recall the shift and add operators.

Definition 3.6. Let & = U, {([Ai, Bily, li, 1) }ie(1,,>) be an extended multi-segment.
Forj e 1y and d € Z, we define the following operators. It is immediate that the
operators commute with each other and so we denote the composition by summa-
tion.

1. shi(€) = U{([A], Bilp, li.mi) bieqr,. >) with

[Al, B, = Aitd Bitdl, ifp=p andi=j,
v [Ai, Bil, otherwise,
and shz, = Zjelp, sh?. Also, we define sh® := Zp shg,

2. add{(&) = U {([A}, Bily, Ui mi) bie(t,>) with

(a5 1) = A it & Bi—dlp Lt d) - if p =y andi =,
v ([Ai, Bilp, 1i) otherwise,
and add}, = djer, add}. Also, we define add® := > add?.
P
We use these notations in the case that the resulting object is still an extended
multi-segment.

The next operator we recall is the row exchange operator. Its effect is to change
the admissible order on an extended multi-segment. We first recall the definition
of a symbol.

Definition 3.7. A symbol is a multi-set of extended segments
E = U {([As, Bilp, L, mi) Yie(r,>)

which satisfies the same conditions in Definition 3.1(2) except we drop the con-
dition 0 < [; < %, for each i € 1,,.
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Any change of admissible orders can be derived from a composition of the row
exchange operators Ry which we recall from [18, Definition 3.15].

Definition 3.8 (Row exchange). Suppose £ is a symbol where

E, = {([As, Bily, li; i) Yie(1,,>)-
Fork <k+1e¢€l, let > be the total order on I, defined by k > k + 1 and if
(1,7) # (k,k+ 1), then i > j if and only if i > j.
Suppose > is not an admissible order on 1,, then we define Ry(E€) = E. Oth-

erwise, we define
Rk(gp) = {([AH B; ]ﬂ7l;7 z)}i6(1p7>>)a
where (Ij,n;) = (l;,m:) fori # k,k+1, and (I},,n,) and (I, ., m.,.1) are given as
follows: Denote € = (—1)% Bemum,y.
Case 1. [Ak, Bk] [Ak—i-la Bk+1]

In this case, we set (I 1, M) = (L1, (1) Brenyq), and
(a) If e =1 and by — 21y, < 2(bgr1 — 2lk41), then
(=
)

(Ul = (b — (L + (b — 2ga)), (= 1) Aerr=Brragy, ),

(b) If e =1 and b, — 21, > 2(bg1 — 2ly41), then

o) = (s + (bpr — 2l), (—1) =Bty
(c) If e = —1, then
(s ) = (I = (brar = 2p1), (= 1) =Pt ),
Case 2. [Ak, Bk]p [AkJrl, Bk+1:|p.'
In this case, we set (I),,n},) = (lg, (—=1)A+1=Brrin) and
(a) If e =1 and bpq — 2141 < 2(bg — 2lg), then
(1o Mern) = (Okgr = (er + (be = 20i)), (1) Pryy).
(b) [fG =1 and bk+1 — 2lk+1 Z Q(bk — 2lk), then

(Usts Mesr) = (e + (0 = 20), (1) y).
(c) If e = —1, then

(lers Mhorr) = (e — (b = 203), (1)),
Finally, we define Ri(E) = £ U Ry (&,).

We remark that there is another definition of row exchange is given in [3,
Section 4.2]; however, these definitions agree when 7 (&) # 0.
The next operator we recall is known as union-intersection.

Definition 3.9 (union-intersection). Let £ € Eseg(G). Fork <k+1¢€ I, we
define an operator uiy, called union-intersection, on £ as follows. Write

5,0 = {([Aia B’i]pa liani)}ie(lp,>)'
Denote € = (—1)% Bregmy . If Agy1r > Ay, Bey1 > By and any of the following
cases holds:
Case 1. e =1 and Agy1 — lp11 = Ap — Iy,
Case 2. ¢ =1 and Byy1 + lpy1 = B + [,
Case 3. € = =1 and Byy1 + lp1 = A — I + 1,
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we define
mk(gp) = {([A§7Bz{]pa 1277]2/')}i6(1p,>)7

where ([A7, Bi]y, i nf) = ([As, Bil,, li,mi) fori # k k+1, and [A}, B, = [Ag+1, Bily,
(A%t Brialp = [Ak, Brgalps and (1,5, U1, Meyq) are given case by case as fol-
lows:

(1) in Case 1, (T, Mes Uy Mhpr) = (s Mo lepr = (Apn—Ag), (=1) 01Dy )
(2) in Case 2, if by, — 21y, > Ag1 — Ay, then

(l;c7 n;m l;ﬁ»lv 7hlc+1) = (lk + (Ak+1 - Ak)u Nk lkJrl? (_1)Ak+17Ak77k+1)7
Zf bk — 2lk < Ak+1 — Ak, then
(l;w T];cv l;c—i-l? T];c—i-l) - (bk‘ - lk’ Nk lk+1’ (_1)Ak+1_Ak77k+1);
(3) in Case 3, if ly11 < li, then

(Lo Mo Ve 1 Thpr) = (b s Dier, (1)),
Zf lk+1 > l]w then
(l;m n;m l;c—&-l? n;f—i-l) = (lkv Mk, lkv (_1)Ak+1_Ak+177k+1);

(3') if we are in Case 3 and ly, =l = 0, then we delete ([A}_ 1, B 1]ps lUrrs Mos1)
from wiy(E,).
Otherwise, we define uiy(E,) = £,. In any case, we define uiy(E) = EP Uuiy(E,).
We say iy, is applicable on € or €, if uix(E) # . We say this wiy, is of type
1 (resp. 2, 3, 8°) if €, is in Case 1 (resp. 2, 3, &’).

We also consider the composition of the row exchange and union-intersection
operators as follows.

Definition 3.10. Suppose £ € Eseg(G) and write
gp = {([AH Bi]pa i, 77i)}i€(1,,7>)-

Given 1,7 € 1,, we define ui; j(€,) = &, unless

1. We have A; < A;, B; < B; and (j,i,>") is an adjacent pair for some

admissible order >' on I,.

2. wi; is applicable on &, »
In this case, we define ui; ;(€,) = (ui;(€,>/))>, so that the admissible order of
wi; ;(E,) and &, are the same. (If the wi; is of type &’, then we delete the j-th
row.) Finally, we define ui; ;(€) = EF Uui; ;(E,).

We say wi; ; is applicable on & if wi; ;(E€) # E. Furthermore, we say that ui; ;

1s of type 1, 2, 3, or 3’ if the operation wi; is of type 1, 2, 3, or 3’, respectively,
in Definition 3.9.

The next operator is called the dual operator.

Definition 3.11 (dual). Let &€ = U,{([A:, Bilp, lisni)}Yier,,>) be an extended
multi-segment such that the admissible order > on 1, satisfies (P’) for all p.
We define

dual (&) = U,{([As, =B, i, ﬁ;)}ie(lmy)

as follows:
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(1) The order > is defined by i >' j if and only if j > i.
(2) We set

%

p l; + B; if B; € Z,
i+ Bi+i(-1)n ifB ¢Z,
and
;) (=) tPiy, i B; € Z,
" ey, B ¢ 2,
where o; = Zjelmjﬁ. aj, and B; = Zjelmjm. bj, a; = Aj+ Bj+1, b, =
A, — B+ 1.
(3) When B; € Z and l; = %, we set n; = (—=1)*+1.
If F =¢&,, we define dual(F) = (dual(E)),.
As a shorthand, for each i € 1,, let r; = ([A;, Bil,, li, ;). Then we let r; denote
the effect of the dual operator on € on this row, i.e.,

T = ([Ai, _Bz’] l; 77/‘)-

Py Y Tl

We note that if 7(€) # 0, then 7(dual(€)) is the Aubert-Zelevinsky dual of
7(€) ([3, Theorem 6.2] if G = Sp,,, (F) and [19, Proposition 6.11] if G = O3, (F)).
For our purposes, it is sufficient to use the following direct implication.

Lemma 3.12. Let £ € Eseg(G) be such that w(€) # 0. Then w(dual(E)) #
0. Moreover, if £ € Eseg(G) is such that w(&') = w(&), then w(dual(&')) =
m(dual(E)).

From [18, 19], we understand the inverse of union-intersections not of type 3’.

Lemma 3.13. Ifui is not of type 3’, then its inverse is of the form dualouiodual
of the same type.

The next operator is known as the partial dual operator.
Definition 3.14 (partial dual). Suppose £ satisfies (P') and

gp =F = {([Am Bi]m l;, Th')}z‘e(l,,,>)-
Fori € 1,, denote
a; = Z<AJ + Bj + 1), 51 = Z(AJ — Bj + 1)
7<t >t
Suppose there exists k € I, such that
1. B, =1/2,l; =0,
2. (=), = —1,
3. forany i < k, B; < 1/2.
Then we define dualy (F) as follows. We write the decomposition
F=F+ {([Ak7 1/2]/)’ 0777k)} + Fa,

where F1 = Foi/2, and
dual(F) = Fy + {([Ar, —1/2],,0, (=1)%)} + F,
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where Fy, = (dual(F))s—1/2. Finally, write

dual(Fy + {([Ax 1/2],, 0, (1))} + F2) = Fi + {([Ar.~1/2),,0, ~m)} + Fo
where /A]::; = (dual(Fy + {([Ax, 1/2],,0, (—1)%+1)} 4+ fl))>,1/2. Then we define

dualf (F) = % + {([Ar, =1/2],,0, —=mp) } + F2,

and say dual)® is applicable on F.
Suppose dual(F) satisfies above condition, then we define

dual,, (F) = dual o dual}’ o dual(F),

and say dual,, is applicable on F.
We call this operator partial dual, and use dualy, to denote dual, or dual, if

it 1s clear from the conteat.
Finally, we define duali,(£) = £P U duali(E,).

We remark that, by the definition of dual, it follows that dual, is applicable
on F if and only if By = —1/2, [;, =0 and B; > —1/2 for all j > k.

We distinguish certain operators that have a key role in the intersection of
local Arthur packets (see Theorem 3.16 below).

Definition 3.15. The operators Ry, ui; ;, dual o ui;; o dual, or dualy, are known
as basic operators.

Basic operators fully determine intersections of local Arthur packets as follows.

Theorem 3.16. Let £ € Eseg(G) be such that w(E) # 0. Then the following
hold.
(1) If T is a basic operator, then w(E) = w(T(E)).
(2) If € is another extended multi-segment for which ©w(€) = w(E'), then &
and &' are related by a finite composition of basic operators and their
muerses.

We remark the above theorem was proven when G = Sp,, (F') in [18, Theorem
1.4] and when G = O3, (F) in [19, Theorems 6.13 and 6.15]. With the above
theorem in mind, for £, € Eseg(G), we write £ ~ &', and say that they are
(strongly) equivalent, if £ and £’ are related by a finite composition of basic
operators and their inverses.

A special class of the basic operators are called raising operators. They eluci-
date a structure on the set

U(r) = {¢ € U(G) | m € IL,).

Definition 3.17. The operators dualouiodual, ui~', and dual;, are called raising
operators. Given local Arthur parameters 1,1y € V(w), we write ¥y >¢ Py if
there exists a sequence of raising operators (T;):_, such that

& = (Tl olj_j0---0 T1>(52>7
where £; € Eseg(G) is such that g, = ¥; and 7(&;) = for j =1,2.

Remarkably, the partial order > on ¥(7) has unique maximal and minimal
elements.
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Theorem 3.18. Let 7 € II(G) be of Arthur type. Then there exists unique
maximal and minimal elements of V(w) with respect to >o . We denote these
elements by ™ (1) and ™" (1), respectively.

The above theorem was proven when G = Sp,,,(F) in [18, Theorem 1.7] and
when G = O3, (F) in [19, Theorem 7.3].
We record several explicit relations on the operators which will be useful later.

Lemma 3.19. Let £ € Eseg and suppose that w(€) # 0. ‘“T_b" < 0 for some
i € 1,, then we also require that the admissible orders below on I, satisfy (P’).
Then the following hold:
(1) Let i,j,k,l € I,. Then (R; o R;)(E) = (Ri o R;)(E) provided that the
resulting admissible orders agree.
(2) Let i,j € I,. Then (dual o R;)(E) = (R; o dual)(E) provided that the
resulting admaissible orders agree.
(3) Leti,j €1, Then (ui;oR;)(E) = (Rjoui;)(E) provided that the resulting
admissible orders agree.
Proof. The proof of these claims follow the same pattern. For brevity, we only
give the details of the proof of Part (2) that (dual o R;)(E) = (R; o dual)(€)
provided that the resulting admissible orders are the agree.

By Lemma 3.12 and Theorem 3.16(1), we have that 7 ((dualoR;)(E)) = w((R;0
dual)(E)). Moreover, supp((dualoR;)(E)) = supp((R;odual)(&)). If the resulting
admissible orders are the agree, then we obtain that (dual o R;)(€) = (R; o
dual)(€) from Corollary 3.4. This completes the proof of Part (2). O

Next, we recall some results which determines whether 7(€) vanishes or not,
for some &€ € Eseg(G), purely combinatorially.

Proposition 3.20 ([32, Lemma 5.5, 5.6, 5.7]). Let £ = U,{([As, Bil,, li» i) Yie(1,,>)
be an extended multi-segment of G,, whose admissible order satisfies (P') if B; < 0
for some i € I,. Denote ¢ = (—1)" = Brenunyy. We have 7(E) # 0 only if the
following conditions hold for all k < k+1 € I,.

(1) If Ay < Apyr, B < By, then
e=1 = B+l < Bigr + L, Ak — I < Apgr — ligr,
e=—1 = Ay —lp < Brpa1 + lp11
(2) If [AkaBk]p - [Ak+1=Bk+1]p; then
e=1 =0<lp1 —lk < bpgpr — by,
e=—1 @lk—i-lk_,_l Zbk
(3) [f [Ak,Bk]p D [Ak'+17Bk+1]p; then
e=1 =0<1lp—lpy1 < bp — brya,
e=—1 =l + 11 > bpgr.

Let £ € Eseg(G) and write £ = U,{([As, Bil,, li; ) }ie(1,,>)- We say that &
is non-negative if B; > 0 for any 7 € I, and for any p. We now state the non-
vanishing theorem which was proven for G = Sp,, (F)) in [3, Theorems 3.6, 4.4]
and for G = OF, (F) in [19, Theorem 6.17].
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Theorem 3.21. Let £ € Eseg(G) such that for any p, if there exists i € I, with
B; <0, then the admissible order on I, satisfies (P’).
(i) Write £ = U {([As, Bilp, li, i) Yier,,>)- We have n(€) # 0 if and only if
m(shd(€)) # 0 for any d > 0 such that sh%(£) is non-negative, and the
following condition holds for all p and i € I,

0 if B; € Z,
(%) Bi+1; >  if B gZ and n; = (—1)*+,
—L f B ¢7Z andn; = (—1)~,

where
;=Y Aj+Bj+1.
j<i
(i1) If € is non-negative, then w(E) # 0 if and only if any adjacent pair
(i,7,>) satisfies Proposition 3.20(i).

Theorem 3.21 determines provides a method to determine when 7(€) # 0
purely combinatorially. We say that £ € Rep(G) if n(€) # 0. Similarly, we
let VRep(G) denote the set of F = UyE, € Vseg(G) such that £ € Rep(G).
Applying Theorem 3.21 to £, we have that F € VRep(G) if and only if F
formally satisfies the combinatorial nonvanishing conditions in Theorem 3.21.
Furthermore, we set Vseg,(G) = {&, | £ € Vseg(G)} and VRep,(G) = {&, | £ €
VRep(G)}. Again, we have that £ € VRep,(G) if and only if £ formally satisfies
the combinatorial nonvanishing conditions in Theorem 3.21.

We provide an extension of Lemma 3.19(1).

Lemma 3.22 (commutativity of row exchanges). Let £ = (r,11,72) € VRep(G).
Assume further that the orders the supports of r,ry,ro contain or are contained
in each other. Then exchanging r to the third row and then exchanging r1 and

ro gives the same result as exchanging ry and ry first, and then exchanging r to
the third row. Formally, Ri(Ra(R1(£))) = Ra(R1(R2(E))).

Proof. Since 7(€) # 0, by Theorem 3.21, we have 7(sh?(€)) # 0 for some d > 0
such that sh?(£) is non-negative. We observe from the definitions that the row
exchange and shift operators commute. Thus, by Lemma 3.19(1), we obtain that
sh'(Ri(Re(Ry(€)))) = Ri(Ra(Ru(sh'(€)))) = Ra(Ri(Ra(sh(£))))
= sh(Ry(R1(R2(€)))).
Therefore, we obtain that Ry(Ra(R1(£))) = Ra(R1(R2(E))). O

We also verify that certain basic operators are “local” operators.

Lemma 3.23. Suppose that £ € VRep,(G). Then the operations ui and dual o
ut o dual are “local” operations. More specifically, if a certain row is not in-
volved in the union-intersection or any row exchanges, then it is fized by these
operations.

Proof. For the operation ui the result follows immediately from Definition 3.10.
In particular, the result is also true for the inverse of ui. Suppose now that we
consider the operator dual o ui o dual, where the wi is not of type 3’. Then
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dual ouiodual is the inverse of a ui operator (of the same type) by [18, Corollary
5.6] and thus the result follows. For dual o ui o dual of type 3’, the result follows
from direct calculation (note that the rows to which the wi is applied must satisfy
that a; + b, = a; + b; mod 2 since the wi is of type 37). O

Next we give a lemma on a certain relation between the row exchange and
union-intersection operators.

Lemma 3.24. Let & = (r1,72,73) € VRep,(G) and suppose that supp(r;) 2
supp(r) for any r € € and that uiy is applicable on E. Let F = uio(E) = (r1, 2, S3)
and consider the row exchange of r1 to the bottom row in both £ and F. We write
E = (rh,rh,r)) and F' = (sh,sh, 1) for the resulting virtual extended multi-
segments. Then ry = r/.

Proof. The proof is a straightforward consequence of Definitions 3.8 and 3.9.
Alternatively, we can shift both £ and F to be positive virtual extended multi-
segments (i.e., the corresponding B;’s are shifted to be positive). Then (on
the shifted virtual extended multi-segments) doing the row exchanges followed
by a union-intersection (note the union-intersection remains applicable after the
row exchange as we are in Case 1 of Definition 3.8) must result in the same
virtual extended multi-segment as doing the union-intersection followed by the
row exchanges by Theorem 3.3. Reversing the shifts then gives the claim. U

We end this subsection with the following result which will be used for certain
reductions in several technical arguments later.

Corollary 3.25. Suppose r is a row in & € VRep,(G) immediately followed by
some consecutive rows consisting a sub-multi-segment £, C £, & is an extended
multi-segment equivalent to €. We suppose further that supp(r) 2 supp(s) for
any s € E1UEy and also that A(r) € Z. Then, the result after v is exchanged with
&1 is the same as the result after r is exchanged with &,.

Proof. Before proving the claim, we first recall an operator, phantom (dis)appearing,
defined by Atobe ([4, Definition 3.4]). Let k be an integer and Py denote the
operator which formally attaches ([k — 1, —k]|,,k,1) (allowed only if £ > 0) or
([k — 3, —k — 3],,k, 1) (allowed only if k& > 0) as the first row of a virtual ex-
tended multi-segment. The choice is determined by the good parity condition.
For split symplectic and odd special orthogonal groups, Atobe showed that any
two equivalent extended multi-segments are related by a finite composition of
Py’s, union-intersections, row exchanges, and their inverses([4, Theorem 1.4]).
This result is equivalent with Theorem 3.16 (see [18, Remark 10.5]) and so the
same result holds for quasi-split even orthogonal groups.

We return to the proof of the claim. For simplicity, we may assume that
E={rtuUé&. Let & = & U {r'} denote the resulting virtual extended multi-
segment obtained by row exchanging r with every segment in &;. Similarly, we
consider {r} U &, and let £ U {r"} denote the resulting virtual extended multi-
segment obtained by row exchanging r with every segment in &. We must show
that v = r".
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Furthermore, without loss of generality, we may assume that & is obtained
from &; by either a union-intersection or the composition of P, and a union-
intersection. The former case is taken care of by Lemma 3.24 and so we proceed
with the latter case.

Let s denote the corresponding formally added element ([k — 1, —k],, k, 1) (re-
call that A(r) € Z and so this must be the case). We note that formally row ex-
changing r and s leaves both segments unchanged. Indeed, the row exchange of r
with s is always in Case 1(b) or 1(c) of Definition 3.8 and formally b(s)—2I(s) = 0.
Consequently, the effect of row exchanging r to the last row of {r} U {s} U& is
the same as row exchanging r to the last row of {r} U&;. The claim then follows
from a similar argument as in the proof of Lemma 3.24. U

3.2. The Adams conjecture revisited. In this subsection, we reconsider the
Adams conjecture (Conjecture 2.7) using extended multi-segments. We remark
that the Adams conjecture was first understood using Moeglin’s parameterization
of local Arthur packets ([8, 17, 26]); however, these results are reinterpreted using
extended multi-segments in [19]. We recall this reformulation here.

Definition 3.26. Let £ € Eseg(G,) and write
E = U {([As, Bilps lis i) Yier,>)-

Let £ be the extended multisegment defined by replacing each p with X‘jlip. Set
2=l — max{A; | i€ L +}+ 1 and let a > ag. In this case, we define

2
£ o a—1 a-1 a—1
ceef([5 o]t

We remark that the added extended segment should be inserted such that it is
the first extended segment in the admissible order. The extended segments in £’
should be ordered similarly to €. Note that £X € Eseg(HZ).

The following is a reformulation of Meeglin’s result on the Adams conjecture
(Theorem 2.8).

Theorem 3.27 ([19, Proposition 6.2]). Let £ € Eseg(G,,). If 1 = () # 0 and
a>0 (o>« is sufficient), then
0=, (m) = w(&L).

This provides a simple way to compute the theta lift when « is large. For
a < «p, the calculation is done algorithmically. This is a reformulation of a
construction of [8].

Algorithm 3.28. Let £ € Rep(G,,) with m = 7(£).

(1) If @ > g, then, by Theorem 3.27, we have 0%, (1) = w(EX).
(2) If o < v, then we proceed recursively. From £, we construct 5;5072 as
follows. By definition 3.26, we have

L o a—-1 a-1 a—1
([ o5 ot
Xw
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We define £, by replacing the added extended segment

[ — 1 —1] —1
(a 7_oz ’oz 7:‘:1)
2 2 2
L I xw

oz—37_oz—3 ’a—S,il
|2 2 2

- Xw

with

and then row exchanging this extended segment with any extended segment
([4s, Bilyw, i, mi) (i € L, ) where B; = —23. We proceed into Step 3 for
the recursion.

(3) We define EX by repeatedly applying Step 2. That is, we construct a
sequence 530, 8;0_2, .., EE by repeatedly performing an add=' operator
on the added extended segment and row exchanging so that it is minimal
in the order.

This algorithm computes the theta lift if its is nonzero. From [19, Theorem
7.5], we directly obtain the following reformulation of [8, Theorem A].

Theorem 3.29. Let £ € Rep(G,,), a be any positive odd integer, and m = 7(E).
If m(EX) # 0, then
0%, (m) = m(E).

3.3. Tempered representations. In this subsection, we recall some results re-
lated to tempered representations. Let I, (G) denote the subset of II(G) con-
sisting of tempered representations. We begin by recalling the parameterization
of Il (G) via the local Langlands correspondence due to Arthur.

A local Arthur parameter ¢ € U (G) is called tempered if ¢ € ¥ ,(G) and
1 is trivial on the second SLy(C), i.e., if ¥ = @;_, pi ® S;; @ Sy, then b; = 1
for any ¢ = 1,...,7. We let W;em,(G) denote the subset of ¥ (G) consisting of
tempered local Arthur parameters.

Theorem 3.30 ([2, Theorem 1.5.1]). We have that
Teemp(G) = | Ty

welptemp(G)
Moreover, if 11,12 € Wienmp(G) and 11 # o, then Iy, N1, = 0.

In other words, local Arthur packets associated to tempered local Arthur pack-
ets partition Il;e,,(G). With Theorem 3.3 in mind, we say that £ € Rep(G) is
tempered if 1¢ is tempered. We remark that £ € Eseg(G) is tempered if and
only if

E = Up{([Ai, Ail,, 0,m:) }ier,>) € Eseg(G),
where for any 4,5 € I, with A; = A;, we have 1, = ;. In this setting, for i € I,
we write 7,(A4;) := 1, as a shorthand. Note that it is possible for w(£) to be
tempered even if £ is not tempered.

We also recall how to compute the first occurrence and the going-up tower for
tempered representations using extended multi-segments. The following result is
a straightforward application of [5, Theorem 4.1] to our setting.
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Theorem 3.31 ([5, Theorem 4.1]). Let € € Rep(G,,) be tempered and write

ng = Uzzl{ina Ai]xw 0, 771)}
We let T denote the set containing —1 and all odd positive integers | satisfying
the following conditions:

e (chain condition) The multi-set A = U] 1{A } contains {0,1,...,5};
e (oddness condition) the multiplicity of 5* 2 in A is odd fori=1,3,...,1;
e (alternating condition) 0y, (A) = —ny, (A +1) for A€ {0,1,..., 5 3}.

Let l(w(€)) = maxT. Then m"(w(€)) = 2n+ 3 + (). Moreover, if l(r) = —1,
then m"P(7(€)) = m¥(7(€)) = 2n + 2. Otherwise, up = —n,,,(0).

Note that yy ® S, ® S, (and also yw ® S, ® Sp) is of good parity if and
only if A = CLTH’ —1 € Z and B = b’T“ € Z. Consequently, with Defini-
tion 3.26 and the computation of the theta lift (Theorem 2.9) in mind, we
often focus on the set Vseg”(G) which is defined to be the set of elements
E = U([As, Bilp, li,mi) Yer,,>) € Vseg(G) such that A;, B; € Z for any i € I,

and any p. We also set VRep”(G) = VRep(G) N Vseg?(G).

3.4. Further Notation. Throughout this subsection, we let p be an orthogonal
supercuspidal representation of some GLg4(F'). In this subsection, we provide
a combinatorial extension of the results concerning the Adams conjecture, but
replacing yy with p.

We let Vseg,(Gy) = {&, | £ € Vseg”(G)}. Furthermore, we let VRep,(G,,) =
Vseg,(Gn) N VRep(G) To & € VRep,(Gr), we consider a formal local Arthur
parameter ¥¢ defined analogously to Definition 3.1(2).

As a direct consequence of Theorem 3.21, we have a map between VRep ,(G/,)
and VRep, , (G,) for a suitable n’ given by simply replacing p by xv. For £ €
VRep,(G,), let £,,,, denote its image in VRep, , (G,) via this bijection.

Consider £ € Rep(G,,) and recall the definition of £ from Definition 3.26.
Formally, Definition 3.26 extends to £ € VRep,,(G,). Given F € VRep,(G,),
we define F¥ = (F,_y,)Z. Similarly, we extend Algorithm 3.28 to define FE
generally.

Formally, Theorem 3.31 applies to any tempered £ € VRerV(Gn), i.e., the
formal local Arthur parameter v¢ is trivial on the second SLy(C). Suppose now
that F € VRep,(G,) is tempered. Then we can define the going-up tower (which
we record its sign by up) and first occurrence of F by defining them to be those of
Foosyy- We let up and m"™* denote the corresponding sign and first occurrence.
We further set

O1(F) = Friwwa-

Note that when p = yy, ©1(F) is simply the xw-part of the extended multi-
segment associated to the first occurrence on the going-up tower of some extended
multi-segment in Rep(G). Moreover, in this case, ©1(F) € VRep,,, (Hyuw) by
the Adams conjecture for the going-up tower (Theorems 2.9 and 3.29).

Later, we shall see that there may be further operators applicable on ©;(F)
which result in virtual extended multi-segments which are not predicted by the
Adams conjecture. These arise in a systematic manner and will be denoted by
©;(F) for i =2,3,4 (e.g., see §9).
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4. STATEMENT OF RESULTS

Throughout this section, we let p be an orthogonal supercuspidal representa-
tion of some GL4(F). Given £ € Vseg,(G), we often write £ = {([As, Bi, £i, ) }ier
where we implicitly identify I = {1,...,k} with the order 1 < 2 < --- < k. That
is, we omit p in the notation and identify the admissible order with the usual
order.

For convenience we adopt the following definitions. First, we record the first
and last columns of the symbols (see Example 3.2) attached to extended multi-
segments as follows.

Definition 4.1. Let £ € VRep,(G) and c € Z.

o We say that £ starts at a column c if there exists a row r € & with
pl - |¢ € supp(r) and there does not exist a row r' € € has ¢ € supp(r’)
for any ¢ < c.
o Similarly, we say that £ ends at a column c if there exists a rowr € £ with
¢ € supp(r) and there does not exist a row r' € € such that ¢ € supp(r’)
for any ¢ > c.
If £ starts at ¢, we also say c is the first column of £, and similarly if £ ends at
¢, we say c is the last column of £.

Remark 4.2. We often let cpyin, T€SP. Cmaz, denote the first, resp. last, columns
of & € VRep,(G).

We are particularly interested in the case that £ € VRep,(G) is tempered, i.e.,
for any r € £, we have that supp(r) is a singleton. In this case, we also keep
track of the multiplicities of the columns as follows.

Definition 4.3. Let £ € VRep,(G), and fix ¢ € Z. We denote by m, the
multiplicity of ¢ in &, which is defined to be the number of times ([c,c|,0,n)
appears in € for some 1.

In our later results and conjectures, we will make use of a decomposition of £
into “blocks” which form the building blocks of our arguments.

Definition 4.4. Let & = {([A;, Bi],{i,m:)}ier € VRep,(G) be a tempered ex-
tended multi-segment (so that A; = B; and ¢; = 0). A block is a multi-subset
B = {([A:, Bil, li,ni) }ieq with J C I such that

o if ([A,A,0,m) € Band ([A+1,A+1],0,m2) € B then g = —1nq,

o if for somen € {£1}, we have ([A, A],0,n) € B and ([A+2,A+2],0,n) €

B, then ([A+1,A+1],0,—n) € B,

e if ([A, A],0,n) € B then it does so with an odd multiplicity,
and B is maximal for these properties (i.e. if B = {([A:, Bil, i, m) }iesr with
J' D J also satisfies these conditions, then J = J').

We say that B is an almost-block if it satisfies the first two conditions and
satisfies the third condition for all ([A, A],0,n) except possibly when A is mazimal
among all ([A, A],0,n) appearing in B.

More generally, we say that B is a block (or almost-block) if there exists some
& € VRep,(G) for which B is a block. We let Block,(G), resp. ABlock,(G)

denote the set of all blocks, resp. almost-blocks.
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It is straightforward to check the following fact.

Lemma 4.5. Any tempered £ € VRep,(G) has a unique decomposition into
disjoint blocks.

We will denote this decomposition By U - - - U By, where each of the B; lie in
VRep,(G). Then & = By U --- U By consists of the rows of By, followed by the

rows of By, and so on. Note that the decomposition is ordered, in the sense that
By U By # By U By. As an example, if

0o 1 2 3 4

@
S
o
_ S
€= D
)
S
S
theIlg:BlUBQU837 where
0 1 2
D
o 9 3 4
S
By = o By= (®),B; = ( @>.
S
D

In the future we will illustrate decompositions into blocks by putting boxes
around each block, as in the following picture.

01 2 3 4
-
=
@
o
@‘
E
D
=

We define the remove column operator.

Definition 4.6. Let & € VRep,(G) be tempered. We define the remove column
operator rcg which removes the kth column of £. More precisely, rcg(E) consists
of all the extended segments of € except those of the form ([k,k|,0,n) for any n.
If no such extended segments exist, then rcg(€) = .
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Let B € ABlock(G). We let U(xw(B)) denote the set of formal local Arthur
parameters ¢ where F € VRepp(G) is such that F and B are related by a
sequence of basic operators. We determine the cardinality of this set in the
following theorem.

Theorem 4.7 (count for blocks). Let B be a block starting at Cpin. Let Crpaq be
the last column of B, and let m.,,,.—1 be the multiplicity of cypax — 1 in B. Let
B :=rc.,, (B)
B// = rccmaz_l(B/)

First suppose that ¢, = 0. Then

_ [31v(()] e = 1
(4.1) U (x(B))| = {4|\P(7T(BI))| = [U(m(B")| if Meppe—1=3,5,....

On the other hand, if ¢y > 0, then

21 (x(B))] if Mepg—1 = 1

(42) W”(l”’”’:{3|\y<w<zs'>>|—\w<w<6">>| ¥ Meaem = 8,5,

We will discuss the motivation behind Theorem 4.7 in §5.1 and give a proof in
§8. Next, we give a count for the “theta lift” of an almost-block.

Theorem 4.8 (count for theta lifts of almost-blocks). Let B be an almost-block

starting at zero. Let cpq. be the last column of B, and let m.,, . its multiplicity
in B. Let

B :=rc,.,,. (B).

Then

319 (x(B))] if My, = 1

(W (m(O1(B)))] = § 3[¥(x(B))| — [W(x(B))] if me,,, =2,4,...
4 (m(B))| — |V (m(B)| if me,,, =3,5,....
We will discuss the reasoning behind the above theorem in §5.2 and prove it

" I%i}it we state how the numbered of local Arthur parameters containing a fixed
tempered representation is determined by its block decomposition.

Theorem 4.9 (count for tempered representations). Let £ € VRep,(G) be a tem-
pered extended multi-segment. Suppose that £ decomposes into blocks By, ..., By
in that order. Then
k
U (r(E))] = [U(x(B))|- [ ] W (x(sh' (B:))]-
i=2
We will prove the above theorem in Theorem 10.14.

Remark 4.10. Note that we can compute |V (7(By))| using Equation (4.1) and
|U(m(sh(B;)))| using Equation (4.2), so the above theorems together give a com-
plete computation of |W(w(E))| for any tempered & € VRep ,(G).
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Note that if & € Rep”(G) = Rep(G) N Vseg?(G), then £ has a unique de-
composition & = &, U---UE, where p; # p; for any ¢ # j. Furthermore,
we have U(m(£)) = [[i, ¥(n(E,,)). From this observation and Theorem 4.9,
we obtain a formula for computing ¥(7(€)) for any tempered £ € Rep”(G) =
Rep(G) N Vseg”(G). That is, Theorem 4.9 implies Theorem 1.7.

Finally, we give a conjecture for counting the number of local Arthur packets
containing a given theta lift of a tempered representation to its first occurrence
in the going-up tower (in the sense of Remark 4.12).

Conjecture 4.11 (count for theta lifts of tempered representations). Let £ =
([As, Bil, li;n:) € VRep,(Gr) be a tempered extended multi-segment. If € does
not start at zero then ©1(€) is tempered, so |V(m(©1(E)))| can be computed by
Theorem 4.9. Otherwise, suppose £ has a decomposition into blocks By, ..., By.
We split into cases depending on the columns near the end of the first block.
Let H.y be the last column of By and let N.y be the first column of Bs.
Case 1. Nooyy > H.o + 1:
The representation ©1(&) is tempered.

Now suppose Neoy < Heop + 1. Let ny be such that ([Heor, Heot], 0,n1) appears in
E, and let ny be such that ([Heo + 1, Heop + 1],0,mn) appears in E. (These are
well-defined since € is tempered and Noo < H.o+1, so that an extended segment
in column H.y + 1 appears in E.) Also let my be the multiplicity of Heo in €
and let my be the multiplicity of H.py + 1 in .

Case 2. nny #ny:
Let By :=rcy,,,(B1), By :==rcp,,,(Bs), and By :=rcy_,+1(B,). Let
W (B)| - [W(r(Bo))| + (W (r (B - [W((BY)|  if myr —1=1
D= — [W(w(B)))| - [¥(m(By))]
2[W(m(By))] - [W(m(By))| — |W(m(B))| - [¥(w(B))|  if mp —1>1.
If BY is empty then let U = 0, and otherwise let
U = [W(m(B))] - (|¥(m(By))] — [¥(x(B3))])-

Then
k
B (7(01(E)| = (|T(x(B)| - [¥(x(B2))| + D+ U) - [ 1®(=(B))].
1=3
In the remaining four cases, we suppose ny = Ny -

Case 8. my =0 mod 2, my =1 mod 2:

We have that

(W (m(01(€)))] = [W(7(01(B1 U By)))] H (W (m(B:))l-

Suppose £ has at most two blocks in its block decomposition. Then we
have the following recursive formulas:
Case 3.1. € ends at Hoy + 1:
Let & =rcy,,,11(E). Then

[W(r(©1(E)] = [W(m(0:(E)))]-
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Case 3.2. € ends at H., + 2:
Let & =rcpy,,,412(E). Then

(W (7 (01(6)))| = 4[¥ (7 (O1(E)))]-

Case 3.3. otherwise:
We apply similar recursive formulas as Equation 4.1. More precisely,

let cpar be the last column of €, and let m,, .1 be the multiplicity
of ¢maz — 1. Let &' =rc,,,,. (E) and E" =rc,,,,.—1(E). Then

3] (m(©1(E)))] if Mepge—1 =1

W (m(01()))] = {4|\I’(7T(@1(5/)))| —|U(x(O(E))| if me,,..1=3,5,... '

Case 4. myg =1 mod 2, my = 0 mod 2:
Then ©1(E) is tempered.
Case 5. my = 0 mod 2, my = 0 mod 2:

k

U (m(©1()))] = (6o (w(By U Bo)))| - [ ] 1W(m(B))-

=3

Case 6. myg =1 mod 2, my = 1 mod 2: We have ©1(E) is tempered, and more-
over

k

U (x(01(E)))] = [W(m(©1(B)))] - [ [ 1¥(x(B))I.

1=2

We will prove Cases 1, 4, and 6 of the conjecture in §9.2, Case 3 in §9.3, and
Case 5 in §11. We do not prove Case 2; however, we comment on its motivation in
§5.3. The conjecture also allows us to compute |¥ (0™ o.p(7(E)))| from |W(7(E))|
in the following sense.

Remark 4.12. Let & € Rep(G,). Note that U(n(£)) = [[, ¥(n(Ey)) and by
Theorems 2.9 and 3.29, we have

W0 0 (1(E))) = U(m(Entina)) = [ [ W ((Entina) o).

Moreover, if p # xv, then |¥(m(Ey))| = |\Il(7r((8,l,‘lpup,a)XWX‘_/1p,)|. Thus, we under-
stand that [V (0™ 0w (7w(E)))| can be computed from |V(7(E))| provided that we
understand [V (m((Epppa)w )| = [Y(7(01(Ey,)))| which is described by Congec-
ture 4.11.

We give several remarks on the conjecture.

Remark 4.13. The six cases in Conjecture 4.11 correspond to the various ways
the first block could end, illustrated below. Case 1 corresponds to the situation
where there is a gap between two columns. Case 2 corresponds to the situation
where there is a column with an even number of circles, and the signs of the
circles in the next column are opposite. Cases 3, 4, 5, and 6 correspond to the
situation where the circles in two consecutive columns have the same sign.
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Case 1 Case 2
0 -+ Huyy -+ Ny - 0 --- Hy Hy+1 --
O @D
©
Case 3

0o --- Hcol Hcol+1

®
@
®
Case 5 Case 6
o --- Hcol Hcol+1 o --- Hcol Hcol+1
@ ®

1 —

D

Remark 4.14. In each of the siz cases of Conjecture 4.11, each of the parts of
the formulas can be computed using the previously stated results. We explicate

this as follows.

e In Case 1, since ©1(&) is tempered, we can compute |V (m(01(E)))| using
Theorem 4.9.
e In Case 2, B}, B}, and BY are all blocks so we can compute |V (m(B))],
| (7 (Bs))|, and |[V(m(BY))| using Theorem 4.7.
e Suppose that we are in Case 3.
— In Case 3.1, since € contains circles in only one extra column after
the first block, namely H.,; + 1, £ is almost-block, since it is B
together with an extra circle in column H.;. So we can compute

| U (m(©1(E)))| using Theorem 4.8.
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— In Case 3.2, we note that the going-up tower and m"™® are the same

for € and &', since they only differ in columns after the first block,
so in fact &' falls directly into Case 3.1.

— In Case 3.3, we similarly note that £, £', and E" all have the same up
tower and value of m"P%, so again the recursive formulas eventually
reduce to Case 3.1 or Case 3.2.

e In Case 4, as in Case 1, ©1(E) is tempered, so we can apply Theorem
4.9,

e In Case 5, note that since myg = 0 mod 2, the second block By consists of
a single extended segment ([Heor, Heot], 0,mm). So By U By is an almost-
block, and hence |V (7(©1(By U By)))| can be computed by Theorem 4.8.
Note that the going-up tower and m"™ are the same for € as for By UBs,
so we can apply Theorem 4.8 directly. The other terms are just blocks
and can be computed by Theorem 4.7.

e [In Case 6, by similar reasoning, the first term can be computed by Theo-
rem 4.8 and the other terms by Theorem 4.7.

Remark 4.15. In Cases 1 and 4 of Conjecture 4.11, while it is possible to com-
pute the number of packets the theta lift lies in, there is no easy formula like
in Case 6. This is because it is possible for the theta lift to cause two blocks to
interact. For example, suppose

ONORO,

XV

The extended multi-segment corresponding to 0™ .p.o(7(E)) is

ONORO,

Xw
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This is equivalent to (via a dualowiodual and aui~') the extended multi-segment

0 1 2 3 4

S
S
S

ONOR)

2]

Xw
Note that this extended multi-segment now consists of a single block, not two. In
particular, since the blocks By and By making up € have become one block, the
number of local Arthur packets the theta lift lies in does not depend directly on
W (7 (By))| or |V (m(Ba))| or other related quantities.

Finally, an analogous result follows from the above for the case where 7 is an
anti-tempered representation.

Theorem 4.16. Suppose &€ is an anti-tempered extended multi-segment, and let
([n, —nl],n,n(E)) be its first row. Let m,, be the multiplicity of the nth column of
dual(E). Then:

AU (m(E))| — [¥(n(E)| mn > 1, dual(E) is a block,
up )3l (n(€))) my =1, dual(€) is a block,
[P0 (m(ED)] = 3 U(m(E))| — [¥(m(E))| mp > 1 odd, dual(E) not a block,
21W(m(E))] otherwise,

where &' = (dual o rc,, odual)(&).
We prove this theorem in §9.4.

5. MOTIVATION

Throughout this section, we let p be an orthogonal supercuspidal representa-
tion of some GL4(F) (often omitted in the notation). Let ([%5, =25 |y » %5+, 1)
denote the added extended segment in ©,(€) for some & € VRep,(G,). From
the point of view of Definition 6.13, this extended segment is called a “hat”.
Throughout this section, we shall refer to it as the hat. Often, we apply a
dual o ut o dual which involves the hat with some other row in £. We call refer
to this operation as “dualizing the hat” (see Definition 7.25).

We give a sketch of the explanations for the main results and conjectures in

Section 4.

5.1. Theorem 4.7. For simplicity, we only explain Equation (4.2) in this sub-
section. We remark that the motivation for Equation (4.1) arises from the theta
lift which we discuss in the next subsection.

We observe that the only rows of B with support in column c¢,,,, are the circles
in that column. After any number of row exchanges, union-intersections, and
duals, the right endpoint of a row does not change. Furthermore, we claim that
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only the first circle in column ¢,,,, can interact with the other rows (see Theorem
7.17). Hence to count the number of extended multi-segments equivalent to B,
we can do casework based on what the row with support ending at ¢, looks
like. In each case, we perform some operation with the circle in column ¢,
and then count the number of operations that are possible after that.

If the multiplicity m,,,,, is 1, then we just have two cases:

e cither the circle in column c¢,,,, stays where it is, or
e we apply ui to the circle in column ¢,,,, with a circle in column ¢4, — 1.

In either case we claim that the possible operations on the extended multi-
segment that do not involve column ¢,,,, are exactly the same as those on B'.
Hence the count in either case is |¥(7(B'))], for a total of 2|U(w(B'))|.

If the multiplicity m,,,,, is greater than 1, then we have three cases:

e cither the circle in column c¢,,,, stays where it is,

e we apply the uz operator to the circle in column ¢,,,, with the last circle
in column ¢,,,, — 1, or

e we apply the ui operator on the circle in column ¢,,,, with the last circle
in column ¢, — 1 and the resulting row is exchanged up until it is the
first among rows with support starting at ¢,,q. — 1.

Note that the second two cases differ by a row exchange, but in these cases we

do not allow row operations involving the rows coming after the first row with

support starting in ¢,,,, — 1. This avoids double counting except in the case

where the rows with support including ¢,,., — 1 are left completely unchanged,

of which there are |V (7(B”))|. Hence our total count is 3| W (7w (B))| — |¥(7(B"))|.
[ustrated below are the three cases when

B = (([070]’ 07 1)7 ([17 1]’ 07 _1)7 ([1’ 1]70’ _1)’ ([17 1]707 _1)7 ([272]707 1))7

with a box in each case to highlight the row operations which are allowed. The
number in blue below denotes the count of the number of equivalent virtual
extended multi-segments of the adjacent box. The depiction of where the circle
in column 3 is located is purely arbitrary, as they differ by a row exchange.

Case 1 Case 2 Case 3 Overlap
1 2 3 1 2 3 1 2 3 1 2 3
o |2 ® |2 e |2 ||&]1
O © SHRSY S}
S/ o S/ S
S/ o @ S} o @

D

By direct computation, Theorem 4.7 is verified for the above example.

5.2. Theorem 4.8. Next we discuss Theorem 4.8. In the setting of Theorem
4.8, ©1(B) is the same as B but with an extra hat, and this hat is wider than
all other rows. Since the right endpoint of this row (the hat) does not change
after row operations, in any extended multi-segment equivalent to ©4(B), we can
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always uniquely identify this row. To count the number of equivalent extended
multi-segments, we can therefore do casework on what this row looks like.

First suppose that the multiplicity of the last column is 1. Then we have three
cases:

e cither the hat stays where it is,
e the hat is dualized to the last row, or
e the hat is dualized to the last row, and then an extra circle is split off.

In the first and third cases it is clear that the operations on B are unaffected,
so we obtain a count of |¥(m(B))|. In the second case it is slightly less clear,
but it turns out that exactly the same operations can be done on this extended
multi-segment as on B, since the extra circle is so far to the right that it does
not interact. Hence this gives a count of 3|W¥(7(B))|. Shown below are the three
cases when B = ((]0,0],0,1), ([1,1],0,-1),([2,2],0,1)).

Case 1 Case 2 Case 3
-3 -2 -101 2 3 01 2 3 01 2 3
< QA Qo D> D> Db S} S}
¥ & 9 & 9
S 9 SHES S)
S @
Second suppose that the multiplicity of the last column is 2,4,.... Then we

consider three possibilities:

e the hat stays where it is,
e the hat is dualized to the second-to-last circle, or
e the hat is dualized to the last circle.

In the first case, B is unaffected so there are |V(w(B))| possibilities. In the
second case, we claim that the extra circle in the second-to-last row does not
affect the operations that can be performed on B. (This is clear if the mul-
tiplicity of the last column is > 2, but otherwise it requires some sort of ar-
gument.) Finally, in the third case it is clear that B is unaffected. How-
ever the second and third cases overlap in the case that the operations on B
do not involve the second-to-last column, because then the extended multi-
segments differ by a row exchange. There are |V (7w (B'))| of these. Hence we
obtain the count 3|¥(m(B))| — |[¥(7(B'))|. Shown below are the three cases when
B =([0,0],0,1),([1,1],0,—-1),([2,2],0,1),(]2,2],0,1)), as well as the overlap be-
tween the last two cases.
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Case 1 Case 2 Case 3 Overlap
-3 -2 -101 2 3 01 2 3 01 2 01 2 3
SRR NS I > > > o S} ©
¥ ¥ 9 & D3
S 9 SRS S o &
D D < > @
S5)
Finally suppose that the multiplicity of the last column is 3,5,.... Then the

reasoning is much the same as before. Our four cases are:

the hat stays where it is,

the hat is dualized to the first circle in the last column,

the hat is dualized to some other circle in the last column,

or the hat is dualized to the last circle in the last column, and then an
extra circle is split off.

The second and third cases have the same overlap as before, while the first
and fourth cases contribute |U(7(B))]. So we get a total count of 4|¥(7(B))| —
|U(m(B'))|. Shown below are the cases when

B = (([0,0],O, 1)’ ([L 1]7()’ _1)7 ([27 2]707 1)7 ([27 2]707 1)7 ([27 2]70: 1))7

as well as the overlap between the second and third cases.
Case 1 Case 4

-3 -2 -101 2 3 01 2 3
SRR B = = S

S @
o 9 o9
S S
S S
S &)
Case 2 Case 3 Overlap

01 2 3 01 2 3 01 2 3

o DO
D O w

2]

5.3. Conjecture 4.11. Now we turn to Conjecture 4.11. Except for Case 2
of Conjecture 4.11, most of the cases will follow from the theory of blocks and



34 ALEXANDER HAZELTINE, AARYA KUMAR, ANDREW TUNG

almost blocks developed in the course of the proofs of Theorems 4.7 and 4.8
(albeit Case 5 requires further work, see §11).

Consequently, we will only explain the motivation for the formulas in Case 2
of Conjecture 4.11. By a similar argument as in the proof of Theorem 4.8, we
can argue that the blocks after the first two are independent, in the sense that
the count for the theta lift of £ is the same as the count for the theta lift of
B U By multiplied by Hf:3 |W(m(B;))]. So it suffices to consider the case when £
decomposes into two blocks By and Bs.

We take a slightly different perspective than in the previous formulas. Pre-
viously we started with a block B, did casework on a certain row, and then
performed arbitrary operations on a smaller extended multi-segment. Now we
consider an arbitrary extended multi-segment £’ equivalent to a tempered ex-
tended multi-segment £, and ask what operations are possible on ©4(€’) that
were not possible in &’.

For each ©1(&’), the operations are of the following type. (It is not immediately
clear that these are all the possible operations.) First we can perform some
number of dual ouiodual operations between the hat in the first row and another
row. Second we can perform additional ui operations between rows in extended
multi-segments equivalent to B; and B,. (In other words, the blocks are not
“independent” as in Proposition 10.13.) The total number of extended multi-
segments coming from the first type of operation is given by D, and the number
coming from the second type of operation is given by U.

To give a count of D, we note that there are usually exactly two dual ouiodual
operations involving the hat in the first row. This is for basically the same reasons
as in the almost-block case (see Lemma 9.4): as long as the first circle in column
H.,,; is combined with some row in B], either in a row of circles or in a hat, we can
dualize the hat to that row; moreover, since my is even and hence greater than
1, there is always at least one additional circle in column H., leftover to which
the hat can dualize. There cannot be more than two dualizations because only
the first circle in H,, can interact with Bj, and the dualizations to the remaining
circles all differ by row exchanges.

The exceptions to the above reasoning are the following. In the case that
mpy — 1 > 1 the only exception is that the first circle in H.,; might not be
combined with anything in B]. In this case there are |V (7 (B))| - |V (7(By))]
possibilities. This explains the second case of the formula for D, which is much
the same as in the almost block-case (Theorem 4.8).

The case that my — 1 = 1 is more subtle. In these cases it is possible that
there is only one dual o ut o dual for another reason: the last circle in H.,;, which
belongs to Bs, might be ui’d with another circle in H., + 1, thereby “blocking”
the dual o ui o dual with the hat. For example, in the extended multi-segment
below, there is only one dual o ui o dual possible despite the fact that the first



BEYOND THE ADAMS CONJECTURE

circle in column 3 has been combined with previous rows.

-4 -3 =2 -1 0 1
S R >

So, we count as follows:

e start with two dual o ui o dual operations for each of the &£, giving

2 3 4 5
> > >
o
S
S B,
S
© @ B,
© ©
D

21 (7 (By))| - [ (7 (B2))];

e subtract the case that there is only one dual o uz o dual operation because
the first circle in H., is unchanged, of which there are

(W (m(B))] - [¥(r(B2))l,

e subtract the case that there is only one dual o ui o dual operation because
the second circle in H,, has been combined with other circles, of which

there are

(W(r(B))] - (1W((B2))| — [¥(7(B3))]),

35

e add back the overlap between the previous two cases, of which there are

(W (m(B)| - (¥ (7 (B2))| — ¥ (7 (By))])-

The first two formulas are exactly the same as before. The third formula can
be derived by complementary counting. We want to find the number of ways to
form a B equivalent to By such that the first row has more than one circle. The
total number of such B is |¥(7(Bs))|, and the number of such B, where the first
row has only one circle is just |¥(7(B5))], since we do not allow operations on the
first row. Finally the fourth formula can be derived in a similar way. Combining
the formulas and simplifying gives the claimed value of D for my —1 =1 in Case

2 of Conjecture 4.11.



36 ALEXANDER HAZELTINE, AARYA KUMAR, ANDREW TUNG

Continuing in the above example, we have B} and B} are as follows.

-4 -3 -2 -101 2 3 4 5
4 < Q<< D> D> D
S}
@
e | B B
S/
S/
@ Bs
S B,
S}
S
We have the following counts:
(U (m(By))| = 33
W (m(BY))] =9
W (7 (B2))| =4
W (m(By))] = 2.

So the formula gives

D=2(33-4)—(9-44+33-(4—2)—9-(4—2)) = 180.

Finally we explain the count of U, the number of additional ui operations
involving rows from extended multi-segments equivalent to B; and Bs;. These
occur in the following way: first, we perform a dual o ui o dual operation between
the hat and the last circle in column H.,;, creating a row with a pair of triangles.
(We claim this operation is always possible, even if the extended multi-segment
is not tempered.) Then, if the row immediately following the pair of triangles
has more than one circle, we can perform a union-intersection between the two
rows. The number of new extended multi-segments created by this operation is
possible is |U(m(By))] - (|W(7(BS))| — [¥(7(BY))|). The term |¥(mw(B;))| comes
from the fact that the first part of the extended multi-segment can be anything
equivalent to By, and the term |¥(7(B5))| — |V (7 (BY))| comes from the fact that
we need the first row with support in H,., + 1 to have more than one circle.
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As an example, consider the following theta lift of a tempered extended multi-
segment.

-2 -1 0 1 2 3 4
S = >
o| B B
@
B, | @
5 | ©

There are 6 additional extended multi-segments created by this u: operation,
which are:

01 2 3 4 019 s —121234
< >
o
o o
4 6 > < ok a6 >
@
@ i @
@ i @
@ . @
o o
01 2 3 4 019 s 10 1 2 3 4
9 : R
40 @ > <0 9B 40 @ >
o
o c o
o - o
o o

The first three are created by the following process, with an arbitrary equiva-
lent extended multi-segment in place of B;. Note that the union-intersection is
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only valid in the third step because the 4th row has more than one circle.

S B
. ! o B
. D
sy ui’s
S &5
S e &
®
S
@
© S
e
-2 -1 01 2 3 4
® B
e
dual o ui o dual < >
-5
o @
®
®

-2 -101 2 3 4

ul <

SPRISS RS O
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The second three are created by an exactly analogous process, except that in the
second step, the extended multi-segment takes the following form.

-2 -101 2 3 4
4 9 6> >
S/ B,

D
D

6. BASIC NOTIONS AND LEMMAS

In this section we introduce some basic notions and lemmas which will be
helpful in the proofs of our results. First, we give a definition which counts the
number of circles in the symbol associated to an extended segment (see Example
3.2) which we will also call a row in order to invoke the idea of the associated

symbol.
Definition 6.1. Let r = ([A, B],,1,n) be a row. Then we denote the number of

circles in r by C(r), which is given by
C(r):=b-2L

For £ a virtual extended multi-segment, we let C(E) be the total number of circles

in &, which is given by
CE) =Y _C(r).
re€

We note that C(r) + 1= A — B mod 2. Next, we attach a sign to &.
Definition 6.2. We let the sign n(E) of an extended multi-segment € be
(&) = n(r),

where ry is the first row in € in the admissible order.

6.1. The alternating sign condition. The alternating sign condition is an
important condition on two rows which affects how they interact under the basic
operations.

Definition 6.3. Let r{,7ry be rows with vy < ry in some admissible order. We
say that 1 and ro (in that order) satisfy the alternating sign condition if

n(ra) = (=1)°“Vn(r).
We say that an extended multi-segment & is alternating if any two consecutive
rows of € satisfy the alternating sign condition.

In terms of symbols (see Example 3.2), the alternating sign condition says that
the last circle of the first row r; and the first circle of the second row r9 have
opposite signs.
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Definition 6.4. Let r be a row. We call (—1)¢™~1n(r) the sign of the last circle
of .

Note that the above definition makes sense even if, in a picture, » does not
have any circles. We now seek to prove some properties about rows that satisfy
the alternating sign condition. First, we need the following lemma.

Lemma 6.5. Let p be a unitary orthogonal supercuspidal representation of GLg(F),
& € VRep,(G), and r € & be a row. Let 7 be the image of r under dual (see
Definition 3.11). Then

7) = (—1)0©-C)

n(r) = n(r).

Proof. Suppose r = r; is the ith row of £. Since B € 7Z for every row, by
Definition 3.11,

n(7F) = (—1)%in(r),

where a; = Zj<i a; and 3; = ZKZ. b;. Since p is orthogonal, for any j we have
a; = bj mod 2, so
i+ B=Y b=y C@r)=C(E) — C(r;) mod 2. 0

J#i J#
We use the above lemma to verify that dual preserves the alternating sign
condition.

Lemma 6.6. Let p be a unitary orthogonal supercuspidal representation of GLg(F)
and & € VRep,,(G).

(1) If 11 < ry are two rows of € satisfying the alternating sign condition,
then the rows 3 < 71 in dual(E) (see Definition 3.11) also satisfy the
alternating sign condition. In particular, if £ is alternating, then so is
dual(€).

(2) If € is alternating, then n(E) = n(dual(£)).

Proof. By Lemma 6.5 and the fact that r; and ry satisfy the alternating sign
condition, we obtain

Since C(ry) = C(73), this shows 75 and 7; satisfy the alternating sign condition,
in that order. This proves Part (1).

For Part (2), let r be the first row of £ and let s be the last row of £. Since &€
is alternating, by repeatedly applying the alternating sign condition, we obtain
n(s) = (=1)¢©=CCln(r). By Lemma 6.5, we have 7(3) = (—=1)¢©E)=CCIn(s).
Combining these two gives that 7(s) = n(r). Since 5 is the first row of dual(&),
this shows 7(€) = n(dual(E)). O
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6.2. Lemmas on row exchanges. Much of the substance of the ensuing proofs
will depend on understanding how a hat changes under certain row exchanges.
The next few lemmas will be important in analyzing the behavior of hats in
special cases of these types of operations.

Lemma 6.7. Suppose r; < ry are consecutive rows satisfying the alternating sign
condition and with supp(ry) D supp(r2). Then, if vy < r| are the images of r;
and ro under a row exchange, we have:

(1Y), n(r1)) = (U(r) = C(ra), (=1) (1))
(Urs),n(r5)) = (U(ra), (=)D (ry)).
Moreover, v, < 1! fail the alternating sign condition.

Proof. First, we calculate that
e = (=) =Ey(r)n(ry) = (1) n(r)n(r) - (190 = —1.

So the row exchange falls into Case 1(c) of Definition 3.8. The formulas for

[(r}),n(r}) follow immediately from the given formulas. To see that these rows

fail the alternating sign condition, we note that because row exchange preserves
supports, b(ry) = b(r}), so C(re) = C(ry) mod 2. Applying this fact and using
the above formulas,

n(ry) = (=) (ry) = —n(r) = —(=1)"Dn(r}). O

Lemma 6.8. Suppose r1 < 19 are consecutive rows failing the alternating sign
condition with supp(r1) C supp(r2), and suppose that C(ry) > 2C(r1). Then, if
rh, < 1y are the images of 11 and ro under a row exchange, we have:

(U n(ry)) = (Ur), (=) ()

(Ury),n(ry)) = (Urz) + Clry), (=1)°Tn(ry)).
Moreover, ), and r] satisfy the alternating sign condition.
Proof. Since r; and ry fail the alternating sign condition, we obtain that ¢ =
1 (see Definition 3.8 for notation). Moreover, since supp(r;) C supp(rz) and
C(ry) > 2C(rp), we fall into Case 2(b) of Definition 3.8. The formulas follow

immediately from the given formulas. Finally, r} and r| satisfy the alternating
sign condition because

n(ry) = (=)D () = (1)) = (1) (ry). O

Lemma 6.9. Suppose that ro < r; < --- < 1 are consecutive rows satisfying
the alternating sign condition with supp(rg) D supp(r;) fori > 0. Letr) < --- <

. < r(()k) be their images after ro is row exchanged k times. Then we have

k
(Ur§™), (1)) = (zm) =0 (~1)F= C<”>n<ro>> ,

(1) () = (1)), (=1) 7 (r4)) for i > 0.
Moreover, after the row exchanges every pair of adjacent rows satisfies the alter-
nating sign condition except r), and rok .
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Proof. We proceed by induction on the number of times 7y is exchanged. The

base case is when 7y is not exchanged, which is clear. Suppose the statement holds

after o has been exchanged i times, giving r] < --- <7} < r(()i) < Ty < oo < Tg.

Then since by inductive hypothesis (rg,r(()i)) fails the alternating sign condition
and r; and r;;, satisfy the alternating sign condition, we have

1) = (1) ()
(_]_)C(Ti)+1 ((_1)0(7“0)4-177(7,2,))
(=1 (1),

So r(()i) and r; 1 satisfy the alternating sign condition. Thus, we can apply Lemma
6.7. Exchanging these rows gives

1§ = 1)) = C(riga)
n(ry ) = (1))

which are the desired values (after applying the induction hypothesis). Mean-
while I(r}) = I(r;) and

77(7”£+1) = (—1)C(T6)+177(7°i+1) = <_1)C(TO)+177(Ti+1)

as desired. Finally, to show the claims about the alternating sign condition, we
observe that r{ and r;, are the same as r; and ;1 respectively except for their
sign, which are both multiplied by the same quantity (—1)¢°+!, Since r; and
r;+1 satisfy the alternating sign condition, so do 7} and r;;1. Also, by Lemma

6.7, rj,, and r(()iﬂ) do not alternate. This completes the inductive step. U

Lemma 6.10. Suppose that r1 < --- < rp < ro are consecutive rows such that
every pair of consecutive rows satisfies the alternating sign condition except ry
and ro. Suppose further that supp(ro) D supp(r;) for ¢ > 0, and that C(ry) >
2 Zle C(r;). Let r((]k) <1y <--- <1y be their images after ry is exchanged up k
times. Then:

(U(rg”). (")) = (z<ro> +>_Cr), <—1>Ei‘=10<”>n<ro>)

(UrD),n(rD)) = (Ura), (1)U (i) for i > 0.

Moreover, after the row exchanges every pair of adjacent rows satisfies the alter-
nating sign condition.

Proof. The proof is exactly analogous to the proof of Lemma 6.9, except that
instead of applying Lemma 6.8, we apply Lemma 6.7. 0

Lemma 6.11. Suppose h < hy < hs are consecutive rows and that supp(h) D
supp(hy), supp(hse). Further suppose C(h) # 0, and that C(hy) = C(hg) =
1 and l(hy) = l(hg). Then h is unchanged after being exchanged with hy and

ha. Moreover, hy and hy are unchanged except that their sign is multiplied by
(_1)C(h)+1'
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Proof. Note that since supp(h) D supp(hq), supp(hsy) and the support of a row is
unchanged by row exchange, both row exchanges will be in Case 1 of Definition
3.8. Welet by < I < hj and h] < hy < h” denote the effects of the row
exchanges. The second claim about the sign of A} and hf follows immediately
from the definition. Note that since C'(hy) = 1, we have that 2I(hy) + 1 = 2b(h;)
and similarly for hs. For the first claim, we divide into three cases.

First suppose that the first row exchange is in Case 1(a) of Definition 3.8. Then
I(W) = b(h) —I(h) — 1 and n(h') = n(h). Since A(K') = A(h), B(K') = B(h),
and n(h) = n(k'), and the first row exchange had (—1)A®=B®n(h)n(hy) =1 by
assumption, we obtain that the second row exchange also has ¢ = 1. Now note
that

C(1') = C(h) +2(1(h) — I(K)) = C(h) + 2(2U(h) — b(h) + 1) = 2 — C(h).

Since the first row exchange was in Case 1(a), C'(h) < 2. Since C(h) # 0, we
must have C'(h) = 1, and hence the second row exchange will be in Case 1(a).
So

b(h) — 1K) — 1

=b(h) — (b(h) = I(h) — 1) =1
=1(h)

n(h") =n(h') = n(h).

This completes the proof in this case.

Second suppose that the first row exchange is in Case 1(b). Then [(h') = I(h)+
1 and n(h') = —n(h). Since € for the first row exchange is 1, and n(h') = —n(h),
we conclude that € for the second row exchange is —1, so it is in Case 1(c). Then
(W) =1K)—1=1(h) and n(h") = —n(h’) = n(h). This completes the proof in
this case.

Finally suppose that the first row exchange is in Case 1(c). Then I(h') =
[(h) — 1 and n(h') = —n(h). So using similar reasoning as before, ¢ for the
second row exchange is 1. However note that it is impossible for the second
row exchange to be in Case 1(a), since C'(h') = C(h) +2 > 2, so we cannot
have C(h’) < 2C(hg) = 2. So the second row exchange is in Case 1(b), where
the formulas give I(h") = (W) + 1 = [(h) and n(h") = —n(h') = n(h). This
completes the proof in this case and hence proves the lemma. [l

Lemma 6.12. Suppose hy < hy < h are consecutive rows and that supp(h) C
supp(hy), supp(ha). Further suppose C(h) # 0, and that C(hy) = C(hy) =
1 and l(hy) = l(hg). Then h is unchanged after being exchanged with hy and

ha. Moreover, hy and hy are unchanged except that their sign is multiplied by
(~1)°.

Proof. The proof is exactly analogous to the proof of Lemma 6.11, except that
we are in Case 2 of Definition 3.8 instead of Case 1. O

6.3. Lemmas on hats. Recall that our goal is to classify all the extended multi-
segments £ equivalent to a tempered extended multi-segment £. One type of
extended segment that appears in such extended multi-segments &’ is of the
following form.
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Definition 6.13. A hat is an extended segment of the form ([A, B],,l,n) where
B=-1[.

The alternating sign condition helps provide an important criterion for whether
consecutive hats can interact with each other.

Lemma 6.14. Given two consecutive hats hy < hy in (P’) order of the form
hl = ([Ab _B1]7 Bla 771)
ha = ([A2, —Ba], Ba, 12)

it 1s possible to apply a nontrivial dual o ut o dual to hy and hs if and only if:

e Ay =By —1 and
e hy and hy satisfy the alternating sign condition.

The resulting row will be of the form
h = ([Ala _B2]7 B27 771)

Proof. After applying dual, the corresponding dual rows will be of the form (and
order)

ha = ([As, Ba), 0, (—1)CE+C"2) )
fi = ([Al,Bl]’()7 (_1)6’(5)+C(h1) '771)

Since these rows are composed entirely of circles, the only nontrivial ui is that
of type 3’. Since h, and hy are in (P ) order, By > 32 So such a ui can be applied

if and only if B; = Ay + 1 and if h2 and h1 satisfy the alternating sign condition.
By Lemma 6.6, the second condition is equivalent to h; and hy satisfying the
alternating sign condition. Applying ui gives a new row

h = ([Ay, By],0, (—1)CE+CH2).
Dualizing gives row gives a new row of the form
h = ([Al, _32]7 32777)’

for some 7.

In order to calculate the new value of 1, we note that C(h') = C(h}) + C(R})
and that dualization preserves the number of circles in each row. Therefore,
C(h') = C(hy) + C(hy) and C(E) = C(dual(€)). Now, we can calculate using

Lemma 6.5:

n= (_1)C(dual(€))—0(h) ((_1)C(€)+C’(h2)772)
_ (_1)C(é‘)—C(h1)—C(h2)+C(5)+C(h2)TI2
= (=1)7"y
=Mm- ]

Definition 6.15. We refer to the act of performing a dual o ui o dual of type 3’
on two consecutive hats hy, hy as described above as merging the hats. We say
two hats are mergable if they satisfy the conditions in Lemma 6.14. We denote
the merged hat by hy * ho.
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Remark 6.16. The operation of merging two hats is dual to the operation of
combining two rows r1 and ro made entirely of circles through a ui of type 3'.

We observe from Lemma 6.14 that C' is additive under mergings. Formally, if
hy and hy are two hats, then C'(hy * hy) = C'(hy) + C(hsy). It follows immediately
from the formulas in Lemma 6.10 that row exchanges commute with the action
of merging hats. We state this formally in the following corollary.

Corollary 6.17. Let r1 < ry < r3 be three consecutive rows in a virtual extended
multi-segment.

e Suppose ro and T3 are mergable hats, and suppose supp(rs),supp(rs) C
supp(r1). Then the image of r1 after being exchanged with ro and rs is
the same as the image of r1 after being exchanged with ry * r3.

e Suppose r1 and ry are mergable hats, and suppose supp(ry),supp(rs) C
supp(rs). Then the image of r3 after being exchanged with ro and ry is
the same as the image of r3 after being exchanged with ry % rs.

7. INDIVIDUAL BLOCKS

Throughout this section, we let p be an orthogonal representation of GL4(F)
and B € Block,(G). Recall that our goal is to determine the size of ¥(n(B)).
This problem falls into two cases, namely, whether the block starts at zero or not
(see Theorem 4.7). Throughout this section, we let p denote a unitary orthogonal
supercuspidal representation of GL4(F').

7.1. Constructing Virtual Extended Multi-Segments from S-data. Let
B € Block,(G). We aim to give a classification of extended multi-segments that
are equivalent to B (see Theorem 7.17). We begin by setting some notation. Let
Cmin = Min,eg B(r) and ¢pax = max,eg A(r) be the integers that supp(B) begins
and ends at. For ¢ € Z we let

me=#{r € B| A(r) = B(r) = ¢}
denote the number of rows in B with support [c, c]. We refer to m, as the multi-
plicity of c. We let the tuple

MB = (mcmin’ mcmin+17 R/ mcmax)

denote the multiplicities of all rows in B. If B is fixed, we will simple write
M = My for brevity. Note that all the numbers in M are positive odd integers
by Definition 4.4. More generally, we fix two integers Cpmin,Cmax € Z>o with
Cmax = Cmin- We say that a tuple

= ax—Cmin+1
M(cmin7 cmax) - (mcmin’ mcmin""l? MR mcmax) e ZCde Cmin

is a block-tuple if each m; is a positive odd integer. Note that if B is a block,
then My is a block-tuple.

Definition 7.1. A valid tuple S for a block-tuple M(Cmin, Cmax) 1S a tuple (Si, ..., Sk)
of subsets of {Cmin, - - -, Cmax} Satisfying the following conditions.

(1) Each S; C {¢min, - - -, Cmax} @S @ nonempty set of consecutive integers.

2)U;Si={p,....q}.
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(3) If i < j and s; € S;,s5 € S;, then s; < s; (consequently, for j # i, we
have |S; N S;| < 1).

(4) If i <j and c € §;NS;j, then j —i =1, |S;| > 2, and m, > 1.

(5) If i > 2, |S;| > 2, and ¢ = minS; has m. > 1, then ¢ € S;_;.

Fix a block B € Block,(G,,) and let M = Mp. To any valid tuple S for M, we
associate a virtual extended multi-segment £(M,S,n) in the following manner.

Definition 7.2. Let M = (me, .., Me,it1s - - - s Memae) € @ block-tuple. Given a
sign n € {£1} and a valid tuple S = (S,...,Sk) for M, we define a virtual
extended multi-segment E(M,S,n) consisting of the following rows.

(1) For each S;, we include a row of circles (i.e. a row with | = 0) with
support
[max S;, min §;J.
We refer to these rows as chains.
(2) For each ¢ € {cumin, - - - Cmax ), we add m. — |{i | ¢ € §;}| copies of a row
of circles with support
¢ ]
We refer to these rows as multiples.

The rows are ordered in a (P’) ordering such that if A(r) < A(r') then r < r'.
In the case where r and v’ both have supp(r) = supp(r') = [c,c| but r is a chain
and 1’ is a multiple, we choose the order so that r < r'.

The signs n are chosen so that the following conditions hold.

(1) 77(5(/\475777)) =1.

(2) If r; and 141 are consecutive rows and neither is a multiple, then r; and
rit1) satisfy the alternating sign condition (see Definition 6.3).

(3) If r; and r;y1 are consecutive rows and riy1 is a multiple, then r; and r;41)
fail the alternating sign condition.

(4) If r; and r;11 are consecutive rows and only r; is a multiple, then r; and
riv1 satisfy the alternating sign condition if and only if B(riy1) > B(r;).

Remark 7.3. Note that the number of multiples m. — |{S; | ¢ € S;}| is chosen
such that the number of circles in column c is always equal to m..

We introduce some terminology related to the study of the virtual extended
multi-segments £(M, S, n).

Definition 7.4. If two chains r and 1’ are associated to S; and S; 1 such that
S;NS; # 0, then we say that v’ is a z-chain. An example is given in Figure 1.

Definition 7.5. We say that two chains r1 and ro are consecutive chains if they
are associated (in the sense of Case (1) of Definition 7.2) with consecutive sets
S’i and S/L'+1.

Definition 7.6. Let r; and ry be consecutive chains. If r3 is a multiple such that
ry < rg < ro, then we say that r3 belongs to ;.

Remark 7.7. It follows from the sign condition in Definition 7.2 that all multi-
ples belonging to some chain r have the same sign n(r) - (—1)¢~1,
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ONORONL

© ©

FicURE 1. The S data for the above multi-segment is
({0,1},{1,2,3}). Since S; NS,y = {1}, the chain with support [3, 1]
is a z-chain.

Remark 7.8. Suppose € = E(M,S,n) as in Definition 7.2. Suppose the circles
of € are read out in order, row by row, then the symbols & or & always appear
an odd number of times consecutively. For example, in Figure 1, there is one &,
then three ©s, then one &, and then one ©.

It turns out that for blocks B starting at zero (i.e., ¢pmin = 0), we will need
to specify more data to describe all the extended multi-segments equivalent to
B. In particular, some extended multi-segments equivalent to B have rows that
are hats, but the construction in Definition 7.2 only produces extended multi-
segments with rows having [ = 0. We therefore make the following modification
to the construction £(M,S,n) by defining a new parameter 7.

Definition 7.9. Suppose B starts at zero and let M := Mg be the corresponding
block-tuple. Let S = (S1,...,Sk) be a valid tuple for M. Then we say a partition
(T2, T, ... T of each S; is valid if

(1) each 7? 18 a nonempty set of consecutive integers;

(2)ifj<j andt; € T7, ty € T7, thent; < t;
A valid tuple (M, S,T) is one such that S and T are both valid.
Remark 7.10. As a means of shorthand, we will represent the subsets 7? C S, by
overlining each T; for j > 0. As an example, suppose S; = {2,3,4,5,6,7,8,9},
and T2 ={2,3,4}, T.* = {5,6}, T2 = {7}, 7. = {8,9}. As shorthand, we write

S = {2,3,4.5.6,7,5.9).

Definition 7.11. Let M = (me,, .-, Me,,..) be a block-tuple with c¢pym = 0.

Given valid (M,S,T) along with a sign n € {£1}, we associate an extended
multi-segment E(M,S,T,n) as follows.

(1) For each T; with j > 1, we include a hat with support
[max 77, — min 7/].

(2) For each TP C S;, we include a row of circles with support
[max 7;°, min 7,°].

(3) For each ¢ € {0,..., Cnaz}, we add m. — |{i | ¢ € §;}| copies of a row of
circles with support
[¢, c]
for some n; € {£1}.
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The order of the rows and the signs of each row follow exactly the same rules as
in Definition 7.2.

As before, we call rows falling into case (2) chains and rows falling into case
(3) multiples. We also have exactly the same notions of z-chains (Definition 7.4)
and a multiple belonging to a chain (Definition 7.6) as before.

Definition 7.12. We say that € is of type Y if it is of the form E(M,S,T,n)
for valid (M, S,T) or EM,S,n) for valid (M,S).

Definition 7.13. If £ is of type Y, then we refer to the associated S (or S and
T, if applicable) as the S-data of &.

Since the construction above is quite elaborate, we provide an example of a
type Y, virtual extended multi-segment.

Example 7.14. Letn =9, M = (1,1,3,1,1,3,1,3,1), and S = {51, S2, S3, S4, S5},
where

S ={0,1,2}
Sy ={2,3,4}
S = {5}
S1=15,6,7}
S = {8,9}.

Then the associated multi-segment E(M,S,T) with n(€) =1 is:

-4 -3 -2 -1 0 1 2 3 4 5 6 7 8 9
U N U A > - > P
<4 © & b
S)
S)
o @
S
S
© & ©
© ©
©
o

Here, the row with support [2,2] is a multiple belonging to the chain with sup-
port [0,0] and the multiples with support [8,8] belong to the chain with support
8,9]. Meanwhile, the first row with support [5,5] is a chain, and the second such
row is a multiple belonging to it.

Example 7.15. Suppose B is a block. Then B is of type Y, where S; = {i}
(and T? = {i}, if B starts at zero).

One important property of extended multi-segments of type Y is the following
lemma.

Lemma 7.16. If £ is of type Y, then n(€) = n(dual(E)).
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Proof. Let r be the last row of £. Then Lemma 6.5 implies that
n(dual(€)) = n(F) = (=1)°O=On(r),

where 7 is the image of r under dual. Note that Remark 7.8 holds for all multi-
segments of type Y, even those where M starts after zero. Therefore, listing
the symbols & and © in order produces streaks of odd multiplicity. Therefore,
an even number of circles can be removed from £ so that each of these streaks
has one circle; i.e., so that £ is alternating. Doing this does not change the sign
(—1)CE=Cp(r). Therefore, the result follows from Lemma, 6.6. O

This definition of type Y has been set up with the intention of proving the
following theorem.

Theorem 7.17. Let B € VRep,(Gy) be a block with multiplicities M := M.
Then, the set W(m(B)) is precisely the set of s where & € VRep,(Gy) is of type
Y with n(€) = n(B).

We will prove this theorem in Section 7.4.

7.2. Type Xj. In this section, we define a special case of type Y, which we
call type X;. We will use this simple case to prove the existence of four basic
combinations of operators on multi-segments virtual extended multi-segments &
of type Xy, all of which preserve such a type.

Definition 7.18. We say that a virtual extended multi-segment € is of type X
if £ is of type Yy for a block-tuple M = (mg,...,mg) = (1,...,1).

Here, we note a few properties about extended multi-segments of type X;.

Lemma 7.19. Let £ be of type Xy. Then,

(1) & is alternating,

(2) C(€)=k+1, and

(3) dual(€) is also of type Xj.
Proof. Suppose that £ = £(M,S,T,n). Since all the multiplicities of £ are 1, £
has no multiples. Therefore, Part (1) of the lemma follows from the sign condition
of Definition 7.2.

Since all the multiplicities of £ are 1, by Condition (4) of Definition 7.1, none
of the S; overlap. Each S; contributes rows with a total of |S;| circles, so

14

Us

=1

J4
C(S)ZZISzlz :|{0’17"'vk}|7

which proves Part (2) of the lemma.

For Part (3), we first show dual(€) has the supports of an extended multi-
segment of type Xj. The dual of a hat with support [max 7?, — min ’77] is a
row of circles with support [max 7? , min ’7? |. The dual of a row of circles with
support [max 7;°, min 7,°] is a hat with support [max 7,°, — min 7.°], except when
min 7,° = 0, in which case it is still a row of circles. So the supports of dual(€)
are the same as the supports of £(M,S’,T",n), where &’ and T is created by
the following procedure. The elements of S’ are
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e for all ¢ and for all 0 < j < ¢;, the set 7? , with the corresponding partition
consisting of just the set 7? ,

e for all 7 with ¢; > 0, the union of 7;&' and every 7;0 such that ¢, = 0
for all © < k£ < j, with the corresponding partition consisting of the sets
T, T4, ..., in that order, or

e 70, with the corresponding partition consisting of just the set 7.

It is clear that the union of all of these sets is the same as the union of the

S;, and that they do not overlap. We simply order them such that condition

(3) of Definition 7.1 is satisfied. Conditions (4) and (5) are not applicable. We

simply order the partitions such that condition (2) of Definition 7.9 is satisfied,

and condition (3) is not applicable. So this is indeed valid. Moreover, we see

that, except for T, every 77 with 7 > 0, corresponding to a hat, is some T’g,/

for j/ = 0, corresponding to a row of circles, and similarly every 7? with j = 0,

corresponding to a row of circles, is some 7"3,/ for 5/ > 0. So E(M,S',T",n) does

indeed have the correct supports.

Next we check that £(M,S’, T, n) has the same order as dual(£). Note that
applying dual to £ replaces each row with its dual and reverses their order. So if
€ isin (P’) order then so is dual(£). Moreover, since the S; do not overlap, each
of the rows of £ starts in a distinct column, and the same is true for dual(€).
So the (P’) condition is enough to specify the order exactly. But E(M,S’, T',n)
also satisfies (P’), so they have the same order.

Finally, we check the signs. By Lemma 6.6, dual(£) is alternating, and
n(dual(€)) = n. Since E(M,S’,T",n) is also alternating and has sign 7, the
signs match up, so we are done. O

We provide an example of the proof of Part (3) of Lemma 7.19.
Example 7.20. Let £ correspond to the S-data

{0,1,2,3},{4,5},{6}.{7,8}.

Applying the dual operator gives an extended multi-segment with S-data
{0}, {1},{2,3,4,5,6, 7}, {8}.

We aim to prove the following result as a precursor to the more general The-
orem 7.17.

Theorem 7.21. Suppose that & € VRep,(G) is tempered of type Xy with sign
n(E). Then, the set W(n(E)) is precisely the set of Yx where F € VRep,(G) is
of type X, with n(F) =n(E).

We will prove this theorem at the end of this subsection. In order to prove
this theorem, we will completely classify all raising operators that are possible
on virtual extended multi-segments of type X;. First, we prove the existence of
two very important operations for virtual extended multi-segments of type Xj.

Lemma 7.22. Suppose that € is of type Xy and that h = ([A,—B]|, B,n) is a
hat in € with C(h) > c. Then there exists a series of operations on & resulting
in a new virtual extended multi-segment E' satisfying the following conditions:

e &' has a hat of the form h' = ([A —¢,—B], B,n),
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e & has a row of ¢ circles with support [A, A — ¢+ 1],

o the other segments of £ are precisely the same as the segments of E—{h},
except with possibly different signs,

e (&) =n(&), and

o &' is of type Xy.

Proof. We first prove the statement in the case where A = k. The operation
whose existence we shall establish consists of the following combination:

(1) Row exchange h until it is the last row £.
(2) Perform a ui~! of type 3’ to separate ¢ circles from the bottom row.
(3) Row exchange the second to last row all the way to the top.

In light of Corollary 6.17 and Lemma 3.19(3), we know that these row ex-
changes commute with merging hats and ui’s of type 3’. Therefore, to determine
the image of h under the row exchanges, we may assume that £ is completely
unmerged: i.e., each row r € £ has C(r) = 1.

Thus, the row h is followed by k+1—C(h) rows r1,. .., "k11-c(n), all satisfying
the alternating sign condition. It is clear by analyzing S-data that & — {h}
is of type Xj_c(n); therefore, supp(h) contains the supports of all other rows.
Therefore, according to Lemma 6.9, exchanging h down to the bottom gives us
a row h' such that

I(W)=1(h)—(k+1—C(h)=B—k—1+(k—-B+1) =0,

n(h) = (=1)*17Oy(n).

Therefore, h' is a row of circles. Because ¢ < C(h) = k — B 4 1, we have that
B < k — ¢, which means that it is possible to use a wi~! to separate off the last
c circles into a new row. We denote the two resulting rows by hq, hs.

Lemma 6.9 says that the images ] < --- < T’;C_H_C(h) are alternating but
(T;C%»lfc(h)’ ') fails the alternating sign condition, This means that (r;€+170(h)a hy)
also fails the alternating sign condition. Again, supp(hy) = [k—c, B] still contains
the supports of all the rows r.. Therefore, Lemma 6.10 tells us that exchanging
hy to the top of the multi-segment gives us new rows b} < rf < --- < Tg+1fc(h)
satisfying the alternating sign condition. In particular:

I(W)) = n(hy) + k+1—C(h) =0+1(h) = B,

n(hy) = (=1 1=CWn(hy)
= (—1)FF1I=Chp ()
= (—1)FHI=Ch) (1 )RH1=Clh)p )
= n(h).
These equations tell us that the resulting row h} is a hat of the form ([A —

¢, —B], B,n). In particular, if we call the resulting extended multi-segment &',
then (&) = n(€’). Finally, we need to check that the pair (r),; ). ho) satisfies

—_
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the alternating sign condition:

n(ha) = (=1)"*n(hy)
(—1)C®Fe(_1)b+1=Clh)y (1)
= (—1)F+1Hepn(p)

Meanwhile:
N(ris1—cm) = (—1) M= (=) Dn(r1—cm)
= (=1)n(rrr1-cm))-
But since the original rows h < ry < -+ < 7p11_¢@n) were alternating, we
obtain

(=1 n(riri-om) = (1) (=)W (=1)Wn(h) = —n(hs),
and since C(rp41-c(n)) = 1, this suffices to show that the pair is alternating.
Now, it is clear that & — {h), ho} has the same segments as € — {h} except,
possibly, for the signs. Since it is alternating, we see that & — {h/, ho} is of type
Xi—cn)- We conclude that £’ is itself X.

Now, we progress to the more general case where k > A. Since & is of type Xy,
there exists a sub-virtual extended multi-segment €4 of type X4, of which A is
the first row. As we have seen, performing the aforementioned operations on €4
gives a segment &', that has the same sign and is of type X 4. Just as £ is built
from €4 by including alternating merged hats and rows of circles, £’ is likewise
built the same way from &’;. Thus, to show that £’ is of type X, it suffices to
show that it is alternating.

In particular, it suffices to show that A} and the row that comes before it satisfy
the alternating sign condition, and that ho and any row following it satisfies the
alternating sign condition. The first of these follows from the fact that h and
h have the same sign. For the second of these, we note that C(£4) = C(&))).
Because & satisfies the alternating sign condition, the row following the block &’
should have sign 7(€4)(—1)¢€4). This is equal to n(&)(—1)¢€4) so it has the
correct sign in & as well. Thus, £ is Xj. That n(E’) = n(€) is clear, since any
rows before h are unaffected. 0

Next, we show that it is sometimes possible to perform exactly one dual o ui o
dual on certain virtual extended multi-segments of type Xj.

Lemma 7.23. Suppose € is of type Xy and h = ([k,—B], B,n) is the first row.
Then it is possible to perform exactly one dual o ui o dual involving the row h.
This operation preserves the property of being type X and the sign n(E).

Proof. The image of h in dual(€) is a row of circles h = ([k, B],0,7’). Since
E — {h} is of type Xy_c(n), none of the other rows of dual(£) have supports

intersecting [k, B]. Therefore, the only possible wi in dual(€) involving % is one
of type 3’. Therefore, a ui must involve the image of the unique row r € £ with
support ending at A(r) = B — 1. The existence of a row ending at B — 1 is
guaranteed because € \ {h} is of type Xy_cn) = Xp_1.

There are two possible cases. The first case is that the row r € &£ ending
at B — 1 is the hat directly after h, in which case the unique dual o ui o dual
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involving h is the operator merging the hats. The second case is that the row
r € £ ending at B — 1 is a row of circles on the bottom of £. In dual(E), the
image 7 is the first hat, and its support still ends at B — 1. The assertion that it
is possible to perform a ui between 7 and his equivalent to the assertion that the
wi~! operation in Lemma 7.22 can be undone. The fact that such an operation
preserves the sign and the property of being of type X}, follows from Lemmas 6.5
and 7.22. U

In the more general case where h = ([A, —B|, B, n) is not the first row of £, we
still have some sub-multi-segment £4 of type X4, with h as the first hat. This
means that it is always possible to perform a dual o ui o dual on any hat, though
this operation may not be unique. To keep the uniqueness property, we restate
the result as such:

Lemma 7.24. Suppose € is of type Xy and h = ([A, B],—B,n) € £ is any hat.
Then there exists a unique way to apply dual o wi o dual to a pair of rows (h,r)

where A(r) < A.

Again, this operation will fall into one of two cases: (1) r is a hat and the
operation is merging, and (2) r is a row of circles. For the sake of brevity, we will
refer to the latter operation as dualizing the hat h to r. Note that a hat with
support [A, B] can only be dualized to a row of circles r whose support ends at
—-B—1.

The previous two operations are two of four possible raising operators that can
be performed for virtual extended multi-segments £ of type X;. Here are the
four possible raising operators.

Definition 7.25.

Separation of a row of circles via wi™! of type 3’ which we denote by S,
Merging consecutive hats which we denote by M,

wi~' a la Corollary 7.22 (again of type 3°) which we denote by U, and
Dualizing a hat h which we denote by D.

Note that operators S and M are in a sense inverse-dual to each other; specif-
ically, M can be obtained by dualizing £ and performing the inverse of S. These
operations are different from the other two in that they involve the interaction
of consecutive rows. U and D are similarly inverse-duals, and both of them in-
volve non-consecutive interactions: applying U or D to a hat near the top of &£
results in the appearance of circles near the bottom of £. These operations are
summarized in the following table.

Consecutive | Non-Consecutive
ui~t S U
dual o ui o dual M D

In fact, these operators S, M,U and D completely classify equivalence for
virtual extended multi-segments of type Xj.

Lemma 7.26. Let £ be of type Xi. Then the only raising or lowering operators
that can be applied to € are those of the forms S, M,U, D and their inverses.
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Proof. All raising operators are of the form either dual o ui o dual or ui~t. We
have already seen from Lemma 7.24 that the only possible dual o uioduals are M
or D. Applying ui~! of type 3’ to a row of circles is necessarily an S operation.
Applying ui~! of type 3’ to a hat involves conducting row exchanges until that
hat is a row of circles, which is necessarily a U operation (recall that a ui~! not
of type 3" must be of the form dual o ui o dual by Lemma 3.13). Meanwhile, if T’
is a lowering operator on &, then dual o T o dual is a raising operator on dual(E)
and must therefore be one of S, M, U, D. Since these operations come in inverse
dual pairs, T must be one of their inverses. O

Corollary 7.27. If £ ~ & and & is of type Xy, then &£ is also of type Xj.
Furthermore, n(€) = n(&’).

Proof. 1t suffices to check that the operations S, M, U, D, and their inverses all
preserve the property of being of type X, and also preserve the sign. For S and
M, and their inverses, this fact is obvious. For U and D, it follows from Lemmas
7.22 and 7.24 respectively. For the inverses of U and D, it follows from the fact
that U and D are inverse-duals of each other, combined with Lemmas 7.16 and
7.19. O

Now, we are finally ready to prove the classification formulated in Theorem
7.21.

Proof of Theorem 7.21. Suppose that £ € VRep,(G) is tempered of type X; with
sign 7)(€). By Lemma 7.27 implies that all £ € VRep ,(G) which are equivalent to
€ are also X, with the same sign. Conversely, if £ is of type X, applying D, for
each hat of £ gives an equivalent virtual extended multi-segment made up only
of circles. Finally, applying S successively leaves a tempered segment with the
same multiplicities as £. Sign preservation guarantees that this multi-segment is
exactly &£. U

Going forward, we introduce more elaborate notation for the operators above
to make the ensuing proofs more precise.

Definition 7.28.

o Let S, . be the operator separating out c circles from a row .

o Let Uy be the ui™' operator that removes ¢ circles from the hat h.
o Let My, , be the operator merging the hats hy, hs.

e Let Dy, be the operator that dualizes the hat h to the row r.

7.3. Operations for type Y, . For the duration of this section, let £ be of
type Y for some block-tuple M of odd-integers. The goal of this section is to
describe and classify the row operations that can be implemented on £. These
are analogous to the operations S, M, U, and D seen for type X, but they are
generally more complicated. Furthermore, these operators may be understood
nicely through their effect on the S-data of £. Note in advance that the discussion
of the S operator will apply to all multi-segments of type Y, while the other
operators only concern virtual extended multi-segments starting at zero.

First, we consider the operation S. For multi-segments of type X, applying
operations ui~' to rows of circles is simple: all operations S, . are possible, and
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no row exchanges are necessary. However, this is not always the case with general
multi-segments of type Y.

0 2 3
D D

OB D O

S

FIGURE 2. An extended multi-segment where not all ui~! are ad-
missible without row exchanges.

Let r be the row (]2, 0],0,1) in Figure 2. It is not possible to apply S, ; because
then the resulting multi-segment would not be in admissible order. However, we
can still perform this operation if we first exchange » down four rows until it is
below the multiples ([1,1],0,1), then separate one circles, and finally exchange
the row back up to its original position. If we did this, we would end up with
the following multisegment

0
S2)

We note that the resulting segment is odd-alternating. In fact, the ui~' that
produced this multi-segment can be understood through its effect on the S-data
of the original multi-segment:

Meanwhile the multiplicities M = (1,5,1, 1) are preserved through these opera-

tions. Such an operation can be conducted more generally, and we prove this in
the following lemma.

Lemma 7.29 (Existence of S). Suppose & is of type Y, 7 = ([A, B],0,n) is a
chain in €, and k < C(r) is an integer. Then there exists a series of operations
preserving the type Yy, that splits S; = {B, ..., A,...} into two sets

S ={B,...,A—c}and S} ={A—c+1,...,A, ...}

Proof. We will conduct the following series of operations.

e Exchange r downwards past all rows whose supports begin at A — ¢ or
earlier. The resulting row 7’ will be equal to r.

o Apply S,

e Exchange the remaining circles back up to the original position of r.
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We assert that the only rows whose supports begin at A — ¢ or earlier are
multiples. This is equivalent to the assertion that there are no chains beginning
at B — c or earlier, which must be true because two chains can only overlap for at
most one circle. Now, all of these multiplies must belong to the chain r, and since
they do not overlap with any other chains, there must be evenly many of each
of them. Therefore, by Lemma 6.11, the row r stays the same after exchanging
with these rows. Meanwhile, each multiple’s sign is multiplied by (—1)¢™~1,

Now, the rows after r are precisely the rows whose supports begin at least at
A — c+ 1, so we can separate 1 into two rows:

r=([A=d,0.m), 1y = ([4,A—c+1],0,9°).

Then exchanging r; up with all the multiplicities once again preserves r; by
Lemma 6.11, while all the multiplicities have their signs multiplied by (—1)¢) =
(=1)™=1=¢ Tt is clear that the resulting multi-segment has the same S-data
as &, except that S; = {B,..., A, ...} has been split into {B,..., A — ¢} and
{B—c+1,...,A,...}. It remains to be checked that the multi-segment is odd-
alternating.

In &, all the multiplicities belonged to r and therefore had sign n(—1)
These row exchanges have changed their sign by (—1)%, so the new sign is
n(—1)¢M=e=1 = 5(—1)¢CU=1 This obeys the odd-alternating condition. Be-
fore r; was exchanged up, the pair (ry,75) obeyed the alternating sign condition,
so 1o must alternate with the multiplicity right before it after the row exchange:
since there are an even number of multiplicities, this is alternating. Finally, the
multiplicities belonging to ry are precisely those that belonged to r but do not
now belong to r;. These still have sign

A=D1 (1) ) (—1) 00
so they obey the alternating sign condition. O

C(r)fl‘

We continue to refer to the operation described in Lemma 7.29 as S, ..

Remark 7.30. There is a possible problem that could occur with our notation.
Suppose we apply Sy to a chain r = ([A, B],0,n) such that A— B =k and r is
a z-chain. Then separating k circles leaves behind a one circle row ([B, B],0,1n)
associated to S}. However, the conditions for being of type Yo require that |S}| >
2. That is, we would like to count it as a multiple rather than a chain. To fix
this notational problem, instead of saying that we have separated S; into two sets
St ={B} S} ={B+1,---, A}, we instead throw out S} and replace S; with S?
solely. If A > B+ 2, the chain corresponding to {B + 1,--- , A} must be row
exchanged below the (evenly many) multiples with support [B + 1, B + 1].

To summarize, we can describe the impact of S on the S-data of £ as follows:

Remark 7.31. Let r = ([A, B],0,7n). We have two cases as follows.
o Ifc=A— DB andr is a z-chain, then applying S, . replaces:

{B,...,A,...} —{B+1,...,A,... }.
o Otherwise, applying S, . replaces:
{B,...,A, ...} —{B,....,A=c},{A—c+1,... A ...}
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Definition 7.32. We shall refer to the case where k = A— B and r is a z-chain
as S%, and the other case as S*.

We note that this S operation still commutes with row exchanges. More
precisely, the following corollary follows immediately from Parts (1) and (2) of
Lemma 3.19.

Corollary 7.33. Let R denote the operation of exchanging some row r with a
series of rows r; < i1 < - < r;. Let S be some wi~' of type S involving the
rows 1; < 141 < -+ <r;. Then RoS =SoR.

For the remaining operations M, U, and D discussed in this section, we assume
that £ = E(M,S,T,n) begins at zero. The most simple operation that can be
implemented on &£ is M, the merging of hats.

Lemma 7.34. Suppose € = E(M,S,T,n) begins at zero and has hats hy < hy
obtained from T and 77/. Then hy and he can be merged if and only if i = @’
and j =5 + 1.

PT’OOf. Suppose that hl = ([Al, —Bl], Bl, 771) and hg = ([AQ, —BQ], —BQ, T]Q) Then
we must have 7? ={By,..., A1} and 77/ = {Bsy,..., Ay}, and these sets must
be disjoint for (S, 7T) to be valid. Since hy < hs, we must have By > A,. Because
& is odd-alternating and in (P’) order, h; and hs can be merged if and only if
By = Ay 4+ 1 by Lemma 6.14.

We prove that if By = Ay + 1, then ¢ = i’ and 7 = j' + 1, as the converse
is clear. Suppose for the sake of contradiction that ¢ # ', in which case i > ¢’
since By > As. But because Ay = By — 1 € Sy and |S; N Sy| < 1, we must have
that minS; = By or A,. But since j > 1, this would imply that 7 C {4},
contradicting the condition that |T.°| > 2. Therefore, we conclude that i = 7.
The fact that j = j' + 1 follows from the fact that B; = Ay + 1. O

Remark 7.35. With this lemma in mind, we observe that the operation M has a
nice description in terms of the S data of E. If T and T; are the sets associated
with hy and hy, then merging hy * hy corresponds with replacing these sets with
T T

In other words, applying My, n, to hy = ([A,—B],B,m) and hy = ([-B +
1,0, —C,ny) gives the replacement

{..C,....B—-1,B,... A, ...} —{...C,...,.B—1,B,... A, ... }.
Next, we show that it is possible to dualize hats.

Lemma 7.36 (Existence of D). Suppose &€ = E(M,S,T,n) with M beginning
at zero and that h = ([A, —B], B,n) is a hat in €. Suppose that 1,79, ... 1) are
the rows of circles whose support contains B — 1. The following hold.

(1) The row 1y ends at B — 1, and it is possible to perform a dual o ui o dual
between h and ry, which we notate Dy, ,,. We have that Dy, (£) is also
of type Y and has the same sign.

(2) Suppose r = r; is a row of circles and k — i € 27Z. Then it is possible to
perform a dual o ui o dual between h and r, which we notate Dy, ,.

(8) If £ is the image of € under such a dualouiodual in either Part (1) or (3),
then € and E" are of type Yy for the same M. Moreover, n(€) = n(E).
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(4) &€ is equivalent to a tempered virtual extended multi-segment of type Y.

Before proving this lemma, we note that the operation D}, , as it is described
above commutes with row exchanges.

Lemma 7.37. Suppose £ = E(M,S,T,n) begins at zero. Letr € &€ be a row, and
let 71 and ry be rows such that the operation D,, ., is valid. Suppose that supp(r)
contains the supports of the rows between ry and ro inclusively. Then exchanging
r down with the rows r1 < --- < ry results in the same r' as exchanging r with
the images of these rows under D, ,,.

Proof. We prove the result by inducting on the number of hats below r;. As part
of the inductive assumption, we can assume that all hats after r; can be dualized
without affecting the image ' under row exchanges. Therefore, the rows between
r1 and ry (excluding r; but including rs) are all rows of circles. In light of Lemma
7.33, we can presume that all chains between r; and r, are completely unmerged
so that the rows from 7, to ro (not inclusive) form a tempered multi-segment.
Then, by Lemmas 6.11 and 6.12, we can presume that there are no multiples, so
that the rows r; < --- < ry consists of a multi-segment of type X for some k.
Then, these rows must alternate, so Lemma 6.9 indicates that ' depends only
on the total number of circles in these rows, which is preserved under D,, ,,. U

With the above lemma in hand, we prove Lemma 7.36.

Proof of Lemma 7.56. We first verify that r;, ends at B—1. Assume otherwise for
the sake of contradiction. Then r, must have support containing B, so B € T.°
for some 7. This is impossible because B is in the hat h, so B € 7;? " for some
j > 1. Then we must have that |S; N Sy| > 2, which is a contradiction.

We prove Parts (1) and (4) together within the same inductive argument. In
Part (1), we are asserting that it is possible to conduct the following series of
operations:

e Dualize &, in which 7, will be a hat and h a row of C(h) circles.
e Exchange down 7/ in dual(€) until its image 7" is the row right before h.

e Perform a ui of type 3’ between dual(r,)" and h.

e Row exchange the resulting row until it is in the original position of 7
the first row again.

e Dualize the resulting extended multi-segment.

Firstly, it is clear that none of the rows except for those between h and r; are
relevant to the existence of these operations, so it suffices to prove the lemma in
the case where h is the first row of £ and 7 is the last. We will induct on the
number of hats after h, so as an inductive step we may suppose that all the hats
after h have already been dualized. We reduce to the case where these hats are
dualized by Lemma 7.37. By Corollary 7.33, we can also reduce to the case where
all chains that come before r, have exactly one circle. Thus, we have supposed
inductively that £ \ {h, 7y} is a tempered virtual extended multi-segment. Now,
we separately consider each of the two following cases.

The first case is that mp_; > 3, in which case r; is a multiple of the form
([B—=1,B —1],0,7"). Then & \ {h} is tempered as well since all its rows have
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exactly one circle. So we have

e\ tny = U U0, (-1n(e),
This means that .
dual (& \{h} = U U Nk

However, in light of Lemma 6.11, it is clear that exchanging a row with
U, =), 4,7)
j=1

is equivalent to exchanging it with

m} mod 2

U =il in).
j=1
Therefore, proving this result for £ is equivalent to proving it for an extended
multi-segment where all multiples have been removed. We then presume
B-1
i=1
which is precisely the case where & is of type Xy, so Part (1) follows from Lemma
7.24. If € — {h} is tempered, then employing this dual o ui o dual to combine h
and 7 into a single row 1’ and then using successive operations S,,;wl shows that
£ itself is equivalent to a tempered multi-segment which proves Part (4) in this
case.
The second case is that mp_1 = 1, in which case r, = ([C, B],0,7’) is a chain.
Depending on whether 7, overlaps with another chain at C, we have that

e\ {hrd = (0,0, (< 1)n(E)),

i=1j=1
where
m; — 2 if ¢ = C and r, overlaps with another chain,
m; =< m; —1 if i = C and rj does not overlap with another chain,

m; otherwise.

Again, when row exchanging 7 with the other rows of dual(£), the multiplicities
will not impact the image 7" due to Lemma 6.11. Therefore, we can presume
that each m; is equal to 0 or 1, and we have reduced to the case where &£ is of
type Xj. Again, this suffices for Part (1). Dualizing h and applying S suffices to
show Part (4).

We note that Part (2) can be reduced to Part (1) by similarly only considering
rows between h and r;. Since r; and r, have the same parity, such a multi-segment
is still of type Y and the proof still holds.
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Similarly, it suffices to prove Part (3) for the case where i = k. The fact
that the sign n(€) is preserved under the dual o ui o dual operation is inherited
from the fact that the sign is preserved when & is of type Xj. This is because
the presence of multiplicities does not cause a cumulative change in sign under
row operations. To show that type Y, is preserved, we note that none of the
multiplicities are affected under the operation; it suffices to show that the odd-
alternating condition is preserved.

We note that exchanging 7 down until it is the row before dual(h) changes the
signs of all the intermediary rows by (—1)¢~1 and exchanging the merged row
back up changes all the signs by (—1)¢"+¢M~1 (Lemmas 6.9 and 6.10). There-
fore, all the intermediate rows have a net sign change of (—1)°®. Consecutive
intermediate rows all satisfy the same sign conditions as before. Meanwhile, it
follows from the proof of Lemma 7.24 that the signs of the first and last circles
of the block of rows h < --- < r stays the same under the D, operation. Then
r’ must satisfy the sign condition with the row after it prescribed by Definition
7.2. Meanwhile, the sign of the row before 7 is changed by (—1)¢"™~1 as is the
last circle of 7, so 7 must also satisfy the proper sign condition with the row
before it. O

The above lemma is enough to deduce the following result.

Corollary 7.38. Any two Y multi-segments with the same n are equivalent up
to the operators S, D, and their inverses.

Proof. First, we suppose M starts at zero. Part (4) of the Lemma 7.36 implies
that all Y, multi-segments with the same M and 7 are equivalent to a tempered
multi-segment of type Y. Part (1) guarantees that this tempered multi-segment
always has the same M and 7.

If M starts after zero, then any type Y, multi-segment has no hats and can
be separated via the S operation into a tempered multi-segment. By Lemma
7.29, this multi-segment still must have the same M and 7. U

By reducing to the case where £ is of type X}, we have shown that the operation
D has the same structural properties as it did for type X;. That is to say, if
E" = Dy, (€) and 1’ is the resulting row, then:

e £\ {h,r} and &\ {r'} have the same rows up to a change in sign.
e If r is a row of circles with support [A, B], then ' is a row of circles with
support [A+ C(h), B].

Remark 7.39. Lemma 7.36 and the above description concern only the case
where r = r;, when v and k have the same parity. One may wonder what would
happen if we dualize h to some multiple r; where i and k have different parity.
Indeed, it is possible to do this, and Lemma 3.19 implies that if r; = r;, then
Dy, and Dy, are equivalent up to row exchanges, We illustrate this idea in the
following figure.

Indeed, dualizing a hat h to a multiple r; with different parity from k will
always produce a row with | > 1. To see this, suppose r1 = ([B, B],0,n) and
ry = ([A4, B],0,n) are two consecutive rows with the same sign. The formulae
indicate that v stays the same under a row exchange except that its sign s
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changed by (—1)°02) | whereas I(ry) is increased by 1. This is the case regardless
of the order of r1 and rs.

Since it does not matter which multiple a hat is dualized to, the convention will
always be dualize to the last multiple, ry.

The next lemma uses the observation that dualizing to each of the multiples
produces the same multi-segment up to row exchanges in order to determine how
many ways there are to dualize a given hat.

Lemma 7.40. Let h = ([A,—B], B,n) be a hat in € =E(M,S,T,n').

(1) If mp_1 = 1, then there is a unique dual o ui o dual involving h and rows
lower than h.

(2) If mp_1 >3 and T = {B—1} C &, for some i, then there is exactly one
dual o ui o dual, unique up to row exchange, involving h and rows lower
than h.

(3) Otherwise, there are exactly two dual o wi o duals involving h and rows
lower than h, up to row exchanges.

Proof. For Part (1), if mp_; = 1, then there is exactly one row r with support
ending at B — 1. If r is a hat, it must be the row right after h, so the unique
dual o wi o dual is My,,. If r is a row of circles, then the operation is Dy, by
Lemma 7.36.

For Part (2), if mg_1 > 3, then there are mp_; rows with support ending at
B — 1. Since there exists some 7, = {B — 1}, none of these rows can be a hat.
Instead, one of them is a chain with support [B — 1, B — 1], and the others are
all multiples. Therefore, all these mp_; rows are consecutive and equal to each
other. By Lemma 7.36, h can be dualized to each of them, but per Remark 7.39
all of these are equivalent up to row exchange.

For Part (3), if mp_; > 3 and there does not exist any 7, = {B — 1}, then B
is contained in some §; = {...,B—2,B—1,B,..., A,...}. Since two elements
of § have intersection of size at most one, B —1 ¢ §; for any j # i. Now, one of
the following must be true.

e If B — 1 is contained in a hat, then this hat A’ and mp_; multiples of
support [B — 1, B — 1] are precisely the mp_; rows with support ending
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at B — 1. One dual o ui o dual is obtained by merging h * h’. The other
is gotten by dualizing h to any of the multiples. Per Remark 7.39, these
dualizations are the same up to row exchange since the multiples are all
equal to each other.

e If B —1 is not contained in a hat, then it must be contained in a chain of
length > 2, lest there be some T, = {B — 1}. Then one dual oui o dual is
gotten by dualizing h to this chain, and the other is gotten by dualizing
it to any of the multiples.

From here, it is clear that the two dual o ui o duals do not produce virtual
extended multi-segments associated with the same Arthur parameters. This can
be seen because the supports of the multi-segments are different. Indeed, the one
obtained from the second case contains a row of support [B, B — 1] and the one
obtained from the first case cannot contain such a row. 0

In summary, when mp_; > 3, a hat can sometimes be dualized in two ways:
either to a chain or to a multiple. Although these operations are quite similar,
they impact the S-data of £ very differently. Therefore, we will distinguish
between them by notating a dualization to a chain as D! and a dualization to a
multiple as D?.

Remark 7.41. These dualizations change the S-data as follows.
e Applying D}L’T to h = ([A,—B],B,m) and r = ([B —1,C],0,n,) replaces

(C.....B—1,B,..A..} —1{C,....B—1,B,...,A,...}.

e Applying D}QL,T to h = ([A,—B],B,m) and a multiple r = ([B —1,B —
1],0,19) replaces

{..,.B—-1,B,....A,...} —{...,B=1},{B—1,...,A,... },
thereby resulting in the creation of a z-chain.

Finally, we prove that the operation U can be applied to £ in the same way
structurally as if £ were of type Xj.

Lemma 7.42 (Existence of U). Suppose € = E(M,S,T,n) begins at zero and
that h = ([A,—B], B,n) is a hat in & with C(h) > ¢. Then there exists a series
of operations on £ resulting in a new extended multi-segment E' of type Y
satisfying the following

e &' has a hat of the form h' = ([A —¢,—B], B,n),

e &' has a row of k circles with support [A, A — ¢+ 1],

e the other segments of £ are precisely the same as the segments of E—{h},

except with possibly different signs, and

e (&) =n(&).

Proof. Again, we will first prove the statement in the case where h = ([k, —B], B, n),
where k£ = cpax. This consists of showing that the following combination of op-
erations is valid.
e Row exchange h until the image h' is at the bottom of the multi-segment.
h' should be a row of circles.
o Apply Sp .
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e Row exchange the remaining circles back to the top.

Due to Lemma 7.36, we know that £ \ {h} is equivalent to a tempered repre-
sentation through some series of row operations, all of which commute with row
exchange by Corollary 7.33 and Lemma 7.37. Therefore, we can presume that
E\ {h} is tempered. Furthermore, we can presume that £\ {h} has no multiples
due to Lemma 6.11. Thus, we have reduced to the type X} case, and the result
follows from Lemma 7.22.

The fact that n(&) is preserved is clear from the fact that the sign of h is
unchanged throughout the row exchanges: the sign changes from exchanging
down and exchanging up cancel each other by Lemmas 6.9 and 6.10. These
lemmas also show that the rows that h is exchanged with all have their signs
changed by (—1)¢, so they satisfy the same sign conditions that they did before;
therefore, the multi-segment is still odd alternating. That h alternates with the
row below it after the U operation if and only if it does before the row operation
is clear since C'(h) is also decreased by c.

Finally, the fact that the broken-off row of ¢ circles alternates with the row
before it can be seen in two cases. If the row before it is a chain, then the proof
is exactly the same as in the type X} case (see the proof of Lemma 7.22). If the
preceding row is a multiple with support [C, C], it has the same sign as the last
circle of the chain that it belongs to. Since C' < A — ¢ < A, it is impossible for C
to be in more than one S;, so there are evenly many such multiples. Therefore,
if we reduce to the case where the multiples are not present via Lemma 6.11,
it is clear that the row of ¢ circles alternates with the chain, so it must also
alternate with the multiple. Thus, we observe that the image of this U operation
is odd-alternating and therefore of type Y. U

Remark 7.43. As for the S-data, applying U to h = ([A, —B], B,n) replaces

(. B A. Y —{.B. A {A_cti. . A..}\

As with the other operators, the U operator commutes with row exchange.
Specifically, it follows from a combination of Parts (1) and (3) of Lemma 3.19
that the following corollary holds.

Corollary 7.44. Let R denote the operation of exchanging some row r with a
series of rows r; < 1y < --- <r;. Let T be some U operation involving the rows
ri <Tip1 <---<rj. Then RoT =T o R.

7.4. Exhaustion of Operators on Y, Segments. We now aim to prove The-
orem 7.17. Due to Corollary 7.38, we know that all type Y, multi-segments
with the same sign are equivalent. Then, it suffices to show that if £ is a virtual
extended multi-segment of type Y4, and sign 7, then any virtual extended multi-
segment equivalent to £ is also Yy, with sign 7. First we will prove that £™" is
of type Y with sign . Then we will show that all possible raising operators on
type Y virtual extended multi-segments preserve type Yy, and sign. Since all
equivalent virtual extended multi-segments can be obtained from £™™ through
raising operators, this will suffice for our proof. We begin with the following
simple technical lemma about row exchange.
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Lemma 7.45. Let hy and hy be hats with order hy < hs, and suppose C(hy) =
C(hy) = 1 and n(hy) = n(hy). Then after row exchanging hy and hy, we have
hll = hl and h/2 = hg.

Proof. Note that since C'(h;) = 1, we have that A(h;) = B(h;) mod 2. Thus,
the row exchange has € = (—1)A")=Bt)y(hn(hy) = 1, b(hy) — 21(hy) = 1, and
2(b(ha) —2l(hg)) = 2, so it falls into Case 1(a) of Definition 3.8. So l(h}) = l(ha),
n(hy) = n(hs), and
I(hy) = A(h) = B(h1) + 1 = (I(h1) + 1)
— U(l)
n(hy) = (=)A= B0 (hy) = 5(hy).

So the rows are unchanged. O

Now, we classify €™ according to S-data, breaking into cases depending on
whether M starts at zero.

Lemma 7.46. Suppose £ is of type Yy with M beginning after zero. Suppose
that the S-data is such that S contains some S; = {Cmin, - - -, Cmax }- Then € =
gmin'

Proof. We check that no lowering operators are possible on £. There are two
cases: either & = (5;) or & = ({¢min},Si). In the first case, £ consists of one
chain and multiples contained within the support of this chain. Clearly, no wui
operators involving the chain are possible. All the multiples have circles of the
same sign, so it is impossible to apply a wz of type 3’. In the second case, there
are two chains, and the second chain contains all the other rows, which each have
one circle. Again, it is evident that there are no ui operators.

Less obvious is the fact that there are no dual o ui~* o dual operators on £. To
see this, note that dual(&) consists of three different kinds of rows

e one hat h with support [¢max, —Cminls

e evenly many (possibly zero) hats below h with support [¢imin, —Cmin], OF

e numerous hats with one circle each above h corresponding to multiples
belonging to the chain with support [¢max, Cmin]-

None of these rows have [ = 0. In order to perform a ui~! of type 3’, we must
obtain a row with [ = 0 through row exchanges. However, the rows above h
cannot be exchanged with h or the rows below h since no such pair of rows has
one row’s support containing the other. By Lemma 7.45, none of the rows above
h are changed by any row exchanges with each other. Also, no row exchange
involving only rows below h changes dual(£). Thus, the only row exchanges that
could possibly give an [ = 0 are those involving h. But h can only be exchanged
with the hats below, and since each of these hats has one circle of the same
sign, by Lemma 6.11, we need only consider what happens after swapping h with
any one of these rows, as doing two row exchanges leaves h unchanged. Since
h fails the alternating sign condition with the row under it, this row exchange
increases [(h) by one and leaves the second row the same except for a possible
sign change. Thus, no row exchanges create a row of circles, so no wi~! of type
3’ is possible. O
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Lemma 7.47. Suppose & is of type Yo with S-data ({0,1,2,...,k}). Then & =
gmin_

Proof. Note that £ consists of hats ([A, —A], A,n4) for A € {1,...,k}, a single
chain ([0, 0],0,70), and multiples. We check that there are no possible lowering
operators on £.

First, we check lowering operators of type 3’; i.e., lowering operators involving
wi or wi~! of type 3’. It is clear that the only wis of type 3" are S~! and U~:
S~1 cannot be applied because all the multiples have the same sign as the single
chain, and U~! cannot be applied because there is only one chain. Meanwhile,
there are no dual o ui~! o dual operations of type 3’ possible on £ because every
row r in £ has C(r) = 1: therefore, the same is true of dual(€), so no ui~!' can
be performed.

The only lowering operator not of type 3’ is a ui. We observe that there are no
ui operators not of the type 3’, since there are no rows whose supports overlap and
do not contain each other. This can be seen because all the hats have supports
containing each other, and all other rows have supports of one circle. O

Clearly, any £ of type Y, is equivalent to a virtual extended multi-segment of
the form described in Lemma 7.46 or Lemma 7.47, since all Y, multi-segments
of the same sign are equivalent to the same tempered block via applications of
S. Therefore, given £ of type Y, E™™ is always of type Y and sign n(€).

Now, it suffices to check that all raising operators on £ preserve sign and type
Y\ form. Such raising operators must be of one of the following three forms

o ui ! of type 3,
e dual o ui o dual where the wuz is of type 3’, or
e dual o ui o dual where the wuz is not of type 3’.

For the first of these, it is clear that S and U are the only wi~! operations of type
3’. For the second, when M starts at zero, any dual o ui o dual of type 3’ must
have one of the rows it involves be a hat (lest the rows would have intersecting
duals). If the other row is also a hat, then the operation is M, and if the other
operation is a row of circles, then the operation is D. When M starts after zero,
it is clear that there are no dual o ui o dual operations of type 3’ because the rows
of dual(€) are all hats and therefore have intersecting supports because they all
contain zero.

Since the operations S, M, U, and D all preserve type Y and n, it is clear we
only need to account for dual o ui o duals not of type 3’. We will prove that such
operations preserve type Y and 7 through the following two lemmas. Lemma
7.48 will account for all such dual o ui o dual operations between two rows which
are not hats. Lemma 7.49 will account for dual o ui o dual operations (when M
starts at zero) between two rows, at least one of which is a hat.

Lemma 7.48. Suppose T is a dual o ui o dual not of type 3°. Suppose that T
involves two rows r1 < ro, neither of which are hats. Then T preserves type Y

and n(&).

Proof. Suppose supp(r1) = [A1, B1] and supp(ry) = [As, Bs]. Since 11 < rg, we
presume that B; < B,. Then, 77 and 75 have supports [A;, —B;] and [As, — Bs],
respectively. A wui not of type 3’ between these rows is possible only if —By <
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—B; < Ay < Aj. This implies that By < By < Ay < Ay, so supp(r1) 2 supp(rs).
Therefore, o must be a multiple belonging to r; and we have By = Ay < Aj.
Since Ay # Ay, ro cannot be contained in the support of any chain other than ry.
There are evenly many such multiples, and using dual o ui o dual to combine rq
with any of these multiples gives multi-segments that are equivalent up to row
exchange. Therefore, we assume that ry is the last of these multiples.

Applying such a ui to 77 and 75 replaces them with rows that have support
[A1, —As] and [Ay, —By], in that order. Applying dual gives rows with supports
[Ag, By and [A;, Ay], in that order. The resulting rows have the same order and
support as the multi-segment obtained by implementing the following change on
the S-data of £

{Bl,...,Al,...}H{Bl,...,AQ},{AQ,...,Al,...}.

The multi-segment resulting from this change in S-data is equivalent to £, which
is equivalent to T o £. Therefore, Corollary 3.4 shows that T'(£) is equal to this
multi-segment and therefore has type Yy and satisfies n(T'(€)) = n(€). O

Lemma 7.49. Suppose T is a dual o ui o dual not of type 3’. Suppose that T
involves two rows h < r, where h is a hat. Then T preserves type Yy, and n(E).

Proof. 1f h = ([A, —B],0,7), then h is a row of circles with support [A, B]. Note
that if h is associated to the set 77, then 7/ = {B,..., A}. Since all 7/ for

o~

j > 1 are disjoint, we conclude that if r is a hat, then supp(h) N supp(7) = 0,
rendering the operation T" impossible. Therefore, r has to be some row of circles
with support [C, D], which dualizes to a hat with support [C, —D]. In order to
apply T, we need to have B < C' < A. Given the intersection conditions on the
sets S;, this is only possible if r is a multiple with support [C, C]. We note that
since C' € {B,..., A}, there must be an even number of multiples equal to 7.
Since performing dual o ui o dual with each of these multiples is equivalent up to
row exchanges, we presume that r is the last row.

We claim that implementing 7" will replace h with a hat of the same sign
(|C,—B], B,n) and change r into a chain with support [A, C]. This guarantees
that n(€) is preserved. All the while, the segment will remain odd-alternating.
Given this claim, we see that T implements the following change in the S-data:

{.,B,...,A ...} —{...,B,....,.C}H {C,... A ...},
which is indeed valid. Thus, the claim implies T preserves type Y.

To prove the claim, let 7 = ([C, —C], C,n;) and h= ([A, B],0,m2). Should a
ui between these rows be possible, they would be replaced with rows of support
[A, —C] and [C, B], which would exist in the same positions as 7 and h respec-
tively in order to satisfy P’ order. Dualizing back, we obtain a multi-segment
with the same order and support as £ except:

e The row r is replaced by a row with support [A, C].
e The hat h is replaced by a row of support [C, —B].

Such an extended multi-segment has precisely the same support and order as
the multi-segment resulting from the change in S-data described in the claim.



BEYOND THE ADAMS CONJECTURE 67

These virtual extended multi-segments correspond to the same non-zero tem-
pered blocks, so Corollary 3.4 suffices to show that they are equal. U

Having seen that all possible dual o ui o duals not of case 3" preserve Y, and
n(E), we conclude Theorem 7.17.

8. Tue Count |¥(7(B))]

The goal of this section is to prove Theorem 4.7. We will do this by counting
extended multi-segments of type Y. In order to reduce to this case, we must
establish a correspondence between V(7 (B)) and extended multi-segments & of
type Y. In particular, different type Yy, multi-segments with different S-data
should be associated with different virtual extended multi-segments. This is
guaranteed by the following lemma.

Lemma 8.1. If & and & are both of type Yy and have n(&E1) = n(&s), then
V(&) = (&) if and only if & = &s.

Proof. 1t is obvious that & = & implies ¥(&) = ¥(&). Meanwhile, if (&) =
(&), then these extended multi-segments must have the same support. The
orders of their rows, furthermore, have already been prescribed and therefore
must be the same. Since £ and &, are both Y and have n(&;) = n(&,), we must
have & ~ &. Corollary 3.4 now suffices to prove the desired result. O

8.1. Blocks Starting at Zero. Motivated by Definition 3.26 and Theorem 3.31
(which is the case for p = xy ), we consider a “lift” for arbitrary p in the case £
is of type Y, with M starting at zero, as follows.

Definition 8.2. Suppose that £ € VRep,(Gy) is of type Y, with M starting at
zero, and write
g = Uf:O{([A’H Bi]ﬂ? li; 771)}
Let
&= Uf:o{([Aiv Bi]wi Li, Th)}
Recall from Theorem 7.17 that there exists a tempered virtual extended multi-
segment Eiemp which is equivalent to €. We assume further that Eiem, starts at

0.
We define

01(8) = { (emas + 1. ~cmax — 1y, » Cma + 1, —0(E)) JUE"

We remark that the added extended segment should be inserted such that it is
the first extended segment in the admissible order. Note that ©(E) € Vseg(HZ)
for some m € Z>q and some choice of sign =*.

When p = xy and € = &,,, this definition coincides with the local theta
lift of (&) to its first occurrence in the going-up tower via Definition 3.26 and
Theorems 3.29 and 3.31. We verify the ©1(€) is also an element of VRep, , (H}).

Lemma 8.3. Suppose that £ € VRep,(G,) of type Yr. Then ©1(E) € VRep,,, (H).

m

Proof. The claim follows directly from Theorem 3.21. U
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Suppose that & € VRep,(G,) is tempered of type Yy, with sign n(€). It is
apparent from the definition that ©;(€) is of type Yy with 7(©1(€)) = —n(€),
where M’ = (myg, ..., my, 1).

We will prove the following theorems, which will help us prove Theorem 4.7.

Theorem 8.4. Let £ be of type Yo where M = (mq,...,me_..—1,1). Then the
following holds.

(1) We can perform a dual o uiodual involving the first row of ©1(E) to get a
virtual extended multi-segment which we denote by ©4(E). We can further
perform an additional ui™' involving the (Cumax + 1)-st column of ©4(E) to
obtain another virtual extended multi-segment which we denote by O3(E).

(2) We have the relation

U(O1(8)) = {ve,en | €'~ Ei=1,2,3}.
Theorem 8.5. Let & be of type Yo where M = (myg, ... ,me,..) withm. . > 1.

Then the following holds.

(1) We can perform two dual o ui o duals of type 3’ involving the first row of
©1(E): one with the first row whose support ends at cyax, and one with
the last row whose support ends at cmax. We call the resulting segments
O2(&) and ©4(E), and we have Yo,y = Yo, if and only if the S-data
of & has some S; = {cmax ). We can perform an additional ui~" to both O,
and ©4 to remove a row of one circle from the row with support ending
at Cmax + 1 to obtain the same O3(E).

(2) We have the relation

U(m(01(E))) = {Ye,en | €' ~ Ei=1,2,3,4}.

We begin by proving Part (1) of Theorem 8.4 from the existence of the oper-
ators D, U, and S.

Proof of Theorem 8.4 Part (1). Suppose that £ is of type Y, with final multi-
plicity m,_.. = 1. We know that ©,(€) := h U &, where

h = ([Cmax —+ 1, —Cmax — ]-]7 Cmax T 17 _77(8))

Lemma 7.40 states that there is exactly one dual o ui o dual involving h. There
are two cases.

o First, ©3(E) = Dy, 0 ©1(E), for some chain 7. In this case, we let
@3(8) = 57/71 e} @2(5),

where 7’ is the image of r under Dy, ;.
e Second, O9(E) = My, 001(E), where h' is the first hat of £. Here, we let

@3(5) = Uh*h’,l o} @2(5) ]

The proof of Part (1) of Theorem 8.5 is similar. To complete it we will utilize
the following lemma, which considers how the two different operations D! and
D? can be related to each other.

Lemma 8.6. Suppose that £ is of type Y and has a hat h = ([A, B], —B,n).
Suppose mp_1 > 3, and let r1,ry be the first and last rows ending at B — 1.
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(1) If 1 is a hat, then
Uhsry,0(h) © Mpey = Srg,C(h) © Df2m"2'
(2) If r1 is a chain, then
Sri,C’(h) © Dllz,rl = Sré’c(h) © D’QI,TQ'
Here, v} and ), indicate the images of r1 and ro under dual owio duals with h.

Proof. For Part (1), let 1y = ([C,—B+ 1],B —1,m) and let o, = ([B — 1, B —
1],0,72). Then conducting Uhsri,c(h) © My, implements the following changes to
the S-data of £ according to Remarks 7.35 and 7.43.

(.C....B-1B, .. A..}y—1{.C...B-1,B,.. 4.}
[ C. B-1V{B, ... A.. .}

Meanwhile, applying S, ¢ © D,QM2 gives the changes according to Remarks 7.31
and 7.41:

{(.C. ... B-1B,..,A..}—{..C.. . B-1},{B-1,B,...,A,...}
—{...C. . B=14{B,.... A, ...},

where the last arrow takes place due to the exception discussed in Remark 7.30.
For Part (2), let r; = ([C, B — 1],0,7;). Then conducting Sy ¢y © D}, gives:

(C,....B-1,B,..A..} —1{C,....B—1,B,...,A,...}
s {C,....B—1},{B, ... A ...}

Meanwhile, applying S,y cn) © Dj,, gives the changes:

{C,...,.B—1,B,....,A,...} —{C,...,.B—-1},{B—-1,B,...,A,...}
—{C,...,B—=1},{B,...,A,... },
which suffices to complete the proof. O

Proof of Theorem 8.5 Part (1). By Lemma 7.40, given any ©;(€) where m,_, >
3, it is possible to perform two different dual o ui o dual’s of type 3’ involving
the hat h = ([emax + 1, —Cmax — 1], Cmax + 1, —0(&)), resulting in virtual extended
multi-segments ©5(€) and O4(E) respectively. Lemma 7.40 states that ©2(€) and
©4(€) are equivalent via row exchanges if and only if the S-data of £ contains
{cmax}-

Now, we consider two cases. If the multi-segment £ has a hat A’ with support
containing n, then the two dual ouiodual’s associated with h that produce ©(E)
and ©4(€) are Mj,  and Dfm respectively, where r is a multiple. We can produce
another virtual extended multi-segment from O4(&) by applying Up.p 1, and we
can obtain another virtual extended multi-segment from ©4(€) by applying S, 1,
where " is the image of r under D,Zw. Part (1) of Lemma 8.6 implies that both
of ui~'’s produce the same extended multi-segment which we call ©3(&).

In the case where the two operators that produce ©,(&) and ©4(€) are D' and
D2, then we can perform a ui~! of the form S to separate one circle at cypax + 1
from each. Part (2) of Lemma 8.6 guarantees that both resulting multi-segments
are the same, and again we let this be ©3(&). O
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Next we want to establish that, whenever £ is of type Y, and final multiplicity
Mepae = 1, N0 two elements of the set {6;(&) | i € {1,2,3};&" ~ &} have
the same local Arthur parameter. To do this, we must simply argue that these
extended multi-segments have different supports. In particular, we want to prove
the following.

Lemma 8.7. Let & ~ &y be of type Y, with M starting after zero. Then
supp(0;(&1)) = supp(0;(&)) = i =7,&E = &s.

Proof. Starting with the case where m._, =1, let £ be of type Y, and consider
some multi-segment ©;(&) for i € {1,2,3}. Let r € 6;(€) be the unique row
whose support contains ¢y + 1. Then we must be in one of the following cases:

o If r = ([Cmax T 1, —Cmax — 1], Gmax + 1,71) for some n € {£1}, then ¢ = 1.
o If C(r) > 1 (i.e., r is a merged hat or merged chain), then i = 2.
o If r = ([emax + 1, Cmax + 1], 0, 1), for some n € {£1}, then i = 3.

This confirms that supp(©;(&1)) = supp(©,(&)) = i = j, so it suffices to show
that the multi-segment £ can be uniquely determined from ©;(£). This is obvi-
ous in the case where i = 1 since supp(€) = supp(©1(€) \ {r}), as implied by
Definition 8.2; note that the support suffices to identify £ by Lemma 8.1. The
statement supp(E) = supp(©1(€) \ {r}) is also clearly true for i = 3. In the case
i = 2, £ can be determined because ©3(€) can be determined: the operation
from ©5(&) to O©3(€) is unique.

Meanwhile, in the case where . > 1, let £ be of type Y. Any multi-segment
0;(€) must fall into one of the following slightly different cases:

o If r = ([Cimax + 1, —Cmax), k, 1) for some n € {£1}, then i = 1.
o If C(r) > 1 and |{S; | tmax € Si}| =1, then (&) = 2.

o If C(r) > 1 and {S; | tmax € Si}| = 2, then i(€) = 4.

o If r = ([Cmax + 1, Cmax + 1],0,7), then i = 3.

Again, this shows that the support of ©;(£) determines i, except in the case
when the unique chain containing cpax + 1 has support [Cpmax + 1, Cmax). This
case could occur both for 65(€) and ©4(€), but only when the unique chain in
E containing .y has support [Cumax, Cmax]. This however, is precisely the case
where ©5(€) = 04(€). Meanwhile, £ can be determined from ©;(£) again using
the same methods as the case where m,_, > 1. This suffices for the proof. [

Now, we prove Part (2) of Theorem 8.4. Lemma 8.7 shows that the elements
{e,en | 1 =1,2,3; & ~ &} are all distinct, and so now it suffices to show
that any ¢z, where F ~ ©1(&), belongs to this set. To do this, we examine the
S-data.

Proof of Theorem 8.4 Part (2). Let F ~ ©1(&), where € is of type Y and M =
(mo, ..., me,,.). Then Theorem 7.17 and Part (1) of Theorem 8.4 imply that F
must be type Yuu, for M’ = (mq, ..., Cmax, 1). Consider the S-data of F. Since
My = Mepatl = 1, We note cpax can only belong to one set S;, and likewise
with cpax + 1.

Let & :=E&(M,S', T, n(E), where (S, T") is obtained by removing k+ 1 from
(S,T). From Theorem 7.17, we have £ ~ £. We have the following cases.
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e If both £ and k + 1 belong to the same set Sy = {...,k, k + 1}, then
clearly F = O4(&’).

e If both k and k + 1 belong to Sp = {..., k,k + 1}, then F = ©,(&’).

e If both k and k + 1 belong to Sy = {..., k,k + 1}, then F = 6,(&").

e If both k and k + 1 belong to Sp = {..., k,k + 1}, then F = O,(&).

e If &+ 1 belongs to its own set Sy = {k + 1}, then F = ©3(&’). O

The proof of Part (2) of Theorem 8.5 is quite similar, since again, in light of
Lemma 8.7, we only need to show that any F ~ ©1(&) is of the form ©;(&’) for
some i € {1,2,3,4} and & ~ &.

Proof of Theorem 8.5 Part (2). Let F ~ 01(€). Then again Theorem 7.17 and
Part (1) of Theorem 8.4 imply that F must be of type Yy, where M’ =
(Mo, - -+, Cmax, 1). Consider the S-data of F. Since my;1 = 1, k + 1 can only
belong to one set S;. However, k can belong to at most two S;, but only when
the latter set has 7. = {k,k + 1}. In such a case, we clearly have F = ©,(&’),
where £’ is defined as in the proof of Part (2) of Theorem 8.4. The cases where k
only belongs to one S; can be identified with various ©;(£’) in exactly the same
manner as the proof for Part (2) of Theorem 8.4. O

Having proved Theorems 8.4 and 8.5, we can finally prove Theorem 4.7 for
blocks B that start at zero. To do this, we need the following lemma.

Lemma 8.8. Suppose € is of type Yy, where M = (my, ..., m.... ). Let k € Z~g
and

€' = E U J([cmas: Cmax], 0,77)
i=1
be the extended multi-segment obtained by k circles of support [Cmax, Cmax] t0 E.
Here, the signn' is chosen to match the sign on the last circle of £. Then, a multi-
segment &| is equivalent to E' if and only if £ = & U Ule([cmax, Cmax), 0,7) for
& ~ &. In particular, we obtain that

[W(m (€)= [W(x(&))]

Proof. Per the proof of Theorem 7.17, we have seen that the raising operators
on & are precisely S, M, U, D, and certain dual o ui o duals not of type 3’ that
we have shown to be equivalent to some combination of S, M,U, D, and their
inverses (Lemmas 7.48 and 7.49). It is clear from the definitions of S, M, U, D,
that all of these operators and their inverses can still be performed on the £ when
considered as a sub-virtual extended multi-segment of £’. This proves the forward
direction of the desired statement. To prove the other direction, we claim that
these are the only operators that can be applied to €./

We assume otherwise for the sake of contradiction, i.e, we assume that there
exists an operator T applicable on £ which is not applicable on £. Since none of
the multiples 7; = ([Cmax, Cmax),0,7) allow the other rows of £ to interact with
each other in new ways, such an operator T" would have to involve one of these
multiples ;. We consider all possible operators. T" cannot be a dual o ui o dual
because dual(r;) has support [Cmax, —Cmax), and all other rows in dual(€") would
be contained in this support. T also cannot be a ui~! of type 3. since these rows
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Lo dual of

have only one circle. Meanwhile, T" obviously cannot be a dual o ui™
type 3’ since each of these multiples has only one circle.

The only remaining possibility is that 7" is a ui, in which case it must be one
of type 3’ since the rows r; have only one circle. T" would have to merge r; with
r, a row ending at cp.x — 1. Consider the sets S; containing cp.c — 1 or k. If
we have a set {..., Cmax — 1, Cmax }, then T' is impossible because the only rows r
ending at k — 1 are multiples, which must have the same sign as the rows with
SUpport [Cmax, Cmax)- If we have a set {... k — 1,Cnax}, then the sign of r; has
been chosen so that it can be treated as a multiple belonging to r and therefore
has the same sign as the circle at ¢ — 1, rendering 7' impossible. If we have
{Cmax — 1}, {Cmax }, then applying T" to merge r and r; is the same as applying the
operation to merge ¢pax with the chain of support [¢max, Cmax], Which is already
defined in &.

We conclude that the virtual extended multi-segments equivalent of £', up to
row exchange, are in one-to-one correspondence with the virtual extended-multi-
segments which are equivalent to £, up to row exchange. In particular, this means
that there is a one-to-one correspondence between W (7(£)) and ¥ (7 (&')). O

Now, we are ready to prove Theorem 4.7 for blocks that start at 0. We shall
restate the result here.

Theorem 8.9. Let £ be a tempered almost-block with columns 0 through cpay, > 2.
Let &, denote the extended multi-segment consisting of only the rows with supports
contained in [k,0]. Then,

’\I](g)| _ 3 ’ |\Ij(7r(gcmdx_1))| lf mCmax_l - 17
4 ' |\II(7T(gcmax_1))| - |\IJ(7T(E:Cmax—1))| lf rrn/cmax_2 Z 3

Proof. Let £ be the extended multi-segment obtained by removing all but one
of the rows in £ of support [Cmax, Cmax]- Then &’ is a block of type Yy for some
M ending at ¢ypax. From Lemma 8.8, we have |¥(7(€))| = [V(7m(E))|. Therefore,
we may assume for the sake of the proof that £ is a block with m,,, = 1. In this
case, we have £ = O3(&,,...—1) up to twisting by the appropriate supercuspidals.
If me,,.—1 =1, the fact that |V (7(&))| =3 - |V (7(Ecpar—1))| follows immediately
from Part (2) of Theorem 8.4.
Meanwhile, Part (2) of Theorem 8.5 gives us that if m,,_, 1 > 1, then

(W (m(E))] =4 - [W(m(Eepas—1))] — R,

where R is the cardinality of the set {€ | € ~ &....—1,02(E) = O4(E)}. According
to part (2) of Theorem 8.5, these are precisley the multi-segments with {k — 1}
in their S-data.

Applying Lemma 8.8 again allows us to assume each of the £ € {€ | £ ~
Emmn—1,02(E) = ©4(E)} has m,,,, 1 = 1. In that case, these are precisely the
multi-segments equal to ©3(E") for " ~ &;_5. The cardinality of this set is
precisely |V (7(E—2))|- O

8.2. Blocks not starting at zero. In this subsection, we use Theorem 7.17 to
derive Equation (4.2) in Theorem 4.7, which we restate below for convenience.
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Theorem 8.10 (count for blocks not starting at zero). Let B be a block starting
at Cpin and ending at Cpae, and suppose that ¢, > 0. Let

B :=rc.,, (B)
B :=rc.,,. 1(B).
Then

ELTC) s = 1,
BN {3w<w<8'>>| (B e 1 =35,

Proof. First we consider the case that m,,, 1 = 1. From Theorem 7.17, the
set ¥(7(B)) is in bijection with the set of valid S for the block-tuple Mp, and
analogously for the set W(w(B’)). To prove the formula, we will partition the set
of valid S for Mg into two sets, ¥; and W5, each of which is in bijection with
the set of valid &’ for Mp.. The set of valid &’ for Mg is in turn in bijection
with W(7(B’)) by Theorem 7.17, so this suffices to prove the formula.

The first set ¥y consists of the valid § = (S, ...,Sk) with Sy = {¢nae}.- In
this case, if we let

3/ = (8{, . 781;—1) = (317 ce ,Sk_l),

then we claim &’ is valid for Mp. To see this, we simply check each of the condi-
tions in Definition 7.1. Condition (1) is clear. Since Mg = (Me, . sy Mepan—1),
Condition (2) holds. Finally, Conditions (3), (4), and (5) are strictly weaker for
S’ compared to S.

Moreover, we claim that given &' = (87, ...,S;_;) valid for Mg,

S:=(S1, -, Si_1:{Cmaz})

is valid for Mp. Conditions (1), (2) of Definition 7.1 are clear. Condition (3)
holds because every element of any S/ is at most ¢, — 1, since B’ ends at
Cmaz — 1. Condition (4) is clear because we only need to check it in the case that
Jj = k, but S; does not intersect with any other S;. Finally, Condition (5) is clear
because |Si| < 2, and it holds for S'.

The second set W4y consists of all other valid S. In this case due to Condition
(3) of Definition 7.1, it must be that ¢4, € Sk. Since S € ¥y, S does not
consist solely of ¢4z, and so we have |Sg| > 2. In this case, if we let

S, = (Si, c ,S,/C) = (81, e ,Skfl,Sk \ {Cmam}),
then we claim &’ is valid for Mp . Condition (1) holds because |Si| > 2, so
S, # 0. Conditions (2) and (3) are clear, and Conditions (4) and (5) hold for

the same reason as before: they are strictly weaker for &’ than for S.
Moreover, we claim that given &' = (57, ..., ;) valid for Mg,

S=(S,...,8 1,8 U{Cmaz})

is valid for Mp. Conditions (1), (2), (3) are clear. Condition (4) is clear because
we only need to check the case of S, U {¢nas} intersecting with other S, but
since Cmaz ¢ S, it must be that S/ and S;, have nontrivial intersection, so it
follows that k —i = 1, |S;| > 2, and m, > 1, where ¢ € S/ N S,.. So certainly
|S;, U{Cmaz}| > 2 as well. For Condition (5), it suffices to check the case where
S;. does not satisfy the hypotheses of Condition (5) in &’ but S;, U {¢ynas} does
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satisfy the hypotheses. Since |S; U {¢naz}| > 2 while |S;| < 2, it must be that

'+ = {Cmaz—1}. But me,,,.—1 = 1 by assumption, so the hypotheses of Condition
(5) are not satisfied, so the condition is satisfied. This completes the bijections
for m.,,,.—1 = 1 case of Theorem 8.10.

Second we consider the case that m,., .1 > 1. We will partition the set of
valid S for My into three sets Wy, Wy, and W,. The first two sets will both be in
bijection with the set of valid &’ for M. The third set W, will be in bijection
with a subset of the set of valid &’ for My, with the complement of this subset
being in bijection with the set of valid §” for Mpg». Together with Theorem 7.17,
this proves the formula.

The three sets WUy, Wy, U3 are as follows. Let S = (Sy,. .., Sk) be valid for M.
We have that &

e lies in Uy if Sy = {¢maz}s
e lies in Vs if ¢,,,. — 1 appears in more than one S;, or
o lies in W3 if ¢4, — 1 appears in exactly one S;, say S;,, and ¢ € Siy -

Observe that these three sets partition the set of valid S. Certainly W, N W5 = ().
If S & Wy U W3, then ¢4, — 1 appears in exactly one S;, say Sy, and ¢paz ¢ Sig-
By Condition (3) of Definition 7.1, the set S;,+1 can contain only Cpe.. By
Condition (4), there can be no further sets S; with j > 4o+ 1. Hence k =i+ 1,
and we have Sy = {¢naz}, S0 S lies in the first set.

Now we construct our bijections. The bijection for ¥, is exactly the same as
before, when m,, .. 1 = 1, since we did not use this fact.

For Uy, let S be valid for Mp. If ¢,,.. — 1 appears in more than on §;, then by
Condition (3) it appears in exactly two, say S;, and S;,+1. By Condition (4), we
have [S;y41] > 1, 80 Sig+1 = {Cmaz — 1, Cmaz}- By the same reasoning as before,
there can be no further sets §; with j > ig + 1, or in other words k& = iy + 1.
Then we claim

8/:( 17...,312_1) = (81,...,Sk_1)

is valid for M. Condition (1) is clear. Condition (2) follows from the fact that
Cmaz — 1 € S),_1, and the corresponding condition holds for S. Conditions (3),
(4), (5) all follow directly from the corresponding conditions for S.

Moreover, we claim that given &' = (87, ...,S;,._;) valid for Mg, then

S - ( 17 cee 7512717 {Cmam - 17Cmam}>

is valid for M. Conditions (1), (2), (3) are clear. For Condition (4), it suffices to
check overlaps between {¢par — 1, CGrax } and some other S!. Since the condition
holds for &', the only possible such overlap is with S;,_;, with intersection {¢pq: —
1}. Then it is indeed the case that [{cynae — 1, Cnaz}| > 2 and m,,,,. 1 > 1.
Finally, for Condition (5) it again suffices to check the condition for {cu. —
1, ¢max }, which does indeed satisfy the hypotheses. We have ¢ — 1 € S;_
since &’ is valid for My and therefore satisfies Condition (2), (3).

Finally, we construct our bijection between W3 and a subset of the valid &’ =
(S1,...,8;) for Mp. The subset consists of those &’ satisfying the following

property.
(Q) If min(S;) = gz — 1, then e — 1 € S;_ ;.
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First suppose we have a valid S for My lying in V3. If ¢, — 1 appears in only
Si, and ¢y € S;y, then let

S =(S,...,8) = (S1,-,Sk-1,S \ {Cmaz})-

Again it is clear that the conditions for &’ to be valid for Mp: are strictly weaker
than the conditions for S to be valid for M. We also observe that S’ always has
property (Q), because if min(Sg \ {¢naz}) = Cmaz — 1, then since me, .1 > 1,
by Condition (5) we have ¢ — 1 € S;_;.

Moreover, suppose we have &’ valid for My satisfying property (Q). Then we
claim

S=(S],..., S, U{cmaz})

is valid for Mp. Conditions (1), (2), (3) are clear. For Condition (4), it suffices
to check the case where one of the sets is S, U {¢nax}. Since S8’ is valid, this
can only have nontrivial intersection with S;_;. If ¢ is this intersection, then
the fact that m, > 1 follows from the fact that Condition (4) holds for &'
Also, |8, U {¢maz}| > 2. Finally, for Condition (5) it suffices to check the set
S U{Cmaz - If min(S},) < ¢nae — 1, then the hypotheses of Condition (5) for this
set are equivalent to those for S; in §’. So the condition for S is also satisfied. If
min(S;,) = ¢z — 1, then Condition (5) follows from the fact that S” has property
Q)

To complete the proof, we construct a bijection between the S’ not satisfying
property (Q) and the §” valid for Mpr. Given &' = (S],...,S;) not satisfying
property (Q), we claim

S =(S,....S._1)

is valid for Mpgr. Since S’ does not satisfy property (Q), we have min(S;,) =
Cmaz — 1 and ¢ — 1 ¢ S;._ ;. Hence Condition (2) follows. Conditions (1), (3),
(4), (5) are clear from the fact that S’ is valid.

Moreover, given §” = (S7,...,S;_;) valid for Mp», we claim

8/ = ( {,7 Tt 12/717 {Cmaz - 1})

is valid for Mpg. Conditions (1), (2), (3) are clear. Note that no additional
constraints are imposed by Conditions (4) and (5) applied to &’ since {¢paz — 1}
cannot intersect any other S/, and its size is not at least 2, respectively. Finally,
observe that this map is the inverse of the previous one because S’ not satisfying
property (Q) implies that S; = {¢paz — 1} O

9. ProOF OF RESULTS INVOLVING THE THETA CORRESPONDENCE

Here, we use our previous results about tempered representations to provide
proofs for Theorem 4.8, Cases 1, 3, 4, and 6 of Conjecture 4.11, and Theorem
4.16.

9.1. Theta Correspondence for Almost-Blocks. Suppose that £ € Rep(G),)
is tempered and let 7 = 7(€). For brevity, we write m"»® = m"*(xr). We
are interested in determining V(0™ ..o (7(E)) using ¥(w). We decompose £ =
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U, &, where p; # p; for any i # j. First, we note by Theorem 3.16 that

U(n(€)) = H‘I’(W(%))'

We begin by remarking on a trivial case.

Remark 9.1. First suppose that p; # xv for anyi=1,...,p. By Theorem 3.51,
we have that up = down and m™° (1) = mi°(x) = 1 and so the distinction
between the going-up and going-down towers does not matter. From Theorem
3.29, we find that

V(0= (n(E)) = {¢n | ¥ € T(m)},
where 1 = 1, where a =1 (see Conjecture 2.7).

Suppose that some p; = Y., say p1 = xv. By Theorems 3.16 and 3.29, we have
that

(W (O (m(E)))] = [W(((Exy Jmiea)))] H V(7 (Ep));

where 7((Ey, )mup.a) is defined by Algorithm 3.28. Thus, it suffices to determine
W (7 ((Exy Jmura)))-

We proceed in two cases based on whether &£, starts at 0 or not. We begin
with the latter case. Note that, by Theorem 3.31, m"%(x) = md"e (1) = 1
in this case and so again the distinction between the going-up and going-down
towers does not matter.

Lemma 9.2. If€,, does not start at 0, then 6=, (7 (E)) is tempered. In particular,
(Exy )T is tempered and so |W(w((E,,)T))| can be computed by Theorem 4.7.

Proof. First, we note that [8, Theorem B] implies that (£, )7 € Rep(H,;). By
Algorithm 3.28 and the fact that £, does not start at 0, it follows that & is
tempered which further implies that 6=, (7(&)) is tempered. O

Hereinafter, we treat the case that £, starts at 0. By Theorem 3.31, we have
that up = —n(&,,) and up # down. Furthermore, we have that (&, )ywe =
©1(&,, ) in this setting (see Definition 8.2). Thus, it suffices to study [¥(0;(Ey,))|-

This case naturally breaks into two cases based on the block decomposition of
Exy-

Lemma 9.3. Suppose that £, consists of a single block starting at 0. Then
©1(&y,) is equivalent to an almost block and hence |V(01(&,,))| is determined
by Theorem 4.7.

Proof. This is a direct consequence of Theorem 7.17. O

In the case where &£ is a single block starting at zero, then it follows from
Theorem 7.17 that the theta lift 0 ..o (7(€)) is itself a tempered representa-
tion, since it is of type Y for some M, so the count |U (0™ ... (7(E)))| follows
immediately from Theorem 4.7.

Next we consider consider the case where &,,, = £ Ur, where £ is of type
Yum and 7 = ([Cmaxs Cmax]yy 5 0, ) for 7 equaling the sign of the last circle of &£'. It
should be noted that the proof of Lemma 7.40 holds even when the multiplicities
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m; are not odd. In fact, this argument works if we replace yy by any orthogonal
representation p of GLg(F') Therefore, we obtain the following lemma.

Lemma 9.4. Suppose &, = £ U ([Cmax; Cmax)yy:0,7) as described above. Let
01(&,) = hUE", where h = ([cmax + 1, —Cmax — Ly, + 1, —n(E)) and &"
is obtained from £ by replacing each xv by xw. Then we can perform precisely
two dual o ui o duals (up to row exchange) combining the first row of ©1(E): one
with the first row whose support ends at cnax, and one with the last row whose
support ends al cymax. We call the resulting segments O9(E) and O4(E), and we
have Yo, ) = VYou(e,,) if and only if £ has {Cmax} in its S-data.

By the same proof as for Lemma 8.7, we have that all the elements of the
set {vo,) | Ye € ¥(m),i € {1,2,4}} are distinct, except for the case where
Yo, ) = Yoye), as specified in Lemma 9.4. In order to prove Theorem 4.8, it
suffices to prove that the elements in this set are the only Arthur packets that
7(01(€)) belongs to.

Lemma 9.5. If £ is an almost block with cyax columns, then
V(02 uwa(m(E))) = {Vo,er) | Ve € ¥(m(E)),1 € {1,2,4}}.

Proof. As shorthand, let P denote the set P = {vg,¢ | e € V(7(E)),i €
{1,2,4}}. Lemma 9.4 gives us that W(0™ ..o (7(£))) C P, so we need only prove
the reverse direction. It suffices to show that P is closed under the basic op-
erators, i.e., if ¥g,ey € P, then we claim that there is no raising or lowering
operator from ©;(€’) that does not induce another element of P. To observe this,
we split into several cases.

Ifi = 1, then ©,;(&’) has the hat h = ([cmax+1, —Cmax— 1], cmax+1, —(E)) as its
first row. It is clear that any operator not involving h produces a multi-segment
in P with ¢ = 1. Meanwhile, any operator involving h must be a dual o ui o dual
and end up producing either O5(E’) or ©4(&’) by Lemma 9.4.

If i = 2 or i = 4, it is impossible to execute a ui~! to ©3(£’) analogous to the
one given in Theorem 8.5. This is because exchanging the row whose support
ends at cpax + 1 to the bottom of the extended multi-segment produces a row
with two triangles rather than a row of circles, due to the extra multiple with
Support [Cmax, Cmax), as discussed in Remark 7.39.

To see that any operator not yet considered is closed under P, consider the
extended multi-segment &' Ur, where r is an extra multiple of support [¢pax, Cmax|
(with n(r) chosen so that £ U r is nonvanishing). This multi-segment must be
of the form ©;(&"), where i € {2,4} and £” is of type Yy for M ending at
Cmax With odd multiplicities. Any operator on the sub-virtual extended multi-
segment & C 0;(€"”) must induce an operator on ©;(E”). This is because the
only operator that could interact with the added row 7 is a ui~! separating one
circle of support [cpax + 1, cmax + 1], and we have seen that this operator does
not exist. Since i € {2,4} and any operator on £ cannot ascend to an operator
from ©; to O3, it is clear that any operator on £ must produce some other ©;
with ¢ # 3, which belongs to the set P. U

9.2. Cases 1, 4, and 6 of Conjecture 4.11. First, suppose that £ € VRep, . (G,)
is a multi-segment as described in Cases 1, 4, and 6 of Conjecture 4.11. We will
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prove that & Fp.o is tempered, and this along with the counts described in The-
orem 4.9 will imply the desired results.

If By, ..., B is the block decomposition of £, we have that By begins at least
one column after By ends. It follows then from Theorem 3.31 that

(Bl U BQ U tte U Bk)ﬁfup,a - (Bl);lrfup,a U 82 U cte U Bk

Yet, according to Theorems 8.4 and 8.5, (B;), .« can be changed into a new block
B, with one more column than B via a dual o ui o dual and then a ui~!. These
operations can be implemented on the first component of (B;)hup.« UB2U- - -U By,
giving

(BiUBy U+ UBy)pa =By UByU--- U By.

In the event where B} and B; share a column, we must have that the circles
in this column have the same sign by Theorem 3.21(ii). Since each component
B is tempered, we conclude that 7(©3(€)) is a tempered representation, from
which we obtain Cases 1, 4, and 6 of Conjecture 4.11.

Remark 9.6. Note that By U By U --- U By is not necessarily itself the block
decomposition of the theta lift. In the case where B} and By have an overlapping
column, all but one of the circles in the first row of By need to be transferred to
the end of B}, thereby replacing them with two new blocks By and By. Yet, Lemma
8.8 gives VU(m(BY)) = ¥(n(BY)), while the formula in Theorem 4.7 guarantees
that VU(w(BY)) = V(w(By)). This, along with 10.13, implies the formula

k
(0 e (T (EN)] = [W(O 0 (1 (B1)))| - [ [ [W((By))].
=2
Such a formula is not generally possible for Cases 1 and 4, as described in

Remark 4.15.

9.3. Case 3 of Conjecture 4.11. Throughout this subsection, we often omit
the orthogonal supercuspidal representations, e.g., xy and .

In order to prove Case 3 of Conjecture 4.11, we will first specify a modification
of type Y, which we will call type Z 4. Let k1 and k5 be integers where 0 < k; <

ky. Let M = (mg, mq,...,my,) be a tuple of positive integers. Here, we require
that m; € 27 if and only if i € {ky, k1 + 1}. Again, we set a collection of sets
S ={S1,...,S¢} and subsets T with the same rules as before as in Definitions

7.1 and 7.9, with the additional requirement that there exists no ¢ such that
T = {ki}. We construct an associated £(M,S,T,n) exactly as before as in
Definition 7.11, except with the following differences:

o If min 7,0 = k;, we associate the row ([max 7.°, min 7,°], 1,n) rather than
([max 7;°, min 7,°], 0, 7). This chain should alternate in sign with the pre-
vious row.

o If r = ([A, k1 +1],0,7n) is a chain beginning at k; + 1, then r should not
alternate with the previous row.

Remark 9.7. Note that the first bullet point makes sense since there exists no
T = {k1}, so any row corresponding to a T with min T? = ky has a support of
length at least two.
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Remark 9.8. As a means of shorthand, we will refer to a multi-segment of Type
Zpm as being of Type Zy, k,-

Example 9.9. Let ky =1 and ko = 4. Then the virtual extended multi-segment
associated ton =1, M = (3,2,2,1,3,1) and S = ({0}, {1,2,3,4},{5}) is

-4 -3 -2 -1 0 1 2 3 4 5
SR RN U R > > >
S)
S
S
S
< e b
S
S
©
©
S
D

Here, the chain with support [3,1] has | =1 and alternates with the row above
it, in contrast to what would happen in a multi-segment of type Y.

Example 9.10. Suppose &€ is a tempered multi-segment satisfying my = 0 mod
2, my = 1mod 2 as in Case 3 of Conjecture 4.11. Then Eyfp.a is of type Zy, i,
with S-data ({0}, {1},...,{k — 1}, {k,k + 1}, {k +2},...,{n}). We provide an
example below.

0 1 2 3 -2 -1 0 1 2 3
o < 4 b > >
S
@ ¥
g = @ — grunl?lp,a -
o S
o SP
S/

Note that in this example, the chain with support [2,2] satisfies the necessary
sign condition by not alternating with the previous row.

We now briefly classify all operators on extended multi-segments & of type
Zky ky- In short, we will verify that the operators S, M, U, D (as defined for type
Yy in Lemmas 7.29, 6.14, 7.42, and 7.36) are still well defined, preserve type
Zky ky» 1(E), and have the same effect on the S-data of type Zy, 5, multi-segments.
We will then verify that all other operators preserve type Zj, r,. Much of the
proof will be exactly the same as the analogous proofs for type Y, so some
details will be omitted.

The proof that the operator M behaves as prescribed for Zj, j, extended multi-
segments carries over immediately for the proof in the case of type Yy, (see
Lemma 7.34. Therefore, we will start with the operator S.
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Lemma 9.11. Suppose & is of type Zy, r,, 7 = ([A, B],0,n) is a chain, and ¢ <
C(r) is a positive integer. Then there exists an operator, notated S, ., preserving
type Zy, k, and n(&E) that splits S; = {B, ..., A,...} into two sets

S ={B,..., A—c} and S’ ={A—c+1,...,A, ... }.
Moreover, if l(r) = 1, then S, . is defined even when ¢ = C(r).

Remark 9.12. An exception to this effect on the S-data still holds in specific
cases where r is a z-chain analogous to the one detailed in Remark 7.30.

Proof. The proof that S, . is possible carries over from Lemma 7.29 except when
the row r has to be exchanged with rows whose supports contain k; or ky + 1.
Such a step is only a part of the S operation whenever one of these multiples
belongs to r. We must fall into one of the following cases.

e Both the multiples with support [k;, k1] and [k; + 1, k1 + 1] belong to r
and the operation S involves row exchanging r with all of these multiples.
There is an odd number of each of these, and they have the same sign, so
exchanging r with these multiples does not change r by Lemma 6.11. We
must necessarily have that [(r) = 0, so a ui~! of type 3’ may be applied
after r is exchanged down. Row exchanging up again has no effect by
Lemma 6.12.

e Both the multiples with support [k, k1] and [k; + 1, k1 + 1] belong to r
but the operation S involves row exchanging r with only the multiples
with support [k, k1]. Here, we apply ui™! of type 3’ to separate some
circles from r to obtain a row of circles " with support [A, k;]. We then
row exchange 7’ until it is right below all the multiples with support
[k1, k1]. Either A = k; and the resulting row is then another such multiple,
or A > ky, in which case exchanging with an odd number of multiples
produces a chain with [ = 1 as required.

e Only the multiples with support k; 4+ 1 belong to r, in which case » must
be a row with support [A, k] for some A > k; + 1. Such a row must
have | = 1, so we must actually have A > ki + 2, lest C'(r) = 0. Then,
exchanging r with the odd number of multiples of support [k + 1, k3 + 1]
yields a row with [ = 0, so a ui~! may be applied.

The proof that sign conditions are conserved proceeds analogously to the proof
of Lemma 7.29. Note that none of these separations can produce some set T =
{k+1}, so the resulting virtual extended multi-segment is still of type Z, s,. O

Next, we verify the existence of the D operator.

Lemma 9.13. Given & of type Zy, k,, the operator D is well defined and affects
the S-data the same as in the Yy, case (see Lemma 7.36).

Proof. Suppose h = ([A, —B|, B,n) be the hat to be dualized by the D operator.
Firstly, if A < kq, then all possible dual o ui o dual operations of type 3’ are
contained in a sub-virtual extended multi-segment of type Yy, with cpa.x = A,
from which the result follows immediately from Lemma 7.36.

If A= k; + 1, then h can either be dualized to a chain r ending at k; or
a multiple with support [k, k;] (these virtual extended multi-segments being
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equivalent by row-exchange if and only if C'(r) = 1). By Remark 7.39, dualizing
to the bottom multiple with support [ky, k1] will produce a row ([k; + 1, k1], 1,7)
as desired.

If A > ky+ 2, let r; be the chain ending at A — 1 (if such a chain exists) and
let 75 be the final multiple with support [A — 1, A — 1]. If we want to dualize h
to r1, we may suppose by Corollary 7.33 and Lemma 7.37 that all rows between
h and r; are unmerged and none of them are hats. We have the following four
cases.

e Suppose r; has support [A — 1, B] with B > ky + 1. If there exists a chain
beginning at k£ with [ = 1, then we row exchange the chain up so that it
is the first row beginning at k£ and it has [ = 0. Now, there are an odd
number of rows of circles with support [ki, k1] and an odd number with
support [ky + 1,k + 1], all above 7. By Lemmas 6.11 and 6.12, we can
suppose that these evenly many multiples are not present since they do
not affect row exchanges. This reduces to the Yy, case from which the
claim follows by Lemma 7.36.

e If r; has support [A — 1,k; + 1], then suppose S; = {k; +1,..., A —
1,A,...,...} be the associated set. But §;_; must also contain k; + 1
because my,+1 > 1. Since all rows between h and r; are as separated
as possible, we must have S;_1 = {ki,k1 + 1} (since we cannot have
T2, = {ki + 1}. The associated chain is of the form ([k; + 1, k], 1,7/).
Removing this chain does not impact row exchanges and reduces to the
Y\ case.

e If 7y has support [A — 1, k], then r = ([A — 1, k4], 1,7n) for some 7. In
this case, row exchange r up with one of the rows with support [k, k1]
so it has [ = 0. Now the rows between k; and ry, inclusive, constitute a
sub-virtual extended multi-segment of type Y. Perform the dualization
and exchange the chain back down, restoring the value [ = 1.

e Otherwise, 71 must be above all the multiples of support [k, k1] or [k +
1, k1 + 1], in which case the multi-segment of rows from h to 7 is of type
Yy for M ending at A, and the existence of the dualization operator
follows immediately.

If we want to dualize h to 9, we again suppose that all rows in between are
completely unmerged and all intermediate hats are dualized away. In this case,
dualizing to ro is equivalent up to dualizing to the chain that r5 belongs to, and
we have already proved that this is possible. 0

We show the existence of the U operator.

Lemma 9.14. Given & of type Zy, k,, the operator U is well-defined and affects
the S-data the same as in the Yy, case.

Proof. Let h = ([A, —B]J, B,n) for some n and that we wish to perform U, ., the

wi~! operator separating c circles from the hat h. We use the following relation

Dh/,T o Uh,c = Sr/,c o Dh,r;

where r is the chain obtained from the same S; as h. Here, 7’ is the image of
r under D and A’ is the remaining hat after U. This relation is proven as Part
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(9) of Theorem 12.3 for the Yy case, but its proof relies solely on S-data. The
existence of a U operation that impacts the S-data in the same way as the U-
operation for type Yy, follows since the other operators and their inverses are
already known to exist. Any wi~! applied to a hat will produce an extended
multi-segment of the same support and order as U and therefore must produce
the same multi-segment by Corollary 3.4. U

Now we aim to prove the following classification for extended multi-segments
of type Z .

Theorem 9.15. Suppose £ is of type Zyg. Then £ ~ & if and only if £ is of
type Zy and n(€) = n(E').

In order to do this, we will use the following description of £™® for extended
multi-segments £ of type Z. The proof of this lemma is exactly the same as
the proof of Lemma 7.47 and will therefore be omitted.

Lemma 9.16. Suppose £ is of type Zyg with S-data ({0,1,2,...,m}). Then
E = gmin,

Any & of type Zy, r, can clearly be turned into one of the form specified in
Lemma 9.16 with the same M and 7 through a series of —S,—D and —M
operators. This suffices to show that two extended multi-segments of type Z x4
with the same 7 are equivalent. Now, to prove Theorem 9.15, it suffices to show
that if £ is of type Z, then any equivalent extended multi-segment is of type
Z g with the same 7. Since we know that £™® has the same £ and 7, it suffices
to show that these properties are preserved under raising operators.

Lemma 9.17. Let £ be of type Zq and T be a raising operator. Then T preserves
Zm form, including M, as well as n(E).

Proof. 1t is apparent that the only raising operators of type 3’ applicable to multi-
segments of form Zy, x, are S, M, U, and D, and these are known to conserve M
and 7. Otherwise, T" must be a dual o ui o dual not of type 3. In this case,
T consists of some combination of the raising operators of type 3’ and their
inverses; the proof of this fact is exactly the same as the proofs of Lemmas 7.49
and 7.48. O

Next, we need to ensure that two unequal but equivalent Z,,; multi-segments
are associated with different Arthur packets. The proof of the following result is
exactly the same as the proof of Lemma 8.1.

Lemma 9.18. If & and & are both of type Zyy and n(&1) = (&), then ¥(&;) =
V(&) if and only if £ = &,.

Let € be an extended multi-segment of type Zj 41 and let ©1(E) = r U €&,
where r = ([k + 2,—k — 2],k + 2,—n(E)). We remark that ©(€) only differs
definition of ©4(&) by twisting by the appropriate supercuspidal representations.
Note that ©7(€) is of type Zj p+2. Then we have the following result.

Lemma 9.19. We can perform ezactly two dualouioduals (up to row exchange)
involving the first row of ©)(E): one with the first row whose support ends at
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k+1, and one with the last row whose support ends at k+ 1. The resulting multi-
segments are not equivalent, and we call them ©4(E) and ©)(E). We can perform
an additional wi™' to both ©) and ©) separating one circle from the row with
support ending at k + 2 to obtain the same ©%5(E).

Proof. 1t is immediately obvious that there are only two dualouioduals involving
the first row of £, up to row exchange. This is because all but one of the rows
ending at £ 4+ 1 must be repeats. The first row ending at £ + 1 cannot have
support [k + 1,k + 1] because we cannot have some 7,° = {k + 1}. Therefore, we
can be sure that e, e) # e/ ) by comparing supports. Lastly, we can be sure
that applying an additional ui~! to separate one circle with support [k + 2, k + 2]
produces the same ©)(£) by means of Lemma 8.6, which still holds for type

T, [
Lemma 9.20. All of the elements of the set {veren | £ ~ ;i =1,2,3,4} are
distinct.

Proof. The proof is analogous to that of Lemma 8.7. In light of Lemma 9.18,
it suffices to show that these extended multi-segments are not equal to each
other. Suppose ¥er(g,) = w@;(@;,(&)). First, we show that ¢ = j by comparing the
supports of these multi-segments. Specifically, let r € ©,(&;) be the row whose
support ends at k + 2.

o If supp(r) = [k +2,—k — 2], then i = 1.

o If supp(r) = [k + 2,k + 2], then i = 4.

o If supp(r) = [k + 2,k + 1], then i = 3.

e Otherwise, i = 2.

Therefore, it is clear that Yerg,) = @Z)@;(@;(&) = ¢ = j. Now, we aim to show
that & = &. If i € {1,3} or i = 3, then supp(€) = supp(OL(E) \ {r}), so € can
be uniquely determined from ©}(&). If i € {2,4}, then ©)(€) uniquely determines
©4(E), which determines &. O

Lemma 9.21. We have the relation
U(m(01(8))) = {Yeren | € ~ E;i=1,2,3,4}.
Moreover, Lemma 9.20 then implies that |V (m(0)(E)))| = 4|V (7w (E))].

Proof. Suppose that ¢, € U(w(0:(£))).Since O4(€) is of type Zi k12, then &
must also be of type Zj 12 with the same M and 7. We examine the S-data
of &. In particular, we study the unique set containing k + 2. Let & be the
virtual extended multi-segment £(M,S’, T, 1n(E), where (S',T") is obtained by
removing k + 2 from the S data of £&;. We have the following cases.

e S=(...{....k+1},{k+2}) in which case & = ©)(&).

e S=(...{...... Jk+1,k+2}), in which case & = 04(&,).

e S=(..,{..kk+1k+2}), in which case & = O,(&,).

o S=(....,{k+1,k+2}), in which case & = 0)(&).

e S=(..,{...,k+1,k+2}), in which case & = 04(&,). O

Now, we prove Case 3 of Conjecture 4.11, starting with Case 3.1. Let £ be an
extended multi-segment with my = 0 mod 2, my = 1 mod 2 such that £ ends at
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H.y + 1 and let & =rcy,,+1(E). Then £ is of type Zj 11, while (Efp.a) =
Emava \ {72, Tm,,, }, where {ry,... 7y, } are the rows with support [k +
1,k + 1]. The statement of Part 3.1 is equivalent to the assertion that

W (7 (Eiuv.e))| = [ (T ((Emiva)))]-
This, however, follows from the fact that all the operators on m(E e« )) are some
composition of S, M, U, D, and their inverses. None of these operators affect the
TOWS {T2,...,Tm,,,}, and they are all still well defined even if these rows are
removed. Thus, we have a one-to-one correspondence

{& ] &~ Epmat = {E V{1, i} [ €] ~ Eppna )

We thus have a similar one-to-one correspondence between the sets W (7 (& up.a))
and V(7 (& ,u.)), which suffices for the proof.

Next, we prove Case 3.2. Let £ be a multi-segment with my = 0 mod 2,
my = 1mod 2 such that £ ends at H.y + 2, and let & = rcy,,4+2(£). An
argument equivalent to the proof of Lemma 8.8 allows us to reduce to the case
where myo = 1. Again, &£ is an extended multi-segment of type Zj 11, and our
reduction means that &, is an extended multi-segment of type Zj ;1o obtained
by taking the union &/, U r. Then it follows from Lemma 9.21 that

W (7 (Ea))| = 410 (7 (EL))]-

The proof of Case 3.3 is almost exactly the same as the proof of the recursive
formula in Theorem 4.7, so we omit it here.

Remark 9.22. The more general statement of Case 3 is:
k

U028 up.0 (7 (E)))] = [W(O 0 ((Br U B)))| - [ [ 1 ((8B2)],

=3
which essentially states that taking the theta correspondence only impacts the first
and second block, while multi-segments on the remaining blocks act completely
independently of these blocks a la the statement of Proposition 10.153. The details
of the proof of this proposition still apply if a pair of blocks of Type Y is replaced
by a single block of type Zaq, which is exactly what happens under the theta
correspondence.

9.4. Anti-Tempered Extended Multi-Segments. Calculating 6™ ... (7) when
7 is an anti-tempered representation is simpler than the tempered case because
O™ wp.o () itself must be an anti-tempered representation. Moreover, given an
anti-tempered extended multi-segment £, we can easily identify a multi-segment
associated to the theta lift 0™ ..o (7(&)).

Lemma 9.23. Let £ be an anti-tempered extended multi-segment in (P’) order.
Then:

(1) The first row of £ is of the form ([k, —k|, k,n(E)).

(2) Epoa is of the form ([k+1,—k — 1],k +1,—n(&))UE.

(3) Emmoa is itself an anti-tempered multi-segment.

Proof. Part (1) follows immediately from the fact that dual(€) must be tempered.
Since the first row of & must dualize to a row with a single circle, this indeed
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must be a row of the form ([k, —k], n,n(€)). Furthermore, since we impose a (P’)
order, we note that no row of £ is supported > k.

Therefore, from Algorithm 3.28; it follows that for a such that O‘T’l > n,
0" ,(m(€) is associated to an extended multi-segment:

, (la=1 —a+1] a-1
e (gt o] o e
1

Forming such an extended multi-segment for the case where 5= = n, we note
that 7(&’) # 0 if and only if n = n(€). To see this, via Lemma 3.12, it suffices
to show that m(dual(E")) # 0 if and only if n = n(€’). This is true because the
hat ([O‘T’l, ""2“] ,QT’l,n) = ([k, —k],k,n) is equal to the first row of &, except
possibly for the sign. If n = n(&), then dual(&) will be a tempered extended multi-
segment with an extra circle in the nth column and therefore will correspond to
a non-zero tempered representation. If n = —n(&), then dual(€) will have two
circles in the same column with opposite signs and therefore correspond with the
0 representation.

Therefore, it is clear that the sign n(&) corresponds with the down-tower, and
that m"™® must satisfy mup;’l > k+1. In fact, we have mup’;’l = k+1, since the
extended multi-segment ([k+1, —k —1],k+1, —n(E)) UE clearly has a tempered
dual. This suffices to prove (2), and also (3). O

The proof of Theorem 4.16 now follows immediately from a combination of
Lemma 9.23 and Theorem 4.11.

10. INTERACTIONS OF BLOCKS

Throughout this section, we focus primarily on the case that p is an orthogonal
representation of GLg(F). In this section, we consider the cases where a tempered
& € VRep,(G) may consist of multiple blocks (see Lemma 4.5).

10.1. Existence of operations on blocks. In this subsection, we study the
effects operators on blocks. Intuitively, the valid operations on a block in a virtual
extended multi-segment are the same as if the block was its own virtual extended
multi-segment. (A similar statement holds if the extended multi-segment is not
tempered and we are considering one of the pieces of its decomposition.) The
only exception to this is that, for the blocks after the first block, they behave as if
they do not start at zero, even if they do. This is what Lemma 10.2 amounts to.
Lemmas 10.6 and 10.7 show the validity of all of the operations, as the intuitive
picture might suggest (with this additional adjustment).

The following definition formalizes the idea of a block which starts at zero
behaving as if it does not start at zero.

Definition 10.1. Let £ be a block starting at zero of type Ya, where M =
(Moy -« -y M) We say E is of type Y° if € = sh™(E') for some &' of type
Y, where M' = (mh,...,m], ) withmj =m;_;.

Lemma 10.2. Let £ € VRep,(G) be equivalent to a tempered virtual extended
multi-segment Eiey. Suppose that Eiemp has a block decomposition By temp U - - - U
B temp with k> 1 and that € has decomposition By U ---U By, with B; equivalent
to B; temp. Suppose further that By, is of type Y;lo. We claim the following.



86 ALEXANDER HAZELTINE, AARYA KUMAR, ANDREW TUNG

(1) Every operation on € which is an operation on By (in the sense that it
only involves rows from By ) is analogous to an operation on the extended
multi-segment sh'(By), in the following way:

e the operation ui on rows r1 and ro in £ corresponds to the operation
ui on rows sh'(ry) and sh'(ry) in sh'(By);

e the operation dual on & corresponds to the operation dual on sh'(Bg);

e and the operation ui~! of type 3’ on € which splits off k circles from
row r corresponds to the operation ui~' of type 3’ in sh'(By) which
splits off k circles from sh'(r).

(2) After any operation on € which is an operation on By, By is still of type
Y.

Proof. Except for the case of dual o ui~! o dual operations, the proof is similar to
the proof of exhaustion in §7.4. The main difference is that we prove a slightly
stronger claim here, which is a characterization of the operators possible at each
step, rather than a characterization of all equivalent extended multi-segments.
Therefore we do not find the minimal extended multi-segment with respect to
the admissible order, so in our exhaustion step we must also consider lowering
operators.

For operations of the form dual o ui o dual, the same support argument as
before (see discussion before Lemma 7.48) holds to show that no operations are
possible except between a chain and a multiple belonging to it. In this case the
dual o ui o dual operation only involves rows between the chain and the multiple
in question. In particular, it only involves rows in Bj. So applying the same
reasoning as in the proof of Lemma 7.48, the operation preserves type Y;lo.

For operations of the form dual o ui~! o dual where the ui~! is of type 3’, we
claim that no such operations are possible. First suppose a row 7 in dual(E)
is exchanged up. Then any such operation only involves rows in dual(By), so
it would be a valid operation on the extended multi-segment By. But no such
operations are possible, by a similar reasoning as in Lemma 7.46, applied to each
chain and multiples contained in the support of the chain.

So we only consider a row 7 in €& which is exchanged down in dual(£). If By
does not start at zero, then again we can imitate the proof of Lemma 7.46: in
short, after exchanging a row in the dual, it will always have [ > 0, so no ui~* of
type 3’ are possible.

On the other hand, if B, starts at zero, then no dual o ui~! o dual operations
are possible, but the reason is slightly different. Let r be the row in £ to which
wi~! is eventually applied. Note that since By starts at zero, we must have k = 2
and B; must consist of some number of circles in column 0.

We first claim that if 7 is not exchanged to the last row in dual(€), no ui~? is
possible. Suppose 7 is split into two rows, 77 and 75, with 77 < 75 in the resulting
admissible order. If p is in the support of 7, then p is not in the support of 7,
and so B(73) > 0. But since B has a circle in column 0, the last row of dual(€)
is a single circle in column 0 and it comes after 75. So the order it not admissible.
If on the other hand p is not in the support of 71, then its A(r7) < 0 which is of
course impossible. Hence the ui~! operation was not valid.
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However, if 7 is exchanged to the last row in dual(£), we claim ui~! is still
not possible. Since a dual o ui~* o dual would be inverse to the D operation,
by similar reasoning as the existence of the D operation (Lemma 7.36) but in
reverse, since By is of type Y, when 7 is exchanged all the way to the last row of
dual(Bs), it has only circles. Since B; has an odd number of circles, by Lemma
6.11, we can assume without loss of generality that it has exactly one circle. But
the row exchange is of Case 1(b) and therefore after the last row exchange we
must have [ > 1 and so no ui~! is possible.

For operations of the form ui~! of type 3’, these must be of type S, which have
already been addressed above.

Finally, for operations of the form uz, since they do not depend on the column,
the valid ui operations on By are precisely the valid ui operations on sh'(By).
These all preserve type Y;lo by definition. 0

Remark 10.3. The intuitive reason why the second block By behaves the same
as a block not starting at zero is that, in both cases, it is impossible to form hats
via a dual o ui~* o dual operation. Hence the only extended multi-segments are
ones that can be obtained by doing ui’s of type 3’ together with row exchanges.
As an example, consider £ = ((]0,0],0,1),([0,0],0,1),([1,1],0,-1),([2,2],0,1))

which has a block decomposition

&
|

0,0],0,1),([1,1],0,—1),([2,2],0,1)).
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Shown below are all the extended multi-segments created by row exchanging the
first row of dual(E) down.

2 1 0 1 2
< < o D> b
dual(€) = < ek
o
o
2 1 0 1 2
< D D>
Ri(dual(€))= | & ¢ © ® P
o
o
2 1 0 1 2
< D B>
Ro(R (dual(€))) = ©
o ® o @ ©
o
2 1 0 1 2
< D B>
Ry(Ro(Ry (dual(€)))) = 2
a ® e o >

We see that only after two exchanges does the row have | = 0, but since there
is another row with a circle in column 0 following it, no wi~' is possible. In the
case of a block not starting at zero, no ui~! is possible because no sequence of
row exchanges gives | = 0.

The previous lemma allows us to make the following very important observa-
tion about the supports of each part of the decomposition.

Lemma 10.4. Let Eiepnp have a block decomposition Bi jemp U -+ - U By temp, and
let € be equivalent to Eiepp. Suppose € has a decomposition By U- - - U By, with B;
equivalent to Bj emp. Then this decomposition has the property that for iy < ig,
and rows ry € B;,, r2 € B,,, we have

A(?”l) S B(TQ).

Proof. Note that in &y, for i1 < ip and any row 11 € B, temp and 72 € Bi, temp,
we have

0 S B(?"l) S A(Tl) S B(’I"Q) S A(T’Q).
Since & is equivalent to &y and each of the B; are equivalent to B; temp, We can
get & by applying basic operations to each of the B; ;¢ taking them to B;. Note
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that basic operations on B;, do not change the maximum of A(r) across rows
r € B;,. Moreover, the only basic operation which might change the minimum
of support is dual o ui~! o dual of type 3’, but from Lemma 10.2 we know these
are not possible. So for ry € B;, and ro € B, with i; < iy, we have that
A(Tl) S B(’f’g). O

Definition 10.5. We call the above property the staircase property of the decom-
position. In future sections, we will also consider other sorts of decompositions
arising in different ways, and refer to the same property as the staircase property.

Next we show that any operator on a block induces an operator on the virtual
extended multi-segment.

Lemma 10.6. Let £ € VRepp(G) be an extended multi-segment equivalent to
a tempered extended multi-segment, and let £ have decomposition By U --- U By,
with the same conditions as before. Then any operation on By as its own extended
multi-segment is also a valid operation on .

Proof. Let T be a basic operation on B;. Any basic operation is one of dual ouio
dual, wi™! of type 37, dualoui~todual of type 3’, or wi. Since the conditions for ui
are purely local (see Lemma 3.23), if T is a union-intersection, then it is clearly
also valid on £. Similarly, observe that dual(§) = dual(By) U --- U dual(By)
possibly up to a global sign change on each part dual(B;). Hence if T is an
operation of the form dual o ui o dual, then it is also valid on &, since a global
sign change on dual(B;) does not affect whether a union-intersection is valid.

Now we consider the case of ui™! of type 3’. Let B} be such that ui(B}) = B,
where the union-intersection is of type 3’. Since union-intersection is local, it is
always the case that ui(ByU---UBg) =By U---UB, =&, unless By U---UB is
not in admissible order. Since ui~! is a valid operation on By, we see that By is
in admissible order. Also, each B; for ¢ > 1 is in admissible order. So it suffices
to check that for a row r; from B and a row ry from B;, for io > 1, 7y and ry are
in admissible order. Since ry comes after r1, this can only fail if A(r1) > A(r)
and B(r1) > B(ry). But since the decomposition has the staircase property, we
always have that B(ry) > A(r1). So B(re) > B(ry), so the order is admissible.
Hence we conclude ui~! is a valid operation on &.

Finally we consider the case of dual o ui~! o dual where the ui~! is of type
3’. Here the exact same argument applies, but to dual(€). The only possible
obstruction to wi~! being a valid operation is that the result is not in admissible
order. Again it suffices to check rows r; from dual(B;) and 7o from dual(B,,) for
io > 1. However, every row in dual(B;,) has support containing the support of
every row in dual(By), since the decomposition has the staircase property. Since
this is still true even after a wi!, it is impossible for these rows to fail to satisfy
the admissibility condition. O

1

Lemma 10.7. Let Eiemyp be a tempered extended multi-segment with a block de-
composition Bitemp U - -+ U Bitemp, and let € be any equivalent extended multi-
segment, with decomposition By U---U By. Suppose that By, = By temp, and let Bj,
be an extended multi-segment equivalent to By of type Yjao. Then there exists a
sequence of operations taking £ to &' =B, U---UB,_1 UB,.
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Proof. Note that of the S, M, U, D', and D? operators, the only one which
applies to extended multi-segments of type Y/\jo is S, since such extended multi-
segments have no hats. By Corollary 7.38, it suffices to show that the S and S—!
operations on By, are valid as an operation on £, where we only assume By, is of
type Y;lo. We can then repeatedly apply S or S™! operations to take £ to £’

Since S and S™! are local, it just remains to check that they do not create
rows violating the admissible order condition. This is clear for S™1 since it is a
u? operation.

For S operations, since By, is the last piece of the decomposition, the only way
this could happen is if it created a row with A smaller than a row above it. But
a ui~! operation does not change the minimum value of A among the rows of By,
so it cannot create a non-admissible order.

Also, the S operation preserves type Y;lo since it is local, and the S operation
is also valid on sh!(By), since it does not depend on the column. So this follows
from the existence of S on a single block (Lemma 7.29). O

10.2. Independence of blocks. In this subsection, we prove that the blocks
which occur in the block decomposition a tempered & € VRep,(G) (see Lemma
4.5) determine ¥(7(£)) (see Proposition 10.13). We begin by giving some tech-
nical lemmas. The first lemma allows us to only consider certain sequences of
row exchanges.

Lemma 10.8. Let £ € VRep,(G) and let £ be the result after any number of
row exchanges on £. Then there exists a row of £ so that, when it is exchanged
monotonically (i.e. either all up or all down) until it is the i-th row, it is the
same as the i-th row of &'.

Proof. Let r be the row of £ which, after the row exchanges, becomes the ith row
of £&'. By commutativity of row exchanges (Lemma 3.22), when performing the
row exchanges taking &£ to £, we can equivalently perform all the row exchanges
involving r first, and then perform the other row exchanges. Since the other
row exchanges do not involve r, and are performed last, they do not affect the
1th row, so without loss of generality we can omit them. So we are left with
a sequence of row exchanges only involving r. Since row exchanging is its own
inverse, after removing pairs of row exchanges which are their own inverses, we
can assume that the sequence of row exchanges either moves r monotonically up
or monotonically down. Hence the ith row of £ is the same as the ith row if we
only performed row exchanges monotonically on r. U

Our second lemma concerns row exchanges within blocks of type Yy, and
follows from the theorems in Section 7.

Lemma 10.9. Let B be any virtual extended multi-segment equivalent to a block
Btemp-

(1) Suppose B starts at 0. Suppose that there is a row r such that it is possible
to row exchange it until it is the last row, and let r’ be its image after
those row swaps. Then [(r") = 0. Moreover, the sign of the last circle in
B is the same as the sign of the last circle in 1.
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(2) Suppose B does not start at 0. Suppose that there is a row r such that
it is possible to row exchange it until it is the first row, and let r' be its
image. Then l(r") = 0, and the sign of the first circle in B is the same as
the sign of the first circle in r'.

Proof. For Part (1), first suppose By, starts at 0 and ends at k. Then B is of
type Yo by Theorem 7.17.

If r is a hat, then we use similar reasoning as in the proof of Lemma 7.22. In
particular, we can assume that all rows following r have C' = 1. Moreover, by
Lemma 6.11 we can assume that the multiplicity of every column in Biey,, is 1.
Hence without loss of generality By, is therefore of type Xj. If r’ is the image
of r after it is exchanged to the bottom, the fact that [(’) = 0 follows from the
proof of Lemma 7.22. By the alternating sign condition,

’]’](’]") e 77(8) . (_1)Zs<7‘ C(S)
Lemma 6.9 implies that the sign of the last circle in 7’ is
n(r) - (=1)2s>r € (_1)C0)=1

Excluding r, there are k + 1 — C(r) rows s in B each with C'(s) = 1, so the sign
of the last circle is

n(g)(_l)zses_m C(S)(_l)C(r’)—l = (=1)F+CUI=COI(B).

But C(r') — C(r) is even since r and 7’ have the same support, so the sign is
(—1)*n(B), which is precisely the sign of the last circle of B.

If r is not a hat, then r is a chain or a multiple. Again it is only possible to
exchange r with the rows following it if supp(r) contains their supports, which
means that all rows s > r must be multiples. We presume r is a chain, since
otherwise r is trivially unchanged by row exchanges with identical multiples.
Since there is no chain after r, there must be an even number of each multiple;
thus, by Lemma 6.11, exchanging r with these rows leaves r unchanged, so I(r") =
[(r) =0 as desired. The sign of the last circle of 7’ is the same as the last circle
of r, which is the same as the sign of the last circle in By, (and B) due to the
odd-alternating condition.

For part (2), if Byemyp is a block not starting at zero, we break into two cases.
First suppose supp(r) has length at least 2. Then it must be a chain. Moreover,
its support cannot be contained in the support of a row before it, since by the
axioms of S-data (Definition 7.2) the intersection of any two supports has size
at most 1. Since we can exchange r all the way to the top, supp(r) must contain
the support of every row before it. For the same reason, this implies that every
row before r must be a single circle. Since r is a chain, by the axioms of type Y,
all the circles must lie in column B(r) and have the same sign as n(r), and there
must be an even number of circles. So by Lemma 6.11, r is unchanged when it
is exchanged to the top. So it has the same sign as the sign of B.

Second suppose supp(r) has length 1. If supp(r) contains the support of all
the rows above it, then it must be a multiple of a chain of length 1. Since these
all have the same sign, row exchanges have no affect. Otherwise, supp(r) is
contained in the support of all the rows above it, which means it belongs to a
chain s of length at least 2. Since supp(r) is contained in the support of all the



92 ALEXANDER HAZELTINE, AARYA KUMAR, ANDREW TUNG

rows above it, every row coming before r other than s must be another multiple
in the same column as r. So without loss of generality r immediately follows the
chain s. Then we can compute from Definition 3.8 that I(r") = 0 and n(r") = n(s),
using the fact that B is odd-alternating. O

Finally, we need the following lemmas, which will be helpful when we consider
operations which involve row exchanges. This lemma allows us to treat the row
exchange as if the relevant row was exchanged all the way to the top/bottom, by
truncating the extended multi-segment.

Lemma 10.10. Let £ be of type Yy, and let £ be a truncated virtual ez-
tended multi-segment containing all but the first i rows of £. Then regardless
of i, the extended multi-segment £ is equivalent to a tempered virtual extended
multi-segment where the multiplicity of each column is at most the corresponding
multiplicity in Eemyp. Moreover, the operations realizing this equivalence can be
performed on &.

Proof. Observe that £ can be transformed to &, using two types of operations:
undualizing hats, and splitting rows of circles (Corollary 7.38). Undualizing a
hat only involves rows between the hat and the row to which it is undualized.
In particular, for any hat in £%, since the truncation removes rows from the top,
the corresponding row is also in £%. So the undualization is a valid operation
on £%. Similarly, we see that splitting rows of circles can only involve a row of
circles and the rows following it, so it is again a valid operation on £%. So we
can undualize all the hats in £, if there are any, and then split rows of circles
until the result is tempered.

After performing all of these operations, we are left with the truncated rows
followed by a tempered virtual extended multi-segment equivalent to £%. The
operations which take this virtual extended multi-segment to &y only increase
the multiplicity of each column, since undualizing hats increases multiplicities,
while splitting rows of circles leaves them unchanged. Hence the multiplicity of
each column in the extended multi-segment equivalent to £* must be at most
the multiplicity of the corresponding column in &, O

We are now read to begin the proof of independence of blocks. A key observa-
tion is that due to the maximality of blocks, there are only a few configurations
that can occur between adjacent blocks. The following definition of type 1, type
2, and type 3 boundaries formalizes this.

Definition 10.11. Suppose & € VRep,(G) is equivalent to a tempered vir-
tual extended multi-segment Eiermp, and suppose Eiemy has a block decomposition
Bi temp U -+ - U By temp. Suppose that € has a decomposition By U ---U By, with B;
equivalent to Bj temp. In this setup we give a classification of the ways in which
By could start, which depend on how it support overlaps with the support of Bi_1,
which we call the boundary between By, and By_1. Let H., be the last nonempty
column in By_q1 and let N, be the first nonempty column in By.

e A type 1 boundary occurs when there is a gap between Bj_1 and By, or
more formally Neyy > Hey + 1.
e A type 2 boundary occurs when Noy = Hy.
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e A type 3 boundary occurs when Ny = Hqo + 1.

Note that in the case of a type 2 boundary, the sign of the last circle in By_1 temp
must be the same as the sign of the first circle in By, jemp, since By em, started a
new block. Similarly in case of a type 3 boundary, the sign of the last circle in
Bi—1 temp must be the same as the sign of the first circle in By, temp. See Figure 4
below.

Type 1 Type 2
0o - Hcol Ncol 0o - Hcol
e e
© S
: S}
Type 3
0 -+ Heot Neot
2]
D

F1GURE 4. Boundary Types

We also make a few observations about row exchanges across a boundary. A
row exchange cannot occur across a boundary (i.e. between rows of the virtual
extended multi-segments in question) of type 1 or type 3, since in those cases the
supports of the two extended multi-segments are disjoint.

Moreover, observe that in the case of a type 2 boundary, say between & and
&y, at most one row exchange can occur across the boundary. Let H.,; be the
last column of &;, which is the same as the first column of &, and let & 4, and
Ea temp be the tempered extended multi-segments equivalent to £ and &;. Note
that & emp has exactly one circle in the first column of & ey, since otherwise the
circles would be included in & 4. Since none of the operations can increase the
support of a row, and none of the operations can create two rows with support
in a column from one row with support in a column, & can only have one row
with support including the first column of &5 jepyp, Wwhich must be H,,. By similar
reasoning, the support of a row in & cannot extend beyond H.,. So the only
way for a row exchange to occur is with a single circle in H,,; from &,, after which
no other row exchanges can occur because every other row in & has support not
including H.;.

Now we are ready to state the main lemma of this subsection.

Lemma 10.12. Suppose that £ € VRep,(G) is equivalent to a tempered virtual
extended multi-segment Eiepyp. Let Eiemp have block decomposition By emp U - - - U
Bi temp- Suppose that € has a decomposition By U --- U By, with B; equivalent
to Bitemp- Then any basic operation T on & cannot involve (even after row
exchanges) rows from both B;, and By, for iy < is.
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Proof. Recall from Theorem 7.17 that any virtual extended multi-segment equiv-
alent to a block is of type Y, up to row exchanges. Since these row exchanges
do not involve rows from different parts of the decomposition, we can assume
without loss of generality that each B; is of type Y.

We have four possible operations: wi~! of type 3’, dual o ui~! o dual where the
wi! is of type 3’, dual o wi o dual, and wi.

Operations of the form ui~! of type 3’
1

First we show that no wi™ operation of type 3’ can occur involving a row
from B;, and a row from B;, for i; # iy. Note that a general ui~! operation of
type 3’ consists of some number of row exchanges, followed by ui~!, followed by
the inverse row exchanges. Consequently, we need to rule out the row exchanges
affecting another block. Suppose ui~! is applied to a row r. By Lemma 10.8, it
suffices to consider only monotonic row exchanges involving 7.

The only way this operation could involve a row from B;, and a row from B3;,
is if r lies in B;, and it is exchanged into a position in B;,, or vice versa. However
we know that exchanges across a boundary of type 1 and type 3 are impossible,
and the only exchange across a boundary of type 2 is a row exchange with exactly
one circle in H,.,. So suppose we have one of these row exchanges. By Lemma
10.9, a row becomes a row of circles after it is exchanged to the end of one of
the B;. In order for the row exchange to be nontrivial, we need r to have at
least two circles, since it is being exchanged with a row with exactly one circle.
(Otherwise, both rows would have to be supported in the same column, which
would mean they are identical.) Therefore we lie in Case 1(b) or Case 2(b) of
Definition 3.8, which means that after the row exchange, I(r’) = 1. In particular,
no wi~! of type 3’ on 7’ is possible.

Operations of the form dual o ui™" o dual of type 3’

Second we show that no dual o ui~* o dual operation involving a row from B;,
and a row from B;, is possible. Again by Lemma 10.8 it suffices to consider two
possibilities: either a row 7 from dual(B;,) is exchanged up into dual(B;,) (recall
from Definition 3.11 that the order is reversed), or a row 7 from dual(B;,) is
exchanged down into dual(B;,).

When 7 lies in B;, and we exchange 7 up, we claim no dual o ui~! o dual
operation is possible for a much more general reason. Observe that £ is in (P')
order. This is because each B; is of type Y, so it is in (P’) order. Moreover, the
block decomposition has the property that for a row r; lying in B;, and a row 7
lying in B;, for i; < iy, we have A(ry) < B(rg) < A(rs).

Since € is in (P’) order, so is dual(€). Now suppose 7 is exchanged with
some row, say S, before the ui~! occurs. Since the order is (P’), and 7 is being
exchanged up (by assumption), we must have B(S) < B(7). Let 7’ be the image
of 7 after the row exchanges, and let 7, and 75 be the result of applying the ui~!
operation to 7, with B(r7) < B(73). Since the operation only row exchanges
75, after the ui~! operation, the row 7, comes before 5. Since dual requires the
extended multi-segment to have (P’) order, we must have B(r) < B(5). But
B(r1) = B(T), so we conclude B(5) = B(r). However we know the row exchange
between 75 and § is possible. By the above reasoning the first column of 7 lies

1




BEYOND THE ADAMS CONJECTURE 95

in the support of 5, but it clearly does not lie in the support of 3. So we have a
contradiction.

When r lies in B;, and we exchange 7 down, we can apply a similar analysis as
in the proof of Lemma 7.22, except that this time the operation is not possible.
By truncating the extended multi-segment, we can assume that 7 is exchanged
to the last row. By Lemma 10.10 the truncation is equivalent to a tempered
extended multi-segment. Since the decomposition satisfies the staircase property
(Lemma 10.4) and B, is (P’) order (as it is type Yu(), the support of 7 must
contain the support of all rows below it. So by Corollary 3.25 we can assume the
truncation is indeed tempered, or in other words that 7 is swapped with rows
with C' = 1. Let 7 be the image of 7 after all row exchanges, or all but one row
exchange in the case that the multiplicity in the first column of the reduction is
even. By examining the cases of row exchange, we see that in these cases [ cannot
decrease by more than 1 for every row exchange. Moreover, the only cases in
which [ decreases by exactly 1 is in Case 1(c), or Case 1(a) and C(7) = 0. Since
a row exchange with two hats with identical widths leaves 7 unchanged (Lemma
6.11), in order for I(7) to be 0, every row exchange (ignoring multiplicities) must
decrease [ by exactly 1. Moreover, there must be a row exchange with a row with
every width less than |B(7)|. This is impossible if 7 encounters a boundary of
type 1.

In the case of a boundary of type 2, we note that the row exchanges with the
duals of the circles in H,., leave 7 unchanged. In particular, the net effect is that
there are no row exchanges with hats with width H.,. So once again we have a
contradiction.

In the case of a boundary of type 3, we see that since the circles in H., and
N, fail the alternating sign condition, so do their corresponding hats in the
dual (Lemma 6.6). In particular, the image of 7" after row exchanges will fail
the alternating sign condition with the hat of width H.,. In order for I(7) to
be 0, by the reasoning above this forces the row exchange to be Case 1(a) and
have C(r) = 0. However the latter is impossible since C(7) starts nonzero, and
only increases at each step. Hence in any case 7 cannot be exchanged across a
boundary and still have (7") = 0. This shows no dual o ui~! o dual of type 3’ is
possible.

Operations of the form dual o ui o dual

Third we show that no operations dual o ui o dual can occur between a rows in
B;, and B;,. Since the decomposition has the staircase property (Lemma 10.4),
for any r; € Bijtemp and 12 € By, temp, Supp(r2) D supp(r1). So there is no
nontrivial union-intersection possible between different blocks.

Operations of the form us

Fourth we show that no ui operations can occur between a row ry in B;, and
a row 7y in B;,. We have two cases based on ;.

Case 1. First suppose that the row r; lies in some B; for i < i; — 1. Note that
in the case of a type 1 or type 3 boundary, the maximum of the supports of all
rows in the first extended multi-segment is at least 1 less than the minimum of
the supports of all rows in the second extended multi-segment. Also, in the case
of two consecutive type 2 boundaries, the middle extended multi-segment must
have at least two columns, since blocks are maximal. So the maximum of the
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supports of the rows in the first extended multi-segment is at least 1 less than
the minimum of the supports of the rows in the third extended multi-segment.
In order for r; and 75 to have a valid union-intersection operation, we must have
that A(ry) > B(ry) — 1. So 7 cannot lie in B; for i < i5 — 2, and if r; lies in
B;,_2, then the boundaries between B;, o, B;,—1 and B;,_1, B;, must be either
both type 2, or one of them is type 2 and one of them is type 3.

In the case that both boundaries are type 2, it must be that B;,_; has exactly
two columns, say H.,; and H.,; + 1, as shown below.

0 --- Hcol le_|_1

Bi,—2
e B BiQ—l

S

® B,
D

For support reasons, the only way for the union-intersection to occur is if r;
is exchanged to the first position in B;,_1, and ry is exchanged to the position
immediately after. If either 1 or r5 has only one circle, then the first row exchange
for r1 or 7y is trivial, so the wui is equivalent to a ui between adjacent parts of
the decomposition, which is covered in the cases below. But if ; has more than
one circle, the row exchange with the first row of B;, 1 is Case 1(b) of Definition
3.8, since by Lemma 10.9 the sign of the last circle of r; is the same as the sign
of the last circle of B;,_3 temp, Which is the same as the sign of the first circle of
Bi,—1 temp, Which is the same as the sign of the first circle of B;,_1. So the result
after the row exchange, denoted 77, has (r]) = 1, so no ui is possible.

In the case that one of the boundaries is type 2 and one of the boundaries is
type 3, first suppose that the boundary between B;, o and B;,_ is of type 3, and
the boundary between B;, 1 and B;, is of type 2. Let the last column of B;, 5 be
H_.y. In order for the ui to be possible, it must be that B;,_; is only supported
in one column, namely H.,; + 1, as depicted below.

0o - Hcal Hcol+1

Bi,—2
e B Bh_l
Bi
S
o

The union-intersection must be performed by exchanging r; to the last row of
B;,—2 and exchanging 75 to the first row of B;,_;. By Lemma 6.11, without loss
of generality we can assume B;,_; has only one circle. Then the row exchange for
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19 is in Case 2(b) of Definition 3.8 by Lemma 10.9, so the result ) has [(r}) = 1
and hence no wus is possible.

Now suppose that the boundary between B;,_» and B;,_; is of type 2, and
the boundary between B;,_; and B;, is of type 3. In this case, in order for the
support of ry to include H.,; — 1, it must be that B;,_; lies only in the column
H.,; — 1. Since it follows a boundary of type 2, it must be a single circle. In
summary, we have the following situation:

0o --- Hcol Hcol+1

;Q B

E Bi,-1 B,
D
S}

In this case, by Lemma 10.9, when row r; is exchanged so that it takes the place
of the last row in B;, o, it must be a row of only circles ending in the same sign
as B;,—o. After another row exchange with the only row of B;,_;, it contains a
pair of triangles. So no union-intersection is possible with row ry, which after
row exchanges, by Lemma 10.9, is a row of circles starting at H.,; + 1.

Case 2. Second suppose that r; lies in B;,_1. If the boundary between B;,
and B;, is type 1 or type 3, since no row exchanges can occur across the boundary,
in order for a union-intersection to occur between a row of B;,_; and a row of
B;,, it must be that a row of B;,_; is exchanged to the last row of B;, 1, and a
row of B;, is exchanged to the first row of B,,. Let ] be the image of the last
row of B;,_1 after the row exchanges, and let r} be the image of the first row of
B;, after row exchanges. By Lemma 10.9, I(r}) = 0 and I(r}) = 0. However for a
type 1 boundary, no wi is possible since B(ry) > A(r})+1. In a type 3 boundary,
for support reasons the ui would have to be of type 3’, since A(r]) = H., and
B(ry) = H.y + 1. By Lemma 10.9, since the sign of the last circle of By,_1 temp 1S
the same as the sign of the first circle of B;, jemp, the sign of the last circle of ]
is the same as the sign of the first circle of 5. Hence no ui of type 3’ is possible.

If the boundary between B;,_; and B, is type 2, then there are two ways a
union-intersection might occur. First, r; is exchanged across the boundary, which
can only happen if it is exchanged with the first circle of B;,. In this case, since
by Lemma 10.9 the row contains only circles when it is the last row of B;,_;, it
contains a pair of triangles when it is the first row of B;,. However r, after row
exchanges, by Lemma 10.9, is a row of circles starting at H.,; + 1, so no union-
intersection is possible. Second, r; is not exchanged across the boundary. After
row exchanges r; and 74 are both only circles, say ] and 7, so the only possible
ut is of type 3. However the sign of the last circle of B;,_; is the same as the
sign of the first circle of B;,, so by Lemma 10.9, the sign of the last circle of 7] is
the same as the sign of the first circle of 75. This means that union-intersection
is not possible. O
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We now prove the main result of this subsection, namely, that the blocks
occurring in the block decomposition control the equivalence of tempered virtual
extended multi-segments.

Proposition 10.13 (Independence of blocks). Let & € VRep,(G) be equivalent
to a tempered virtual extended multi-segment Eiemp. If Eremp has a block decom-
Position By tempU -+ U By temp, then there exists a decomposition € = By U---U B,
such that B; is equivalent to B jemp for all i.

Proof. Since £ is equivalent to &y, there exists a sequence of basic operations
taking &emy to £. Suppose the first operation sends Ejepyy to € (1) then the second
operation sends £V to £@), and so on. Note that a decomposition of the desired
form exists on &y, namely the decomposition into blocks. So it suffices to
show that if £¢) has a decomposition of the desired form, after applying a basic
operation, we can still find a suitable decomposition. Then by repeating this
procedure, we find a suitable decomposition of &£.

So suppose we have some basic operation 7' on £() assuming that £®) has
some decomposition By U --- U By with B; equivalent to B;emp. By Lemma
10.12, T cannot involve (either by union-intersection or by row exchanges) a row
from B;, and a row from B,, for i; # i5. So T involves only rows from B;, for
some 7. By Lemma 3.23, this means T" does not affect rows from B; for i # .
Then T(£®) = B;U---UT'(B;,) U---UDBy, where T' denotes the corresponding
operation. Therefore, we have found a suitable decomposition of T'(£(*)). O

We end this subsection with a proof Theorem 4.9 which we recall below (with
slightly different notation).

Theorem 10.14 (count for tempered representations). Let £ € VRep,(G) be
tempered and suppose that Eiermyp decomposes into blocks By emp U -+ - U By temp 0
that order. Then

k

[ (7 (Erennp))] = 12 (7 (Brsenp))| - ] [ 19w (5h" (Bitenn))].

1=2

Proof. Let £ € VRep,(G) be an equivalent to Eepmp. By Proposition 10.13, £
has a decomposition By U --- U By, with each B; equivalent to B; temp. We claim
that each B; for i > 1 must be of type Y”. Conversely, we claim that for every
Bi equivalent to By temp and for every B; of type Y/\jo equivalent to B; emp, there
exists £ equivalent to ey with the decomposition By U -+ - U By,.

For the first claim, since &,y satisfies these conditions, it suffices to show that
after applying any basic operation, the extended multi-segment still satisfies these
conditions. Let £ be some extended multi-segment equivalent to &y, such that
each B; for ¢ > 1 is of type Y”. Let T be an operation on £. By Lemma 10.12,
we can view T as an operation on one of the parts of the decomposition B;. If
T is an operation on By, then there is nothing to prove. Otherwise, suppose T'
is an operation on B;. Then applying Lemma 10.2 to the truncated extended
multi-segment By U- - -UB;, we see that after T" is applied, B is still of type Y;lo.
Note that since T" was a valid operation on &, it is still a valid operation on the
truncated extended multi-segment.
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For the second claim, by Lemma 10.6 we can apply the operations taking
B temp to By to the first block of &pmyp. Since these operations are local (see
Lemma 3.23), they do not affect the other rows and so we obtain an equivalent
extended multi-segment with decomposition BiUB3 tempU- - -UBj temp- By Lemma
10.7, we can repeat the same logic for each of the other blocks by considering
successive truncations and applying the relevant operations to the last part of
each truncation. 0

11. CASE 5 OoF CONJECTURE 4.11

In this section we prove the formula in Case 5 of Conjecture 4.11. This has
two parts. First, we prove an independence-type result analogous to Proposition
10.13. Second, we prove an existence-type result analogous to Lemmas 10.6 and
10.7.

In all the statements that follow, we assume that &, lies in Case 5 of Con-
jecture 4.11.

11.1. Independence-type result. In the (near) future we will consider decom-
positions of the following form. If &.,,, is a tempered extended multi-segment
with block decomposition By tempU- - - U By temp, and & is equivalent to O1(Eiemyp),
then we want to consider a decomposition C; U - -- U Cr_; such that

Cl ~ GI(Bl,temp U B2,temp)
Ci ~ Bi+1,temp for i = 2, .. .,k — 1.

Like the decomposition into parts equivalent to blocks from the previous sec-
tion, this decomposition has the staircase property, which will be important.

Lemma 11.1. The decomposition C;1U---UCk_1 described above, if it exists, has
the property that for iy < is, and rows ry € Cyy, 19 € C;,, we have A(ry) < B(rs).

Proof. The proof is much the same as Lemma 10.4, except this time we know C;
for i > 1 is type Yy and does not begin at zero, so the minimum of B(r) for
T € Bit1.temp 18 the same as the minimum of B(r) for r € C;. Hence we need not
rely on Lemma 10.2.

More precisely, this follows from the fact that

e the analogous statement is true for ©1 (B temp; Batemp)s B3 temps - - - » B temps

e equivalent extended multi-segments have the same max of support, and

e the minimum of the support of C;y; is the same as the minimum of the
support of B;. 0

We also need the following fact, which follows from the results on lifts of
almost-blocks.

Lemma 11.2. Let B be an almost-block ending at column k with the multiplicity
of the last column even, and let Cy be any virtual extended multi-segment equiv-
alent to ©1(B). Pick any row r € Cy for which we can row exchange r until
it becomes the last row. We denote its image under these row exchanges by r'.
Then either

e 1 consists of a single circle in column k, with the same sign as the last
sign of B or
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o [(r") =1, and the sign of the last circle of 1’ is the opposite of the sign of
the last circle in B.

Proof. Let B have block decomposition By temp U B2 temp- Note that Ba em, is just
a single circle. First recall from Lemma 8.8 that every extended multi-segment
equivalent to By temp U Ba temp takes the form By U Byt for some By ~ By temp-
By Lemma 9.4, the only operations on ©1(B; U Ba temp) Which involve the hat are
dual o ui o dual operations between the hat and the first and last rows ending at
column k. So we split into cases depending on whether C; is of the form ©4(B),
O5(B), or O4(B).

First consider the virtual extended multi-segments of the form O, (81 UBs3 temp)
or ©y(B1UBs temp). Observe that both of these have a decomposition of the form
Bi U Ba temp where Bi ~ O1(B1 temp)- If the row r lies in By temy, then it is already
the last row. Its sign must be the same as the sign of the last circle in By temp,
and it lies in column k. So this satisfies the conditions of the first case.

Otherwise, since ©1(B1 temp) is a block, when the row r is exchanged to the
last position in B, giving 7/, we have (') = 0 by Lemma 10.9. Furthermore,
the last circle of 7" has the same sign as the last circle of O1(Bj temp). Since the
first circle of O1(By temp) has the opposite sign as the first circle of By tepm,, but
©1 (B temp) ends in column k + 1 while By 4, ends in column k, the sign of the
last circle is the same. So we conclude that the last circle of v’ has the same sign
as the last circle of By temp, Which is the same as the sign of Ba jemp. So the row
exchange between 7’ and the (only) row of By temyp lies in Case 1(b). If 7 is the
result, then [(r") = 1 and n(r"”) = —n(r). So the sign of the last circle of 7" is
opposite the sign of the last circle of r’, which is the same as the sign of the last
circle of B.

Now we consider extended multi-segments of the form ©4(B; UBs temp). In this
case since the last row of By UBy tem, ending at k is just Ba emp, the dual ouiodual
occurs between the hat and Bjiemp. By reducing to the case where all rows
have one circle by Corollary 3.25 and then performing a similar calculation as in
Lemma 7.24, we see that the resulting row is a pair of triangles with the same
sign as the last circle of B. So by Definition 6.4 the sign of the last circle of this
row is the opposite of the sign of the last circle of B. U

Lemma 11.3. Let £ be equivalent to the theta lift of an almost-block. Suppose
the almost-block has block decomposition B temp U Ba temp, With By temp ending at
column H.y. Let £ be a truncated extended multi-segment containing all but
the first i rows of €. Then E% is equivalent to one of the following. Moreover,
in each case the operations realizing this equivalence can be performed on E.

(1) If £ = O1(B1 U By temy) for some By ~ By temp, then
o &' is equivalent to O1(Bi temp U Batemp),
o or is equivalent to B] U Batem, where By is tempered, and the mul-
tiplicity of each column is at most the corresponding multiplicity in
Bl,temp~
(2) If € = O9(B1 U Batemp) for some By ~ Bi temyp, then

e £ is equivalent to the second form in the previous case,
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o or is equivalent to By U By tem, where By is the result after applying a
certain ut to a tempered extended multi-segment whose multiplicities
are at most the multiplicities in O3(B1 temp)-

(3) If € = O4(B1 U Batemyp) for some By ~ By temp, then E° is equivalent to
By U B, where By is tempered with the multiplicities of each column at
most the multiplicities in By jemp, and By is the same as the last row of £.

Proof. The proof is similar to the proof of Lemma 10.10.

Assume first that was are in Case (1). if £ # £, then the hat added by ©;
must be truncated. Hence a nontrivial truncation of £ is just a (possibly trivial)
truncation of a virtual extended multi-segment equivalent to an almost-block. In
this case, the result follows from Lemma 10.10.

Assume now that was are in Case (2). Further, we first suppose that the row
to which the dual o ut o dual is applied is truncated. Then whether or not the
dual o ui o dual was applied is irrelevant, so this reduces to the second form of
Case (1). Now suppose that the row was not truncated. Recall that £ takes the
form & U By jemp where £ ~ O1(B1 temp), since By em, cannot be the last row
ending at H.,;. By the same reasoning as in the proof of Lemma 10.10, we can
undualize hats and split rows of circles in £, with one exception. Since Bs jepmy 1S
a single circle in H,y;, we cannot perform a ui~! operation to split off circles in
H.y + 1. Hence & is equivalent to Bj U Ba temp, where B} is “almost tempered”,
except that there cannot be a single circle in H,,; + 1. In fact, observe that since
the dual o ui o dual is applied to the first row ending at H,.,, and this row was
not truncated, in B} we must have at least one circle in H,,, since the dual of
this row (if it is a hat, or the row itself if it is a row of circles) has a circle in
H.,. So in B] there exists a row with support [H.y + 1, H.y] consisting of two
circles, which is the result of applying a certain wus.

Finally, we assume that we are in Case (3). We note that the last row of B; U
B2 temp With support ending in H., is just the last Tow By temp, so the truncation
does not affect this row. Hence a truncation of £ is just a truncation of B;
followed by the last row of £. Since this last row has support [Hey + 1, Heol,
all undualizations and all ui~! operations of type 3’ on B; are valid. Thus by
Lemma 10.10, the truncation of B; is equivalent to an extended multi-segment
taking the desired form Bj. O

Lemma 11.4. Let Eemyp be a tempered extended multi-segment with block de-
composition By temp U -+ - U By temp. Let € be any extended multi-segment equiva-
lent to ©1(Eemyp), and suppose € has a decomposition Cy U - - - U C_y such that
Ci ~ O1(Bitemp U Batemp) and C; ~ Bt temp for i = 2,...,k — 1. Then any
operation on € cannot involve (even by row exchanges) a row from C;; and a row
from C;, for iy < is.

Proof. The proof is similar in structure to the proof of Lemma 10.12, although
specific the cases are different.

Without loss of generality suppose that each of the C; for ¢ > 1 are of type
Y\, since any extended multi-segment equivalent to a block is of type Y, up to
row exchanges. For C;, we can assume that it takes the form ©(B; U Batemp),
O2(B1UB3 temp), Or ©4(B1UBs tem,) for some By of type Y equivalent to B temp-
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Throughout this proof, let H,., be the last column of B;. In the picture below
we illustrate the decomposition into parts C; for a prototypical example of Case
5 of Conjecture 4.11.

0 Heol
<4< Ao D> b D>
SP)
S) Cy
©®
©®
96
D Cs
SIEN
S

Operations of the form ui~! of type 3’

As before, it suffices to consider a ui™" operation consisting of a sequence of
monotonic row exchanges, followed by a ui~*, followed by the inverse sequence.
If 41,45 # 1 then we can view the ui~! operation as occurring on Co U -+ - U Cp_1,
which are all equivalent to blocks. So by Lemma 10.12, no such operation is
possible. So suppose 1; = 1.

First suppose that the ui~! operation is applied to a row r that was originally
from C;, = Cy, before row exchanges. Note that each C; for ¢ > 1 starts at H.,+1
or later, while r ends at H.,; + 1 or earlier. So the only rows r can row exchange
with that do not lie in C; are single circles in column H,.,; + 1, and » must end
at H., + 1. Let ' be the image of r after the row exchanges. Since r lies in Cj,
after the row exchanges 1’ comes after a row which is a single circle in column
H.,; + 1. Since 1’ ends at H., + 1, this means that if any number of circles are
split off, this will result in a row ending before H.,;+1. So the resulting extended
multi-segment is not in admissible order, so no wi~! is possible.

Second suppose that the ui~! operation is applied to a row r that was originally
from C;,. We claim that it is impossible for  to be exchanged into C; if iy > 4.
If the boundary between Cs and C, is type 1 or type 3!, then Cy4 starts at H,,; + 3
or later. If the boundary is type 2, then since the boundary between C and Cs is
also type 2, and blocks are maximal, it must be that C3 has at least two columns.
So C4 starts at H,., + 2 or later. In either case, since C; ends at H., + 1, no row
exchanges are possible with rows of Cj.

Now suppose i3 = 3. Since the supports of C3 and C; only overlap in column
H.,; + 1, if r is exchanged with any rows of C;, they must have support only in
H.,;+1, so they must be single circles. Moreover, » must have support starting at

1

Note that C; for i > 1 are equivalent to blocks, so we can speak of the boundary in the
same way as before.
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H., + 1. But by the same reasoning as before (in the case that r lies in C; and is
exchanged down), the image after row exchanges r’ has no valid ui~! operations
which leave the order admissible, since it comes before the single circles in column
Hcol + L.

Finally, if i3 = 2 then r has support of length 1, so certainly no ui~! is possible.

Operations of the form dual o ui~! o dual of type 3’

There are two cases for a possible dual o ui~! o dual operation. Either a row
r from € corresponding to 7 in dual(€) is exchanged up in dual(€), then a ui™*
operation is applied, or 7 is exchanged down in dual(E).

In the first case, the proof is very similar to the proof in Lemma 10.12. It
suffices to show that & is in (P’) order. The decomposition C; U --- U Cr_1q
satisfies the staircase property, so it suffices to show that each C; is in (P’) order.
For C; for ¢ > 1, this follows from the fact that C; is of the type Y. For Cy,
if it takes the form ©;(By U Batemp) then since the hat is wider than all the
rows, adding it preserves the (P’) order. If C; takes the form ©y(By U Batemp)
or ©4(B1 U Ba temp) then we see that the order is still (P’) since none of the left
endpoints have changed compared to By U B2 temp-

In the second case, we once again imitate Lemma 10.12, but we make use of
Lemma 11.3 instead of Lemma 10.10, which makes it slightly more involved. If
7 is not exchanged with any rows of dual(C;), then we can apply the exact same
reasoning as in Lemma 10.12, since the later parts Co, Cs, . . . of the decomposition
are equivalent to blocks. Otherwise, we suppose 7 is exchanged with rows of
dual(Cy). We get a truncation of C; by considering the rows in C; corresponding
to the rows in dual(C;) which are exchanged with 7. By Corollary 3.25, we can
assume that 7 is exchanged with the dual of extended multi-segments of the form
specified in Lemma 11.3.

We observe that r cannot lie in Cy. This is because r is only supported in
one column, so B(F) = —A(T), so any ui~! of type 3" would create we a row s
satisfying |B(s)| > A(s), which is impossible.

Now recall from the proof of Lemma 10.12 that any row exchange with a
row with with one circle cannot decrease (7)) by more than 1. So in order for
[ to be 0 after all the row exchanges, it must decrease once for every column.
Also, if 7 is exchanged across the boundary of two parts of the decomposition
equivalent to blocks, then the net result is that [ decreases less than once for
every column. Since r cannot lie in Csy, necessarily 7 is exchanged across such a
boundary. Hence it remains to show that when 7 is exchanged with the rows of
dual(Cy) corresponding to the truncation of Ci, { does not decrease more than
the number of columns of the truncation, excluding the column H.,; + 1. (The
reason for the caveat is that the supports of C; and Cy have an overlap of one
column, namely H,., + 1.)

First suppose that the truncation of C; is trivial, or in other words 7 is ex-
changed all the way to the last row of dual(€). Let 7 be the image of 7 after all
row exchanges except the last one (i.e. the one with the dual of the hat). We note
that [(77) > 2, since columns H., and H,., + 1 both have an even multiplicity in
Etemp- (This is similar to the reasoning in the case of a type 2 boundary in the
proof of Lemma 10.12.) So for the last row exchange, between 7" and the dual of
the hat, if it is Case 1(b) or Case 1(c) then [(7") = (7)) £ 1, which in either case
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is still positive. If it is Case 1(a), then [(7") = C(7") +1(7") — 1, but I(7") — 1 > 0,
so this is still positive. So in any case no ui~! of type 3’ is possible.

Second suppose that the truncation is equivalent to something of the form B} U
B3 temp, where B] is tempered and the multiplicities are at most the multiplicities
of B temp- In this case since the truncation is not supported in H,, + 1, we just
want to show that [ does not decrease by more than the number of columns of
the truncation. This follows directly from the aforementioned fact that any row
exchange does not decrease [ by more than 1, and Lemma 6.11.

Third suppose that the truncation is equivalent to something of the form Bj U
B temp, where B is the result after applying a wi involving circles in H,, and
H.; + 1 to a tempered extended multi-segment whose multiplicities are at most
the multiplicities in O3(Bi temp). This is depicted in the diagram below. By
Lemma 6.11, we can assume that there are no rows of B supported in column
H., except for the row with support [Hey + 1, Hey|, because the multiplicity of
H., is even. By the same reasoning as before, for every column before than H,,,
exchanging with the hats corresponding to the circles in that column does not
decrease [ by more than 1. So it suffices to show that exchanging with the duals
of the row with support [Hey + 1, Hep] and Ba tem, does not decrease | by more
than 1. Call the first row s; and the second row s,.

0 --- Hcol }Icol_l'1

81 O b\ Cy
S2 P
@ |Cy C3
S

To show this, we first observe that by examining the cases of Definition 3.8,
exchanging 7 with $3 cannot decrease [ by more than 1, and exchanging it with
51 cannot decrease [ by more than 2. Hence the row exchange with S must either
keep [ unchanged, or decrease it by 1. In the former case, the row exchange with
51 must decrease [ by 2, and in the latter case the row exchange with §; must
decrease [ by 1.

In the former case, if [ is unchanged, then it must have been Case 1(a) of
Definition 3.8 and C(r) = 1. But note that s; and s, fail the alternating sign
condition, since the last circle of both of them has the same sign as the last circle
of By. So 53 and §; also fail the alternating sign condition, and since C'(53) = 1,
this means 7(53) = 7(51). Since the row exchange of 77 with §; is Case 1(a), they
fail the alternating sign condition. Moreover, n(7") = n(7"), where 77 is the image
of 7 after the first row exchange. So the row exchange of 7" with s is either Case
1(a) or Case 1(b). But the only way for [ to decrease by 2 is if it is Case 1(a)
and C'(77) = 0, which is impossible, as 7 always has at least one circle.
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In the latter case, if [ decreases by 1 in the first row exchange, then it must
have been Case 1(c). By similar reasoning as before, since n(7") = —n(7), we
have that 7 fails the alternating sign condition with $3. So the row exchange
must be Case 1(a) or Case 1(b). But in order for [ to decrease by 1 in the second
row exchange, it must be Case 1(a) and C(7') = 1. But this is clearly impossible
since [(77) is not maximal, as it just decreased by 1.

Fourth and finally suppose that the truncation is equivalent to something of
the form B} U Bj, where B} is tempered and the multiplicities are at most the
multiplicities in By temp, and B is a pair of triangles, as shown below. Since Bj is
the only row of the truncation supported in H., + 1, it suffices to show that row
exchanges with the dual of this row do not decrease [. This is clear by examining
the cases of Definition 3.8, since the row has no circles.

0o - Hcol Hcol+1

Operations of the form dual o ui o dual

As in the proof of Lemma 10.12, these are impossible because the decomposi-
tion has the staircase property (Lemma 11.1).

Operations of the form us

Observe that if i; > 1, then the uz operation between r; and ro can be viewed
as a ui on the truncation Co U --- U Cr_1. All of the parts of this decomposition
are equivalent to blocks. So by Lemma 10.12, no wui is possible. Hence we only
have to consider the case where ¢; = 1.

Now observe that for ¢ > 4, no ui is possible for support reasons. By the
same reasoning as when we considered ui~! operations, the earliest column that
C4 could start at is H., + 2, which is achieved when the boundaries between C
and Cs, and C3 and C4 are both type 2. If C5 started at H., + 2, then C4 would
only be supported in one column, which means that its circles should be part of
C3 or C4, by maximality of blocks. So C5 must start at least at H., + 3, which
means no ui is possible with a row from C;, which ends at H.,; + 1. So it remains
to consider the cases i = 4, 3, 2.

First suppose i, = 4. Then by the above reasoning it must be that the bound-
aries between C, and C3 and C3 and C4 are both type 2, and that C3 has two
columns. It also follows that r; must end at H.,;, + 1 and ro must begin at
H., + 2. Moreover, it must be that every row of C3 has exactly one circle. Oth-
erwise, row with support [H.y + 2, Heo + 1] cannot be exchanged with 1 or ro,
so they can never be exchanged to adjacent positions. By Lemma 6.11 and 6.12,
we can assume the multiplicities of H.,; + 1 and H.,; + 2 in Cy and Cs are all 1.
Let r] be the image of r; after it is exchanged to the last row of Cy, and let 77,
be the image of ry after it is exchanged to the first row of C4. In summary, we
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have the following situation.

0 H col

To see that no wui is possible, we note that for support reasons the ui must be
performed by exchanging ] with the circles in column H.,; + 1, exchanging 74
with the circles in column H., + 2, and then applying u: to adjacent rows, and
exchanging back. By Lemma 6.11, the image of 7| after these row exchanges,
which we call r{, is identical to r|. Let rj be the image of r), after the row
exchange with the circle in column H.,; + 2. Since the supports of r; and r5 do
not overlap, the union-intersection cannot be Cases 1 or 2 of Definition 3.8. Also,
since 7} has I(r]) =

A(r]) =1(r]) +1=Hey + 1 < Heqy +2 < B(rY) + 1(r}).

So no uz of Case 3 is possible either.
Second suppose i3 = 3. We have the following three cases:
(1) A(r1) = Hepp + 1 and B(rg) = Hey + 1
(2) A(r1) = Hepy + 1 and B(ry) = Heg + 2
(3) A(r1) = Hepp and B(ry) = Heg + 1

In both the first and the second case, since A(r1) = Heo + 1, by Lemma 11.2,
we have that if 7] is the image of r; after it is exchanged to the last row of Cy,
then [(r]) = 1 and the sign of the last circle of 7 is opposite the sign of the last
circle of By temp-

In the first case, by Lemma 6.11, we can assume without loss of generality
that Cy has multiplicity 1 in H.,; + 1. First suppose that 75 is supported only
in H.y + 1. Then the ui could occur in one of two ways: either 7] is exchanged
with the row of Cy, and then the ui occurs, or ry is exchanged with the row of
Cy, and then the ui occurs.

For the first way, since the sign of the last circle of 7] is opposite the sign
of the last circle of Bj temp, and this is the same as the sign of the circle in Cs,
the row exchange with the row of Cy is Case 1(c) of Definition 3.8. If r{ is the
image of ] after the row exchange, then [(r]) = 0 and n(r{) = —n(r}). Since
n(re) is the same as the sign of the circle in Cy, it follows that r) and ry fail
the alternating sign condition. So the only possible union-intersection would
be Case 1 or Case 2 of Definition 3.10, but A(ry) — I(ry) # A(r]) — I(r]) and
B(ry) + U(rg) # B(r]) +1(r7).
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For the second way the row exchange between ry and the row in Cy is trivial,
giving rf, with [(r}) = I(r2) and n(r}) = n(rz). In this case a union-intersection
between 7 and 7, of Case 3 of Definition 3.10 is possible, but it leaves the rows
(and the order) unchanged, so it is trivial.

Next suppose that r, is supported in more than one column. We once again
have to ways for the ui to occur: either r| is exchanged with the circle in Co,
or 7o is exchanged with the circle in Cy. The first way is impossible for exactly
the same reason as before. For the second way, the row exchange between 1o
and the circle in Cy is Case 2(b) of Definition 3.8. So the image 7/, after row
exchange has [(r}) = 1 and n(ry) = —n(r2). So 7| and r} fail the alternating
sign condition, so the union-intersection would have to be Case 1 or Case 2. But
A(ry)—=U(r)) # A(ry)—1(rh) and B(ry)+1(r}) # B(rh)+1(rh), so union-intersection
is impossible.

For the second case, that A(r1) = H.y + 1 and B(ry) = H.y + 2, the only
way the union-intersection can occur is if r] is exchanged with all the circles in
column H.,; + 1. Since the multiplicity of H.,; + 1 is even, by Lemma 6.11, the
result r{ is the same as r]. So 7} and ry fail the alternating sign condition, but
again neither Case 1 nor Case 2 of Definition 3.10 applies.

For the third case, that A(r) = H.y and B(ry) = Hey + 1, for support reasons
the only way the union-intersection could occur is if r is exchanged to the last
row of Cy, giving 7}, and ry is exchanged to the first row of Cy, giving . For
support reasons the ui would have to be Case 3 of Definition 3.10. Moreover,
since B(ry) 4+ 1(ry) > Heoy + 1, and A(r}) — I(r}) + 1 < Heo + 1, it follows that
[(r}) = 0 and I(ry) = 0. By Lemma 10.9, this implies 7} is a single circle in
column H,,, with the same sign as the last circle of By temp.

If ro has support only in H., + 1, then the row exchanges with the circles in
Cy leave it unchanged. So it fails the alternating sign condition with 7], so no ui
is possible.

If ro has support in multiple columns, then after row exchanging with circles
in Cy, the result 7 has [(r}) = 1 using much the same reasoning as before. So
again no ut is possible.

Third suppose o = 2. Since 7y is then a single circle with support in H,,,
this case has already been considered when i, = 3 and ry is a single circle with
support in H.,, since row exchanges leave it unchanged. O

Proposition 11.5. Let &y, be a tempered extended multi-segment with block
decomposition By temp U - - U By temp- Let € be any extended multi-segment equiv-
alent to ©1(Eiemp). Then there exists a decomposition Cy U --- U Cx_y of € such
that

Cl ~ @l(Bl,temp U B2,temp)
Cl' ~ Bi+1,temp fOT’i = 2, R ,k — 1.

Proof. The proof is analogous to the proof of Proposition 10.13. Observe that
©1(Etemp) has such a decomposition, namely C; = ©1(B1 temp U Ba.temp) and C; =
Bii1,temp for @ > 1. Since &€ is equivalent to ©1(Eemp), there exists a sequence of
basic operations taking £ to O1(&emp). So it suffices to show that each one of
these operations preserves the decomposition. By Lemma 11.4, each operation
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only involves rows from a single part C;. Since operations are local (Lemma 3.23),
they do not affect the other parts of the decomposition. So we can just apply
the operation to the relevant C;, which gives a new decomposition. U

11.2. Existence-type result. We prove the following existence type result.

Lemma 11.6. Let Eiernyp be a tempered extended multi-segment with block decom-
Position By temp U+ U By temp. Let E be any extended multi-segment equivalent to
O1(Etemp) with decomposition Cy U - - U Cr_y such that Cy ~ ©1(B1 temp U B2 temp)
and C; ~ Biyitemp fort = 2,... k — 1, which exists by Proposition 11.5. Then
any operation on C; as its own extended multi-segment is also a valid operation
on .

Proof. The proof is analogous to the proof of Lemma 10.6, but we sketch it again
for clarity, since the context is slightly more general here.

Any operation 7" on C; is either a wui, a dual o ui o dual, a ui™ of type 3’,
or a dual o ui~! o dual where the ui~! is of type 3’. In the case that T is a
ut, it is clear that whether the conditions of union-intersection are satisfied is
purely local. In the case that T is a dual o ui o dual, we note that dual(€) =
dual(Cx—1) U ---Udual(Cy) possibly up to a global sign change on each dual(C;).
Hence this does not affect whether the union-intersection is valid.

In the case that T is a ui~! of type 3’, the only thing we need to check is that
the order is still admissible after the wi~!. Since T is a valid operation on C;,
the rows created satisfy the admissible order condition with other rows from C;.
Also since the decomposition has the staircase property (Lemma 11.1), the rows
created by applying a ui~! to C; cannot fail the admissible order condition with
a row from C; for j # i.

Finally, in the case that T is a dual o ui~' o dual, again the only thing we need
to check is that the order is still admissible. Note that

1

max | B(r)] < max A(r) < min B(r),
where the first inequality follows from the definition of A and B and the second
inequality follows from the fact that the decomposition has the staircase property.
This implies that for any ¢ < j, the support of every row in dual(C;) contains
the support of every row in dual(C;). Hence the new rows created by applying
a ui~' to dual(C;) cannot fail the admissible order condition with a row from C;
for j # i, since it does not even apply. O

Proof (of Case 5 of Conjecture 4.11). By Proposition 11.5, every £ equivalent
to Eemp has a decomposition C; U --- U Cr—y with C; ~ O1(Bitemp U Batemp)
and C; ~ Bii1temp for @ > 1. By repeatedly applying Lemma 11.6, all such
combinations of C; are achievable. O

12. COMMUTATIVITY RESULTS

Throughout this section, we assume that p is an orthogonal representation of
GL4(F) and often suppress it in the notation. In the language of extended multi-
segments, the spirit of the Adams conjecture in the case of the first occurrence
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of the up-tower is that for some £ € Rep,(Gy), we have

V(0500 ((E))) 2 {ter 0 [ €~ E}

Our previous results show that it is too much to hopeful for an equality between
these sets generally, however in many cases they offer a meaningful resolution for
tempered £. In particular, Theorem 8.4 describes a case in which W(6™ ., o7(E))
is equal not to {¢gr .. | €& ~ €}, but to three “copies” of this set. Theorem
8.5 offer a bit more complexity. In this case, ¥(02 .,om(E)) is equal to the
union of four sets like {1per | € ~ &}, but two of these sets may have some
overlap. Here, we offer an elaboration of these results that better elucidates the

connection between these sets, rather than simply counting their sizes.

12.1. A Motivating Example. Consider the following.

-2 -1 0 1 2 3
< US> S >
D
, Emua = S
©
)

The multi-segment € € Rep(G,,) can be written in the block decomposition
By U By, where |V (7w(B;))| = 3 and |V(7m(Bs))| = 2, from which it follows that
|U(7w(€))| = 6 via Theorem 4.9. These six extended multi-segments and all
connecting raising operators are depicted below.

-1 0 1 2 3 0 1 9 3 0 1 2 3
< g > | 5 o y 5
o dual o ui o élual o wi 5
2] T @ 52
-1 0 1 2 3 0 1 9 3 0 1 2 3
4 @ > A & o - @
o dual o ui o d;l(l! ( o o ) ui =)
S) 2} S) D

The block By is of type Y, with Mg = (mg,m1) = (1,1), so Theorem 8.4
guarantees that U(©(By)) = {ve,m) | B ~ Bi,i € {1,2,3}}. Independence of
blocks, as stated in Proposition 10.13, guarantees a similar 3-to-1 correspondence
between extended multi-segments equivalent to &,,w.« and £ respectively. The
following three diagrams show the layers of multi-segments {©;(&’) | &' ~ £} for
1= 1,2, and 3 respectively.
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7271?123 9 10123 —2-10123
< 498> g 96> > < < o> D>
e ) &6 . ®
=y dualouzodl_jal D O o ui o
S] @ [S]
(3] ®
1 =1
7 =2
1 =3

Not only does each of these layers have the same number of multi-segments
as ¥(7(£)), the arrows between the corresponding multi-segments is exactly the
same in each diagram. In other words, raising operators between multi-segments
equivalent to £ seem to “commute” with the dual o ui o dual and ui~! operators
which go between 01,0, and ©3. In a sense, then, each set {0;(&’) | & ~ &}
is a precise copy of the set {&' | & ~ £}. This leads us to the main theorem we
aim to prove regarding the structure of row operations on &,,uw.«, which we aim
to prove at the end of this section.

Theorem 12.1. Let & be of type Y with M starting at zero, such that ¥(w(€)) =
{0(©;(&)) | & ~ &E,i € Ic}, for some index set Ie = {1,2,3,4} or {1,2,3} de-
pending on E. Then, if &' ~ E" ~ & but & +# E”, there exists a raising operator
T € {dual o ui o dual,ui~'} from ©,(&") to ©;(E") if and only if i = j and the

same raising operator T can be applied from &' to E”.

Remark 12.2. We have stated this theorem for the case where £ is of type Y.
Similar results can be deduced for other cases, such as

e & is an almost-block, given the structure detailed in Lemma 9.5,

o & if of type Yy with M starting after zero; i.e., € is equivalent to a
tempered multi-segment not starting at zero, or

e & has a block decomposition similar to the one in the above example.
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For the sake of brevity, we only prove the stated theorem.

12.2. Commutativity of Row Operations. All of the operators of type 3’;
S: M;U;D'; and D?, are, in a sense, ‘local.” Each of them affects 1 — 2 rows
in structurally predictable ways and and leaves the others completely intact,
modulo a possible sign change. This means that many of these operators can be
performed simultaneously, independently of each other. In a sense, they commute
with each other. This idea is the primary mechanism behind Theorem 12.1. We
make it precise in the following theorem. We also provide an example to illustrate
each specific commutativity result in the theorem.

Theorem 12.3 (Commutativity of Operators). Let £ be of type Ypq, with M
starting at zero.
(1) Any two operators of type 3’ involving distinct rows commute.
(2) Given a chain r, we have:
Sir ky © Srky = Spit ky © Srky k-

Here, 1" is the row remaining after ki circles have been taken out of r,
while r" is the row of ki + ko circles removed from r.

0 1 o 3 o 1 2 3
s ®
- ®
@e@e%eag@
o
- ®
o
l |
0 1 9 3 o 1 2 3
s ®
@
@ ® o
® o — -
o
o @
e @ o 5

(8) Given consecutive hats hy < hy < hg, we have
(hl * hQ) * hg = h’l * (hg * hg)

3 -2 -1 0 1 2 3 1 o0 1 9 3
SIS S a a6 6 b o
— < o b
< S] > P
@D
A[l l}\f
-3 —2 —1 ; 1 2 3 1 0 1 9 3
< < < > > >
( < ©® S} > ) M )( - g @ © D)
@D

(4) Given mergable hats hy, hy and a row of circles r, we have

Dy, v 0 Dpyr = Dpyshgr © M ho,
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where 1’ is the image of r under D.

-3 -2 -1 0 1 2 3 s 9 10 1 2 3
< j j g E E > b < < < o > > D>
5 —L ®
. o @
le D
-2 -1 0 1 2 3 0 1 9 3
< < 2 e > > o
_
o D ® o ®
(5) Given mergable hats hy, hy, we have
My hy © Uy o = Unyshge © My hys
where hY is the image of hy after U.
o 1001 2 3 4 —2 -1 0 1 2 3 4
4 4 6 ® 6 > > ) < j g E >
4 © > — o
© @ ©

“10 1 2 3 4
(<1 © ® o o >>

(6) Given mergable hats hy, ha, we have
Dhy v 0 Uny e = Unyshs, 0 (h1)+k © My hs s

where r is the row of circles in the image of hy under U.

3 -2 -1 0 1 2 3 4 -3 -2 -1 012 34
I I N B L < T > > <1<12]$§>>>
4 @ e > —Z o
@ ®
]Wl lD
Lo 19 s 4 10 1 2 3 4
<<@e@e>) < @ B
N o
o U
® o o

(7) Given a hat h, we have

Un' ks © Un iy = Sy © Un oy ks
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where h' is the remaining part of of h when ki circles are pulled out
through U, and r is the row of ki + ko circles pulled out.

-1 0 1 2 3 4 —Lo 1234

4 ® 6 & >
<<®e®e>>u ( 5 )
@ ®

-1 0 1 2 3 4 -0 2 34
< D D> qg
© 5 ® o
® © @ o

(8) Given a hat h and row of circles r, we have

Sr’,C(h)+k o Dh,r = Dh,r2 O Or.k;s

where 1’ is the image of r after D, and ro is the second row in the image

of r under S.
ol A 012
D
( > 6 @ >—> (e & & @)

| %

-3 -2 -1 0
4 <9 QO
2

o &

(9) Given a hat h and row of circles r, we have
Dy 0 Upg, = Sy g © Dy,

where h' is the remaining hat after U, and 1’ is the image of r under D.

—
[\
w

v
v
v
~ —
—
O

-2 -1 0 1 2 3 4 o 1 9 3 4
< < D S} > > b ®
© o 5 ( e @ o @)

-2 -1 0 1 2 3 4 0 1 9 3 4
< < g > > ( @ )
@ —p S 52
o o © D

Proof. We note that for the duration of this proof, it suffices to show that two
combinations of operations yield the same virtual extended multi-segments up
to the signs. That is, we need only check the effect on the S-data, and since
all these operations preserve n and the sign conditions for Definition 7.2, all the
signs must match. To do this, we will utilize the descriptions of the effects of
S, M,U, and D given by Remarks 7.31, 7.35, 7.41, and 7.43.

Part (1) follows from the fact that all four operations are local. That is,
they affect 1 — 2 segments in a prescribed manner and leave the other segments
unaffected up to sign.
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For Part (2), let » = ([A, B],0,7n). We have two cases, the first of which is that
B — A=k + ko and r is a z-chain. In this case, applying S, k, © S5, impacts
the S-data in the following way.

{B,...,A, ...}
—{B,...,A—k},{A-k+1,...,A ...}
—{B+1,..., A—k},{A—-k+1,... A ...},
while applying S,» k, © Sy k,+k, gives the same result
{B,...,A ...} —{B+1,...,A,...}
—{B+1,...,A—k}L,{A-k+1,... /A ...}
If we are not in the previous case, then applying S, i, © S,k gives
{B,...,A,...}
—{B,..., A—k},{A-k+1,...,A ...}
—{B,..., A=k -k}, {A—k —ko+1,...,A—k},{A—k+1,... A ...}
and applying S,» i, © Sy i, 4k, giVES
{B,...,A,...}
—{B,..., A=k —k},{A—k —ko+1,...A ...}
—{B,..., A=k —k},{A—k —ko+1,..., A=k}, {A—k+1,... A ...}
which is the same result.
Part (3) is straightforward.
For Part (4), let hy = ([A,—B], B,m) and hy = ([B — 1, —C],C, 12). We have
two possible cases: either r is a chain, in which case all applications of D are D*,
or r is a multiple, in which case all the D’s except Dy, ,» are D?. For the first

case, let r = ([C'—1, D],0,7n'). Then applying Dy, ,» 0 Dy, , influences the S-data
in the following way

{D,....,C—-1,C,....B—1,B,...,A,...}
—{D,...,C-1,C,.... B—1,B,...,A,...}
—{D,...,C—-1,C,...,.B—1,B,... A, ... }.

On the other hand, performing Dy, ., © Mp, n, gives

{D,....C—-1,C,....B—1,B,...,A,...}
—{D,...,.C-1,C,...,.B—1,B,...,A, ...}
—{D,...,C—-1,C,...,.B—1,B,..., A, ...},

which is indeed the same.

In the case where r is a multiple, let » = ([C' — 1,C — 1],0,7’). Then imple-
menting Dy, ,» 0 Dy, , gives

(D,....C -1,C,...,B—1,B,.. ,A,...}

—{D,...,C—1},{C-1,C,....B—1,B,.. . A,...}
—{D,....C—1},{C—1,C,....B—1,B,...,A,...}.
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Similarly, implementing Dy, i, » © Mp, p, gives

(D,...,.C -1,C,...,B—1,B,.. ,A,...}
—{D,....,.C -1,C,...,.B—1,B,.. ,A,...}
—{D,...,C—1},{C—1,C,....,B—1,B,...,A,...},

which proves Part (4).
For Part (5), let hy = ([A,—B], B,n) and hy = ([B — 1,—C],C,n2). Imple-
menting Mp p, © Up, & changes the S-data as follows

(..,C.. . B-1B,.. .A...}
... 0. B-LB,. . AR A—k+1,... A}
.G B-LB,. AR {A—k+1,.. . A0

Meanwhile, applying U, «hy ke © Mhp, p, gives
{...,C,....B—1,B,...,A, ...}
—{...,C,...,B—1,B,... A ...}
—{...,C,...,B—1,B,...,A—k}{A—-k+1,...,A, ...},

which is evidently the same.

For Part (6), let hy = ([A,—B],B,m) and hy = ([B — 1,-C],C,n2). We
note that implementing U always creates a new chain, so Dp, , must be a D'.
Implementing Dy, , o Uy, i, changes the S-data as follows

{...C....B—1,B,...,4,..}
—{....C.....B—1-k\{B—k,....B—1,B,.. ,4,...}
—{....,C.... . B—1-k},{B—k,...,.B—1,B,...,A,...},

while implementing U, «hy,c(hy)+k © Mhy hy gives

{....,C,....B—1,B,...,A,...}
—{...,C,...,B—1,B,.../A,... }
—{...,C,....B—1—k},{B—k,....B—1,B,...,A,... },

which is the same result.
For Part (7), let h = ([A,—B],B,m) and let r = ([B — 1,C],0,72). Then
applying Uy k, © Up i, impacts the S-data in the following way
{C,....B—1,B,...,A,...}
—{C,....B—1,B,..., A—k} {A—k +1,... /A ...}
—){C,...,B—1,B,...,A—]{71—]{52},{14—]{31—kg—l-l,...,A—k'l},
{A=k+1,...,A,... }.

Meanwhile, we note that the row r is produced by the U operation and therefore
cannot be a z-chain. Therefore, the S operation is an S', so applying S, o
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Uh 1+, gives
(C.....B=1,B 4.}
—{C,...,B=1,B,...,A— ki —ko},{A—Fk1 — ko +1,...,A, ... }
—{C,....B—=1,B,..., A=k — ko },{A—k1 —ko+1,..., A=k},
{A—=Fk+1,...,A,... },

which produces the same result.

For Part (8), we prove the statement assuming that the S operation is an S?.
The proof is exactly the same in the S? case, except that one of the sets S; must
be removed, so we will exclude it. We observe that r» must be a chain since it is
possible to apply S, so all D’s must be D'. We let let h = ([A, —B], B,n;) and
let r = ([B —1,C],0,12). Applying Sy .c(n)+k © Dp, gives

{C,...,.B—1,B,...,A,...}
—{C,....B—1,B,... A, ...}
—{C,...,B—1—-k},{B,...,A,... },

while applying Dy, ., 0 S, i gives

{C,...,B—1,B,...,A,...}
—{C,..., B—1—-k},{B—k,....B—1,B,... A ...}
—{C,...,B—1—-k},{B,...,A, ...},
which is the same result.

Finally, for Part (9), we again only provide the proof in the case where the S
is an S'. Let h = ([A, —B], B,n1). We must separately consider the cases where
r is a chain or a multiple. If r is a chain, let r = ([B — 1,C],0,12). All D’s will
be D, so applying Dy, o Uy, gives

(C,....B—1,B,. . A,...}
—{C,...B—1B, AT} {A—k+1,.. A. ..}
M C,.. . B—1,B,. . A—kY{A—k+1,.. A}

while applying S, o Dy, gives the same result

{C,...,.B—1,B,...,A,...}
—{C,...,B—1,B,... A ...}
M {C,...B—1,B,... Ak {A—k+1,... A}
On the other hand, if r is a multiple ([B — 1, B — 1],0,75), then all the D’s will
be D¥s. Here, applying Dy, o Uy gives

(C,....B—1,B,..A,...}
M {C,... B-1B, ARV {A—k+1,.. A}
—{C,...B—1},{B—1,B,... A~ Kk} {A—k+1,... A. .}
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while applying S, © Dy, gives the same result

(C,....B—1,B,.. . A,..}
3 {C,....B—1},{B—1,B,...,A,...}
—{C,....B—1},{B—1,B,..., A—k}{A—k+1,...,A,...}. O

12.3. Commutativity Results for Theta Correspondence. We now prove
Theorem 12.1. We do this by proving the theorem for the case where T’ is a raising
operator of type 3'. From this, we immediately obtain the result for the case where
T is a lowering operator of type 3. All other operators are compositions of such
operators of type 3’. The proof for raising operators of type 3’ follows from the
following series of lemmas.

Lemma 12.4. Let £ be of type Y with M starting at zero. Suppose there exists
a raising operator T € {dual o ui o dual,ui™'} of type 3’ from ©1(E) to &' If T
is not a dual oui o dual involving the first row of ©1(E), then there exists E" ~ &
such that the following diagram commutes.

0,(&) L= & =0,&)

| q
E————¢&"

Proof. Let h = ([cmax + 1, —Cmax — 1], Cmax + 1, —1(E)) be the first row of ©(E).
Note that there is only one possible row operation, a dual o ui o dual involving h.
Therefore, T" must involve rows in £. It suffices to prove that such an operation
can be implemented regardless of whether h is present. We need to check the
four cases:

e If T is of the form U, then Lemma 7.42 implies that such an operation is
possible regardless of the presence of h.

e If T is of the form D, then Lemma 7.36 implies that such an operation is
possible regardless of the presence of h.

o If T"is of form M, then the possibility of M relies purely on the structure
of the hats in £ and not on the presence of h.

o If T is of the form S, then Lemma 7.29 implies that this S is possible
regardless of the presence of h. 0

The above lemma essentially states that almost all raising operators on 64(&)
produce other multi-segments of the form ©; and descend to be operators on &.
It is also true that case 3’ operators on & can ascend to ©1(€), as stated in the
following lemma.

Lemma 12.5. Let £ be of type Y with M starting at zero. Suppose there exists
a raising operator T € {dual o ui o dual,ui~'} of type 3’ from & to E'. Then the
following diagram commutes.

0,(&) —— ©,(&)
[ 0

E—1T g
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Proof. We have already shown in the proof to Lemma 12.4 that any raising
operator 1" can be implemented regardless of the presence of h = [cpax+1, —Cmax—
1], emax + 1, —n(&)). This suffices to prove the lemma. O

In the next two lemmas, we show that operators can similarly be lifted between
@1 and @2.

Lemma 12.6. Let £ be of type Yy, with M starting at zero and let h = ([cmax +
1, —Cmax — 1], Cmax + 1, —n(E)) be the first row of ©1(E). Let T € {dual o ui o
dual,ui='} be a raising operator of type 3’ on ©1(E) which is not equal to the
dual o ui o dual that gives O9(E) (or O4(E), should it exist). Then the following
diagram commutes.

0,(6) —F— 0,(&)
dualouiodualT Tdualouiodual

01(&) —— 6,(&)

Proof. Firstly, we know that there exists £ such that T" goes from 01 (&) to ©1(&’)
by Lemma 12.4. Let r be the row that h is combined with in the dual o ui o dual
going from ©1(&) to ©5(E). If T' does not involve h or r then the lemma follows
from Part (1) of Theorem 12.3. Since there are no other raising operators that
involve h, we reduce to the case where T involves r.

If the unique dual o ui o dual involving h is of the form M and r is a hat, then
there are three possibilities for 7" as follows.

o If T is of the form U, then Part (6) of Theorem 12.3 guarantees the
existence of the the following commutative diagram.

0,(8) —— Oa(&)
0,(&) ——= ©,(&")

o If T"is of the form D, then Part (4) of Theorem 12.3 gives the following
commutative diagram.

02(€) —2= 0,(&)
MT TD
01(€) 2= 0,(&)

o If T is of the form M, then Part (3) of Theorem 12.3 gives a commutative
diagram.
@2(5) L) @2(8’)
] Tu

01(8) —= 04(&")
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Alternatively, if the unique dual o ut o dual is of the form D and r is a chain,
then the only possible raising operator involving r is one of the form S. Here,
Part (8) of Theorem 12.3 gives a commutative diagram.

O2(E) — O(€)

o] To

01(€) —— ©,(€)

Having considered all possible operators that interact with the same rows as
the dual o ui o dual, we have proved the result. U

Next, we demonstrate the reverse direction.

Lemma 12.7. Let &£ be of type Y with M starting at zero. Let T be a raising
operator of type 3’ from O4(E) to E' which is not equal to the ui~ on O(E) which
gives O3(E). Then there exists E" of type X, such that the following diagram
commutes.

O2(E) —— €' = 04(£")
dualouiodualT Tdualouiodual

0,(&8) —1— ©,(&")
Proof. We claim that the following diagram commutes.

T
0,(8) — L &
dualouiodualT Tdualouiodual

01(8) —— T(O4(E))

To see this, let A = ([cmax+1, —Cmax— 1], tmax+1, —=1(E)) be the first row of ©(E),
let r € ©1(€) be the row combined with h through the unique dual o ui o dual,
and let 7" € ©5(€) be the image of r. If T" does not involve 77, then the existence
of the commutative diagram follows from Part (1) of Theorem 12.3.If T" involves
r’, then the dual o ui o dual is either M or D. If M, then r’ is a merged hat, and
T is either M, D, or U. If D, then ' is a row of circles and T is of the form S.
In either case, the existence of the four commutative diagrams used in the proof
of Lemma 12.6 verify the existence of the desired diagram.

The operation T' is not the dual o ui o dual operation from 01(E) to O(E).
Therefore by Lemma 12.5, it is clear that T'(0,(€)) = ©,(£") for some " ~ .
The fact that (dual o ui o dual)(©1(E")) = ©2(E") is evident. O

Next, we verify a similar result for ©;(€) and 6©4(&).

Lemma 12.8. Let & be of type Yy, with M beginning at zero, and let h = ([n+
1,—n—1],n+1,—n(&)) be the first row of ©1(E). Let T € {dual ouiodual,ui~"}
be a raising operator of type 3’ on O1(E) not equal to the dual ouiodual(s) going
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to ©5(E) or ©4(E). Then the following diagram commutes.
04(E) —— 04(&)

o] To

01(&) —— (&)

Proof. Again, we know that there exists £ such that 7" goes from ©,(€) to ©,(&’)
by Lemma 12.4. Let r be the last row of ©;(€). The operator T' cannot involve
h, so we can reduce to the case where T' involves r. Indeed, otherwise, the lemma
follows from Part (1) of Theorem 12.3. But r is a multiple, and the definitions of
S, M, U, and D; the only type 3’ raising operators, imply that they do not involve
multiples. 0

Conversely, raising operators in the ©,4 layer can descend to the ©; layer.

Lemma 12.9. Let £ be of type Yr with M beginning at zero and m.,_, . > 3.
Let T be a raising operator of type 3’ from ©4(E) to &' not equal to the ui~! from

O4(&) to O3(E). Then there exists E" of type Y such that the following diagram
commutes.

04(&) —L= & = 04(&")

o] &

0,(&) —F— 6,(&")

Proof. Let h = ([¢max + 1, —Cmax — 1], n+ 1, —n(&)) be the first row of ©(€) and
let the multiple r € ©(&) be the last row. Let 7’ be the image of r under the
dualization: a row of two circles. If T" does not involve 7/, then the existence of
the commutative diagram follows from part (1) of Theorem 12.3. The only row
operation involving the row of two circles r’ is S, 1, which we have assumed T is
not. U

Finally, we show that most operations T can ascend and descend between O,
and @3.

Lemma 12.10. Let £ be of type Yo with M beginning at zero. Let T € {dual o
ui o dual,ui~'} be a raising operator of type 3’ on ©5(E) not equal to the i~
from ©5(E) to ©3(E). Then the following commutative diagram commutes.

O3(E) —— O(&")

ui_lT Tui_l

Os(E) —— O:(E)

Proof. Let r be the row that is split by the ui™! from ©(&) to O3(€). If T does
not directly involve r, then the result follows from Part (1) of Theorem 12.3.
Otherwise, we consider a number of cases.

If the ui! from ©5(&) to O3(&) is of the form U and r is a hat, then there are
three possibilities for T as follows.
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o If T is of the form U, then Part (7) of Theorem 12.3 guarantees the
existence of the following commutative diagram.

03(8) —— 05(&")
UT Ts
0:(E) —— O1(&)

o If T is of the form D, then Part (9) of Theorem 12.3 gives the following
commutative diagram.

03(8) —2— O5(&")
UT Ts
0,(8) —2— O,(E)

e If T is of the form M, then Part (5) of Theorem 12.3 gives a commutative
diagram.

0:(E) — O(&")

Alternatively, if the ui =1 is of the form S and r is a chain, then the only possible
raising operator involving r is one of the form S. Here, Part (2) of Theorem 12.3
gives a commutative diagram.

03(8) — ©5(&")
0:(8) —2= 0,(&)

Having considered all possible operators that interact with the same rows as
the ui~' we have proved the result. U

Conversely, all operations on the O3 layer descend to the O, layer.

Lemma 12.11. Let £ be of type Y, with M starting at zero. Let T be a raising
operator of type 3’ from O3(E) to E." Then there exists E" of type X,, such that
the following diagram commutes.

03(&) —L— & = 05(&")

ui’l]\ Tuiil

0,(E) —LE— O,(&")

Proof. Let r € ©5(&) affected by the ui™! from 05(&) to ©3(£), and let v’ be
its image after the last circle is separated by the ui~!. If T does not involve 7/,
then the existence of the commutative diagram follows from Part (1) of Theorem
12.3.
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We may then assume that T involves 7/. The ui™! from O(&) to O3(€) is
either a U or an S. If U, then ' is a hat and T is either M, D, or D. If S, then
r’ is a row of circles and 7T is an S. In either case, the existence of the four
commutative diagrams used in the proof of Lemma 12.11 verify the existence of
the desired diagram.

Once we know that the diagram commutes, it is clear from Lemma 12.7 that
T must go from ©(E) to ©3(E”) for some £”. This then implies that & = O4(E”),
completing the proof. 0

Theorem 12.1 now follows directly from the above lemmas.

Remark 12.12. These commutativity results have practical use apart from pro-
viding a conceptual understanding of Theorems 8.4, 8.5, and 9.5. They also
provide a mechanism by which one could prove that sets like the ones detailed in
this theorem are closed under row operations. In the above proofs of these theo-
rems, we proved this closure property with less difficulty by examining the effect
of row operations on S-data. However, cases more general than those considered
in this article (e.g., non-tempered and non-anti-tempered) may still involve op-
erations like S, M, U, and D while not admitting a structural description like the
S-data. In such cases, results similar to the above eight lemmas and Theorem
12.3 (which may be proved without reference to the S-data) may prove useful.

13. APPENDIX: NOTATION

We use the following conventions. Generally, letters refer to the following.

o A refers to the right endpoint of a row.

eais A+ B+1.

e « refers to 2m — 2n — 1 in the theta correspondence; with a subscript it
can also refer to >, a; in the calculation of dual (see Definition 3.11).

e B refers to the left endpoint of a row.

ebisA—B+1

e 3 refers to a block (see Definition 4.4).

e Bi=>_,.;b; in the calculation of dual (see Definition 3.11).

e ( denotes the number of circles in a row.

e ¢ is for columns of an extended multi-segment (e.g. Cpaz)-

e Dy, denotes a certain dual o ui o dual operation with rows h and r (see
Definition 7.28).

e down refers to the sign for the going-down tower.

e 1) denotes the sign of a row, and also the sign of an extended multi-segment
(Definition 6.2).

e ¢ denotes a sign (e.g. in the calculation of row exchange, union-intersection).

e & refers to an extended multi-segment.

e Eseg(G) denotes extended multi-segments of G.

e h refers to hats (see Definition 6.13).

e G without a subscript is G, = Sp,,(F) or Hf = O3, (F).

e 7 is an index.

e j is an index.

e L is an index.
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e [ refers to the number of triangles in a row.

e m refers to (half of) the dimension of the space underlying the group O3,

e m"P(7) denotes the first occurrence in the going-up tower. Note that the
definition is that the lift is to H) %, ), not Hy» .\, m@"(7) is similar.

o m®"P (1) = m"P(m) —2n —1 is the corresponding odd integer for the theta
lift to the going-up tower at the first occurrence.

e m,. denotes the multiplicity of a circle in column c.

My, denotes a certain dual o ui o dual operation with rows h and r (see

Definition 7.28).

n refers to (half) the dimension of the underlying space of the group Sp,,,.

(P) and (P’) are conditions on the order of an extended multi-segment.

r denotes a row.

Rep(G) denotes the subset of £ € Eseg(G) such that 7(€) # 0.

s denotes a row.

S, denotes a certain ui~! operator on row r (see Definition 7.28).

S = (§;) is the data of an extended multi-segment equivalent to a block.

T refers to an operation on an extended multi-segment.

0=, (m) denotes the theta lift of 7 € TI(G,,) to H:x where 2m = a+2n+1.

up refers to the sign for the going-up tower.

Upx denotes a certain ui~! operation on row h (see Definition 7.28).

Vseg(G) denotes virtual extended multi-segments, i.e., we drop the sign

condition.

e Vseg”(G) denotes the subset of Vseg(G) for which every A; € Z.

e VRep(G) denotes the subset of Vseg(G) which satisfies the nonvanishing

conditions for each p.

VRep?(G) denotes VRep(G) N Vseg”(G).

X, is an extended multi-segment of a certain form.

Y, is an extended multi-segment of a certain form.

Zy, ko 18 an extended multi-segment of a certain form.

z-chains are rows of a certain form.

We also have the following other conventions.

e Extended multi-segments and related objects are in \mathcal{} font.
e 7’ usually denotes the image of r after some row operation is applied.
e 7 denotes the image of a row r after the dual operation is applied.
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