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Abstract

In wave turbulence theory, wave systems are governed by nonlinear
dispersive equations. The nonlinear Schrédinger (NLS) equation is
one example that governs waves in superfluids. In this report, The
NLS equation, its corresponding wave kinetic equation (WKE), and
the Kolmogorov-Zakharov solutions to the WKE will be discussed.
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1 Introduction

Wave turbulence theory is the theory of statistical mechanics for waves. Those
complex partial differential equations (PDE) governing different wave systems
are called nonlinear dispersive equations. One interesting example that we
focused on is the nonlinear Schréodinger (NLS) equation, which describes waves
in superfluids:
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A function u : R x [0, L] — C satisfies the nonlinear Schrédinger equation
if:

iOpu + Au = €ulu,

where € > 0 is a fixed parameter.

Solutions u of NLS have some interesting properties, including phase rotation
symmetry, time translation invariance, and space translation invariance. More
importantly, mass and energy are conserved in time, where the mass at a given
time ¢ of a solution u is defined to be [lu(t,-)||z2(r4) and the energy is defined

as E(t) :== fT‘Ll %|Vu(t,x)|2 + §|u(t,x)\4d:c.

2 The WKE Equation

While nonlinear dispersive equations describes the microscopic behavior of a
wave system, a statistical (or averaged) description, at a very long timescale, is
claimed to be given by the wave kinetic equation (WKE) in wave turbulence
theory. Every nonlinear dispersive equation has a corresponding wave kinetic
equation, and the WKE for the NLS is:

atn(tv 61) = IC(n(t, ))’
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where Q = || + || — &3] — €] and ¢; = 6(&;).

K€ = |,

2.1 Conserved Quantities

If p(&1) is the density of some physical quantity then

/P(fl)n(fh t) &

gives the total amount of that physical quantity in the system where n(&y,t) is
a solution to the WKE equation. The symmetries of the delta functions in the
WKE equation can be used to find quantities that are conserved in time:

d
G [eteontt.ede = [ penom,cde
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We will apply changes of variables in the second, third, and fourth terms. In
the second term, we switch &; and &s. In the third term, we switch &; and &3
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and switch & and &4. In the fourth term, we switch & and &4 and switch &
and &3. Assuming that all terms are finite, the resulting integral is

- / / (PE0) + p(E2) — plEs) — p(€))br 2 baoabi () A€y dbodtsde,
§1+€2—E83—84=0

If we choose p to be a function such that the quantity in parenthesis vanishes
when ) vanishes or when &1 + & = €3 + &4 then this integral will be 0 and
p will be a conserved quantity. Some possible choices are p(§) = 1, p(§) =&,
p(€) = |¢]? or any linear combination of these three. These three choices for p
correspond to mass, momentum, and energy respectively.

2.2 Derivation Of The Isotropic Equation

In this section we will simplify the the WKE equation in the case where the
input function ¢ is isotropic, i.e., ¢(&;) = f(|§l\2) for some f. In order to make
all integrals converge nicely we will also assume that ¢ is in the Schwartz class.
Recall the right hand side of the WKE equation,

1 1 1 1
/w_gs_&_o P0a0sulg0 F g = gy T gy ) ddiedis

By multiplying by a delta function we can remove the need to integrate over
the surface {&1 + & — &3 — &4 = 0}. We obtain the expression

% + é — é — i)ak(g)cs(gl + &2 — &3 — §a)dEadadSy (2.1)

The theory of Fourier transformation yields that

/ P120304(
R3d

1
(2m)
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Rd

in the sense of distributions. Making this substitution into 2.1 we obtain the
expression

1 ~ .
/ pe™(E1t&a—E—8a) g, de, desdN (2.2)
(2’/‘(‘)d R4d
where ¢ = ¢1¢2¢3¢4(ﬁ + é — é — é)dR(Q) is isotropic. Note that the norm

of the gradient of the function | - | is 1 almost everywhere. By applying the
coarea formula, 2.2 is equal to

Il
(2.3)
Where Sj‘fc_l denotes the d — 1-dimensional sphere of radius R. Now consider the
function on Sld)\_‘l that gives the angle 6 between a point A and &;. The level sets
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of this function are spheres of radius || sin() and the function 6 has gradient
|)\|71. The first fact can be seen by noting that in a coordinate system where
&1 =1(0,...,0,|&1])T the 6-level sets are the set of all (z1,...,24_1, || cos(d))
such that

234 a2+ AP cos?(0) = AP

or equivalently
2 2 2 2 2 2 .2
34 xi = |\ = A" cos®(0) = |\ sin®(0)

The second fact can be seen by noting that when an angle of df is traversed
away from | i |§1 an arc length of 27[A[ - £ ﬁ = |\|df is traversed. The gradient
of the theta function will be limy_,q % = W where ¢ is the arc length of a
displacement of X in the direction away from &;. Note that this construction
doesn’t work at the antipodal point B ‘51 But this single point has measure 0
SO we can ignore it.

(2.3) becomes the following;:

¢/ </ VOL(S972)

w”' 20y g, T [0 )dgldgldlan
I=27")g)

The same process can be done for each of the integrals over Sldé ‘1 except this
time we may consider the angle that ¢; makes with A. (2.4) becomes

@ /om /ooo /ooo qz/om DY e T

4 ™
<H/ VOL(sdQ)Slnd—Q(gj)eZAHgJCOS(aj)d0]>d|£2|d|£3|d|§4d|A (25)

To simplify the delta function that is a part of ¢, we make the changes
of coordinates |A\| = r and w; = |§j|2. We have that 1dw; = [¢;|d|¢;] so (2.5)
becomes

S L ¢/

ri- 1 w2w3w4 - (H/ sin? V@i Cos(ej)dﬂj)dwgdwgdw4dr (2.6)
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We will study the case where d = 3 because this integral can be simplified
tremendously in this case. Set

o0 4 ™
D ::/ rzx/w2w3w4(H/ sin(6;)e™" Ve COS(GJ)de)
0 170
Jj=1
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4

WLOG suppose that wy is the largest of wy, wa, ws, and wy. It follows that
wo is the smallest. WLOG assume that w3 > w4. Thus, wi > w3 > wy > we

Let A;j := \/wjr. Apply sin XsinY = 1lcos(X —Y) — cos(X +Y)] and
cos X cosY = L[cos(X —Y) + cos(X + V)], we get

g(r) := (sin(A;)sin(As))(sin(A4s) sin(A4))

:% Z s(€) cos(b(e)r),

ec{—1,1}3

where s(e) := H?zl €j, and b(e) := /w1 + Z?zl €j/wjt1. Now we compute

/O - %dr _ /O - 23%2 I s(e) cos(b(e)r)dr

ee{—1,1}3
<1
:algg+ 3 Z s(€) cos(b(€)r)dr
ec{—1,1}3
_ 1 li . b d
= 53 Jim, Z s(e) ’ T—QCOS( (e)r)dr
ec{—1,1}3
1 -1 - ble) .
_273a1_1>r(1)1+ e{gl}as(e)(rcos(b(e)r)]a —/a Tsm(b(e)r)dr)

The boundary terms are equal to —g(a)/a. The definition of g(r) in terms of
sin-functions makes it clear that these boundary terms will vanish as a — 0.
We are left with

_1 Z s(e) lim h b(ie) sin(b(e)r) dr

a—0t r
e€{-1,1}3 @
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— _1 Z s(e) lim /OO |b(:>| sin(|b(e)|r) dr

(-t a—0t
1 ) °° sin(u)
=2 > s(e)lb(e)] lim, ’ du
ec{—1,1}3
-7
— 5 Y s@b)

ec{—1,1}3
In order to awake the reader, we suggest to check that this quantity is equal to
%« /ws. Recall that we were assuming WLOG that wo, was the smallest of wy,
wa, ws, and wy. It follows that D is equal to a constant times

w1

\/min(wl, Wo, Ws, W4)

Hence, D = (j%)f T 1 (—4y /) = C% _ Cmm{m,%m,m} for some

constant C. Making this substitution into (2.6) we obtain the Isotropic equation.

3 The Isotropic Equation
The isotropic equation is

1 1 1 1
—_—t = — — ] dwgdWQ

i fo fs fa

where W = \/@ and f; = f(w;). We can think of this integral

as an integral over {(ws,ws) € R? : wo,w3,wy > 0} where wy 1= wy + wy —
ws. This region can be split up into four subregions which we will call W7,
Ws, W3, and Wy. The W; region will be defined to be the set where 0 <
w; = min(wy, ws,ws,wy). These regions are important because the Zacharov
transformations, which are defined in section 3.1, define bijections between
these regions.

(91tf(001)_/Jr s ‘>0Wf1f2f3f4[

3.1 Zakharov Transformations

The Zakharov Transformations (ZT) are a collection of transformations between
the four subregions Wy, Wy, W3, and W,. They are useful for finding power
law stationary solutions to the isotropic equation.

We can express these four regions by {(ws,w2) : ws,wo,ws >
0, and some additional conditions}, where wy = w; + wy — w3 and "some
additional conditions" is listed below:
Wy Wo > W3 > Wy
Wy w1 > W3 > Wy
Ws Wy > W3, W] > W3
Wy | w3 > wa, wz > wi,or equivalently wy > wy, we > wy
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The Zakharov Transformations (ZT) Ts, T3, and Ty are defined as below,
while T} is the identity transformation, i.e. keep everything unchanged.

_ Wi
Wy = E
TQ = w3 = w&j‘:‘l
Wy = Li;;}g'
wo wi;gm
2
_ w
T3 — QJ3 = LAJT;I;
wy = L5
w1W:
Wy = ¢1J43
Ty=qws= L&;:z
_wi
Wy = E

The following table summarizes T;’s actions on W; by entry at (7, ). Namely,
applying 7; on W;, we get W}, on the spot (7, j). For example, applying T3 on
Wy results in Wy.

T Ty T3 1Ty
Wy Wy Wy Wi Wy
Wy Wy, Wip Wy Wi
Ws Wy Wy Wp Wy
Wy Wy Wi Wy, Wi

Moreover, {T1,T5,T5,T4} forms a group that is isomorphic to the Klein 4
group. The multiplication table is given below:

T Ty T3 Ty
W Ty To T3 1Ty
T Ty, Ty T, T3
s T3 Ty, T1 T,
T, T, T3 T», T

With the help of ZT, we can transform the integral on the RHS (right hand
side) of the WKE to integrate over only W; for any 7 € {1,2,3,4}.

3.2 Applying ZT to Find Power Law Solutions

We make the Ansatz f; = w! note that we will assume that every integral that
shows up in this derivation will be finite even if this may not be the case. We
want to solve for v such that

/ Wlfafsfa+ fifsfa — frfafa — frfafs] dwadwsdws =0 (3.1)
w1 Fwe=w3+wy

Step 1: Denote (3.1) by 37 where the 1, 2, 3, and 4 refer to the positions that
w1, W, ws, and wy appear in (3.1). Notice that

Iii = I3 = I} = I3 (32)
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The first equality comes from the fact that switching w; and ws leaves the
expression defining (3.1) unchanged. The third equality can be obtained by
switching w; with w3 and we with wy in the expression defining 117 to obtain
fléf Then w, and w4 can be switched back via a change of variables. The
third equality is similar.

Step 2: Next we apply Zacharov transformations to the second, third,
and fourth terms of (3.2). Apply T» to the second term, T3 to the third term,
and T} to the fourth term. Note that T» can be written as (w1, ws,ws,ws) =
(@2, w1, W3, 04) where ¢ = 2L. Ty and T} can be written the same way except
wy is switched with w3 in for T3, wy for Ty and the constant c is equal to 2= for
T;. This property of the Zacharov transformation guarantees that the Zacharov
transformation maps the plane defined by the equation wy + wy = w3 + wy
to itself. In fact, the i’th Zacharov transformation is a diffeomorphism of the
region of the plane where each w; is positive. The Jacobian associated to this
transformation and the euclidean volume form on this plane is f(%)g. We can

also pull out factors of ( ﬂ)l/ 2 coming from the function W and a factor of
(2 )3V coming from the the expression in brackets in (3.1). We obtain that

1

I3 =+ / . WL 33y fo fu fa fafa—r fofamfr o fo) dwsdwndeoy

where the plus or minus is a plus if ¢ € {1,2} and a minus if 7 € {3,4}.
Step 3: By adding the transformed versions of I3}, I37, and I§? to 137 we
obtain that

I:g _ / W(]. +( )31/+3 .5 ( 1)3V+3.5 _ (ﬂ)SVJrS.E))
w1two—w3z—wg=4 w2 w3 W4

[fofsfa+ fifsfa— [ifafa — fifofs] dwadwsdws
By making the expression (1 4 (£1)%+3:5 — (%)3”+3‘5 — (&)?*35) vanish
we can obtain the so called Kolmogorov-Zacharov solutions. To do this we set

—3v — 3.5 € {0,1}. This corresponds to choosing v € {-3/2,—-7/6}.

4 Future Work

In the future, we want to continue exploring the following questions:

1. Is there fifth power law solutions? Based on our current result, the answer
is "No".

2. For which class of f we could make every step of transforming WKE into
the isotropic equation mathematically rigorously?

3. Is the solution f(w) := w™% mathematically valid? In other words, if we
plug it into WKE, would the integral converge? Based on our current
result, the answer is "Yes".

Given our current progress, we are expected to publish those new results
someday.
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