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Abstract

In this paper, we apply the method of [Dnl8] to Painlevé III equation and study the small
x asymptotic behavior of its special function solutions. We first find the simultaneous solutions
between Ricatti and generic Painlevé 111 equations and express it in terms of the solutions of Bessel
equation. Via Bécklund transformations, we construct the solutions for Painlevé III with more
general parameters. Since there are no closed formulas for these solutions, we shift our focus to
compute the explicit formula for the associated tau function using certain identities from linear
algebra. To do asymptotic analysis of the expression, we rewrite the formula in the form suitable
for computing z — 0 asymptotics and obtain our main result.
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1 Introduction

Painlevé equations are six nonlinear second-order ordinary differential equations. They are
written in the form of ¥ = R(y’,y,t) with R a rational function. Their solutions have the so called
Painlevé property. That means the locations of singularities that are log(z) type don’t depend on
the initial conditions, but the locations of singularities that are 1/z type do depend. Most of the
solutions of Painlevé equations are transcendental. That means their solutions can’t be reduced to
simpler special functions. However, there are several exceptions in particular for Painlevé III equation.
It is easier to study asymptotic behavior of such solutions and that is why we are interested in it. Also,
Painlevé equations have wide applications in other areas of mathematics, especially random matrix
theory, see [FW01, FW02].

In particular, Painlevé III equation is given by:

W@ W@ el@) g 1
(@) u(x) x + x + (@) u(z)’ et

Consider the tau function given by the determinantal form:

n(n—1) n—1

Tn(l') = xn(n—l)(_l) 7 det <{f%_j+k(x)}j,k:0)
Then the solution of Painlevé III equation can be written as the following form:

Trnt1(x, @ — 2)1, (2, @)

an(T) = Tona1 (2, )T (2, a0 — 2)

After the asymptotic analysis of the expression of 7,(z), we rewrite the formula in the form suitable
for computing  — 0 asymptotics in terms of the leading term and obtain the following result:

Car o(n— an
T (93) ~ 2 e Tt diedy e (Sin(gﬂ))n G(TC * 1)G(7% tn—ret 1)G(n —Tet I)G(TC + % + 1) zn(n—l)—f—arc——"’é‘y —2re(n—r¢)
" T L2 2 G(—§+n—-2r.+1)G(§ —n+2r.+1)

2 c 2 c

where

di=c1(1+ cot(w%)i) +ca(1 — COt(?T%)i),

da = c2 CSC(W%)i —c1 csc(w%)i,

Cl,CQEC,
0 ifa>2n—2

re(a,n)=<n—j if —2n+4j—-2<a<-2n+4j+2andj=1,2,...,n—1,
n fa<—-2n+2

G(z) refers to Barnes G-function
Eventually, in this paper, we derived the asymptotic of ¢, (z) as x — 0 applying the result above to

the solution of ¢, (z) through tau function as our main result:

n(d P(—%-n+2+1)\2 T(n—j+ $)C(—j+D) | oyat2n—dj—1 - . ,
=D (i) [( g +n—27) ) T—§HTDTGHD } (3) T = 2n4dj<a<—2ntdj+2

and j =0,1,...,n

qn(T) ~
d T($+4n-2j+1)\2  T(=Z$+i+DT() 2\2n—4j+a+1 . X .
(«Tf) {( TS —n+2)) ) F(n+%‘2j+l)1“(n—j+1)} ()" if —2n+4j-2<a<-2n+4j
and j =1,2,...,n
—otn if a < —2n



2 Review of important definitions and results

2.1 Bessel equation and contour integral representation of its solution

Definition 2.1.1. Bessel equation is given by
/ 2
" w'(x) v _
u(x) + . —|—(1—x2>u(ac)—0

We can remove -5 term changing the unknown function v(z) = ~“u(x). The new version of Bessel
equation is given by

2v+1) ,

v (z) + v'(z) +v(z) =0 (1)

One of the standard solutions in the form of series representation is given by (see [DLMF, (10.9.4)])

T@)=22% (C1)fa™ 2)
v 2v L= 22kEI0 (v 4+ k + 1)
k=0

where I'(x) is Gamma function.
There are also contour integral representations for standard solutions which are mainly used in this
paper. For —7 < arg(z) < T, they are given by (see [DLMF, (10.9.17), (10.9.18)])

oo+
1 .
JV(I) _ % / e« Smh(z)fuzdz7 (3)
oo+t
1 .
Hz(/l)(x) —— / exsmh(z)—vzdz, (4)
™
1 co—im .
Hl(/2)(x) _ _E / exsmh(z)—uzdz’ (5)

2.2 Some useful identities between cylinder functions

Define the function
Jy(x) cos(mv) — J_, ()

sin(mv)

Y, (l‘) = (6)

The functions J, (), Y, (z), bip% (x), o (x) are called cylinder functions and are denoted by C, (z).
We can show that C),(z) satisfies the following properties (see [DLMF, (10.6.2)]):

Clx) = ZCula) = Cua () ()
Cl(x) = O (x) = ~Cul) ®)
And also, we can obtain the following relations (see [DLMF, (10.4.3)]):
HY(z) = J, () + i, (z) (9)
HP (z) = J, () = iY, (2) (10)
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Figure 1: Contours of J, (x), Hﬁl)(x) and H£2)(x)

2.3 The simultaneous solutions of Ricatti and Painlevé III equations

We want to obtain the solutions of Painlevé III, but usually there are no direct method to solve a
nonlinear equation. Therefore, in this section, we try to construct simultaneous solutions between
Painlevé III and a well-chosen equation which has a close relation with Bessel equation in order to
write the solutions of Painlevé III in terms of (4) and (5).

Definition 2.3.1. Ricatti equation is first order nonlinear ODE given by

u'(2) = a(x)u?(z) + b(x)u(z) + c(x), a(x) #0. (11)

Notice that if u(z) solves Ricatti equation, then u(z) = *ﬁ 1;/((5)) where v(x) solves the following
linear ODE:

a(x)v" (z) — (a'(z) + a(z)b(x))' (z) + c(x)a®(x)v(z) =0, a(z) #0. (12)

Definition 2.3.2. Painlevé-III equation is second order nonlinear ODE given by

W@ @) | el@ B g 1
u(z) P x +u(e) u(z)’

a,p € C. (13)

u'(x) =



We try to look for the simultaneous solutions of the two equations (11), (13). Taking the first
derivative of (11) and plugging in the u/(z), we get:

u(z) = 20%(2)u’ (x) + (a'(x) + 3a(2)b(x))u® (z) + (2a(z)c(z) + b*(x) + V' (2))u(z) + (b(z)c(z) + ¢ (x))

Meanwhile, plugging (11) into (13), we get:

W(z) = (aX(2)+1)u? (x)+(2a(x)b(x)—‘MT*O‘)UQ(x)+(b2(x)+2a(x)c(x)—@)u(zwC(zz;) L ab(a)e(r) - =7
By matching and solving for the coefficients, we have totally four cases. We list them below:
a(z) =1, b(z) = O‘;17 () = 1, B=2—a (14)
a(x) = -1, b(x) = _1;“, o(x) = -1, B=—-2-a  (15)
a(z) = 1, bz) = 0‘;1, o) = -1, B=a-2  (16)
a(z) = —1, b(z) = _1:; i ola) = 1, B—at2  (17)

Note that for (14), the linearized Ricatti equation (12) becomes the new version of Bessel equation (1)
in the following form
(1-a)

- V'(x) +v(z) =0

v// (x) +

which has a solution o
vi(z) = a7 (ki HY (2) + ke HIP (2)), v=—+

2
Alternatively it can be written is
vi(z) = xiu(ElH(—lg(ﬂf) + EQH(_2V)(CC)), v= —%.

By changing the function back, the simultaneous solution of (11) and (13) has the form

us(z) = — = 1 (2)

Similarly, for (15), the linearized Ricatti equation (12) becomes the new version of Bessel equation (1)
in the following form

V'(x) +v(z) =0

which has a solution o

va(w) = 27" (ks Hy (2) + ks D (2), v =5

By changing the function back, the simultaneous solution of (11) and (13) has the form

us(a) = - (o ()

However, we don’t consider the rest two cases in this paper since they are corresponding to the so called
"modified Bessel equation”. The readers can refer to [Cla23, Theorem 3.5] and [DLMF, §32.10(iii)] for
details.

2.4 Backlund transformation

To construct more solutions for PIII equation with more general parameters, we need to introduce a
powerful tool, see [DLMF, §32.7(iii)]



Definition 2.4.1. Bdcklund transformations for the Painlevé-III equation are given by

(@), v (@) + wu(z) — fulz) —u(@) +x
B (0le)0.) > (e 5 o § ey ey 77+ 28 +2)
(o) - o(@) + fule) ()~ .
u(z)(zu' (z) — 2u?(x) — aulx) + u(z) — )a 2,8 2)
o ()t ea) + fule) —ule)
Bs: (ul2) ’ﬁH( ) T 7R @) T aew) T e = 2P 2)

Assume that u(z) solves Painlevé-IIT equation. Denote B;(u(z), o, 8) = (v(z), a + 2, 5+ 2). Using
Mathematica, we can furtherly show that v(x) solves Painlevé-IIT equation
2
N ) o B L (O R G S O
v(x) x x v(x)
Similarly, denote Ba(u(x),a, ) = (v(z),a — 2,8 — 2). We can show that v(z) solves Painlevé-III
equation

Ba: (ula). )

a, B eC.

" (W'(2)® (@) (@=20*@)+(B-2) , 5 .
V(@) v(z) x x +vi(@) v(z)’
In addition, denote Bz(u(x),«, ) = (v(z),a + 2,8 — 2). We can show that v(z) solves Painlevé-I11
equation

a,pB e C.

"x)?: V' (x o v (z —
R L R

’U/I(:L') —

More specifically, in our case, we can apply B; on uj(z) to construct all the solutions satisfying
a+ = 2+ 4N. Moreover, we can also apply Bs on us(z) to construct all the solutions satisfying
a+ pf=-2—-4N.

Remark 1: Notice that one of the factors in the denominator of the new solutions is one side of Ri-
catti equation. There is a singularity for B; when a+ 8 = —2 and when us(z) solves Ricatti eqaution
with condition (15) , so it can only be applied on u(z). Similarly, there is a singularity for By when
a+ B = 2 and when wu;(x) solves Ricatti eqaution with condition (14), so it can only be applied on
us ().

Remark 2: We will not use B3 to construct solutions in this paper since it can only be applied on
the solutions corresponding to "modified Bessel equation”. But it is useful to formulate the general
solution in section 2.7.

Remark 3: Instead of applying By and using us(z), we can use the transformation u(z) — —u(x).
Remark 4: There are no explicit formulae for these solutions constructed by Béacklund transforma-
tions, we have to use other methods to study them.

a,p e C.

2.5 Hamiltonian system

We use the formulas presented in [Cla23].

Definition 2.5.1. Denote q(z) solution of the Painlevé-III equation. Fix e = +1. The momentum
associated to it is given by

o) = s (@) + 2070 e +ato) (225

Definition 2.5.2. Denote q(x) solution of the Painlevé-III equation. Fix e = +£1. The Hamiltonian
associated to it is given by

H(z) = (@) () — pl) (xq2<x> — ez -+ () (5 - >) + 2aq(a) (MM)

4e
We can show that Painlevé-I11 equation is equivalent to the Hamiltonian system:
dq OH
rT— = —
dx dp
dp 8H
Y 6q



2.6 Tau function and Toda equation
For details of this section see [Oka87] and [FWO02].

Definition 2.6.1. Consider Painlevé-I11 equation. Fix ¢ = £1. Define auziliary Hamiltonian using
formula

) = 5 (HG) + alola) = 20 + (5 - 46+ <(a - 2)

Consider Painlevé-III equation. Choose € = 1. Since momentum and Hamiltonian are expressed
in terms of ¢(z), the action of Bécklund transformation B; can be extended from (g(x), «, 8) to p(z),
H(z) and h(z). We denote

(u(x), @+ 20, 5+ 20) = B (q(), . B)
Pa(@) = P&l g(2) g0 (2),8- 820

H,(z) = H(z)|

hn(z) = h(z)

q(z) = qn(2),p(x)=pn(z),0—a+2n,—S+2n
|H (@)= 1, (2).0(@) 00 (2).p(2) > () a—sa+2n, B +2n
To study the behavior of PIII equation more easily, we introduce the tau function associated with the

solution.

Definition 2.6.2. Define tau function for Painlevé-III equation using formula
d
o In(7,(z)) = hn(z)

It is defined up to a constant.

Using the following identity:

3
hn+1(17) = hn(z) - pn‘]n(gj) - 5 +
We can show that the Toda equation holds:

c, Tn+1 (x)Tn—l (Z‘)

r—ax— In(r,(2)) = 2(0)

dr dz
for some constant C,,.
Actually, denote f(z) = .Til‘% In(7,(x)) and g(x) = % Basically, we want to show
f(z) = Chg(z). Taking natural log on both sides, we get In f(x) = Ing(z) + InC,,. Therefore, it is

equivalent to show d—(ln f(z) —Ing(z)) = 0.
x
Well, by using Definition 2.6.2 and the identity above, we have:
d )) _ pn—l(I)Qn—l(z) - pn(x)LIn(x) +2

—1
7 ng(z .

d K (z) + zh!(z)
2 — Dn\P) T )
75 n(f(@)) o (@)

By using Definition 2.6.1 and (18)—(21), we rewrite (23),(22) in terms of ¢,(xz). With the aid of
Mathematica, we can verify the difference of them is zero.

Actually, using transformation 7,,(x) — a,7,(z) one can change constant C,, in the Toda equation to
be 1. a, can be obtained by solving a difference equation

(22)

(23)

2
Cnan = On410n—1

The general solution is:
n n—17J

an =TI [C: neN

—on
Qg j=11i=1

By picking the initial conditions ag = a1 = 1, we get:

n—1 7
a":HHCi’ n €N

j=1i=1



2.7 Some linear algebra

Toda equation determines the tau function recursively. If we want to derive some nice formula for it,
we need some properties of determinants.

Proposition 2.7.1. The Leibniz formula for the determinant of n x n matrizc A = {a;; }?jzl 18 given
by
n
det(A) = Z sgn(o) H Uk, (k)
ogESy k=1
where Sy, is the set of permutations of n elements and sgn(o) is sign of permutation o.

Directly using the proposition above, we can show the following formula for derivative of a deter-

minant
n

d = d
L) =Y 3 seao) (o)) TT awocs @

j=1c0€S, k=1
k#j

Proposition 2.7.2. Denote A;; the matriz obtained from A by deleting of ith row and jth column.
The Laplace expansion for the determinant along the jth row is given by

n

det(A) =Y (1) a i det(Ajy)
k=1

Proposition 2.7.3 (see [VV23]). Denote A;j; the matriz obtained from A by deleting of ith and jth
row anf kth and lth column. The Deshanot-Jacobi identity is given by

Corollary 2.7.1. Using the formula for the derivative of determinant and Deshanot-Jacobi identity,
we can show that functions in the form of

n

fula) = det {<xd">+ fo<x>} (25)

i,j=0
solve Toda equation corresponding to Painlevé-III equation
d\’ Jnt1(2) fr—1(2)
— | In(fn = >1 26
(241 ) miate) = L2 cal) (26)

Proof. Specifically, to match the expression in Proposition 2.7.3, we rewrite (25) as:

d\° d ?
Frer@is(e) = 50 (24 ) olo) = (00 0)  nz1
Let fni1(x) = det(A). Obviously, it follows that f,,(x) = det(A, 1 2n42) and fr_1(x) = det(Ant1 nt2int+1,n+2)-
Then we take the first derivative of the determinant in (25) by multi-linearity with respect to rows.
d
Since a determinant with two identical rows is zero, the simplified result we end up with is xd— fulz) =
i
. e d
det(Ap41jn+2). Since Ay qjnqo = (Apyoms1)”, it implies that x%fn (z) = det(Ap11jny2) = det(Aniojny1)-

Then we take the second derivative of the determinant in (25) successively by multi-linearity with re-
spect to columns. Similarly, since a determinant with two identical columns is zero, the simplified

g\ 2
result is ended with <xd> fn(w) = det(Apq1jns1)- It shows that the statement holds. O
x

Now we already have the fundamental form for 7,,. We compute ho(z), h1(z), and ho(z) in the
case of Painlevé-1II equation and € = 1, a + 8 = 2 in terms of functions Hg)(x), H(;)(l‘) If we pick

the base cases carefully in the following way

To((E) = ].



n(x) = aHY (2) + . HY (x)

1(z)  7(z) )
Ty det
(=) = (nw 7 (x)
Then we will get the inductive formula for 7,

n

() = det { @;‘;)M—Q n(a:)}

1,7=1
Remark: One can show numerically that the explicit formula for ¢, is

)= et @

Obviously, there is a close relation between 7,, and ¢,, from this formula. We can also use this to verify
our main result.

2.8 Andréief identity

To improve our result based on the inductive formula, we introduce a more advanced identity.
Proposition 2.8.1 (see [Forl8]). Andréief identity is given by the following formula

n
n

/ /det ({fj(xk)} . 1) det ({gj ()} e 1) H )day = n! det /fj Vg ()h(z)dx

r I - k=1
Proposition 2.8.2. The formula for the Vandermonde determinant is given by
k n
dt{y )= T o)
0<j<k<n

Lemma 2.8.1. Using identities (7), (8) from section 2.2, we show that in the case of Painlevé-II1

and € = 1 we have S

(@) = 2" (=1) 5 det ({f3 (@)} L)

where
fula) = et HD (2) + o H ()

Proof. From the inductive formula of 7, (x), we know:

m@:@t{@ifﬂ@y

k,j=0

—1

By identities (7), (8) from section 2.2, we can obtain the following relations:

v fy (o) = 2fya(2) — 2y (@) (28)
2 fy (@) = ~afy (@) + 21y (@) (29)
For relation (28), by induction, we can show:
d\’ Jj—1
(%z) fa(x)=a'fo_j(x)+ ) crjak fo_i(2) (30)
k=0



for some coefficients ci;. Well, we furtherly simplify the determinant using (30):

d
. L fa () ] z—fg(@) ]
dot d ki f zfg_1(2) + co1fg (z) f@(ﬂﬂf%ﬂ(fﬂ))-FCoﬂEf%
€ Xr— o = d d d
dx 2 ko JZf%_z(w)-i-cuwf%_ﬂx) + co2fg w%(xzf%—z(w))-i-cuw%xf%_l +co2r—fg

Obberve that by elementary row operations, we can always use the previous rows to eliminate the
Zk —o CkjT fg_k( ) part in a fixed row and the value of the determinant doesn’t change. Finally, we
will end up Wlth

I3 @) e iy @)
k}Jr] n—1 i k n—1
d Fg_a1(z) (@fo _1(x)) - d )
det {(md> fr;} _ 3; C xgzz 3; o« (z _ det {(xd> 9C]f‘;g}
X ko j=0 x f%Jz(‘T) 93%(93 f%72($)) T ko j=0
By relation (29), by induction, we can show:
d\* k—1
(zdx) @ fg—j(x) = ()% fa_jip(a +Zd"k 27" fa () (31)
To prove (31) by (29), we first fix ¥ = 1 and induct on j. We have
d . " )
vt fgj == g jpa(a) + 7 (5 —J) aj(@) +ja’ fg () (32)
=y (@) 20 () (33)

After showing (32) we induct on k. We can noticed that d,;; actually doesn’t depend on j. So (31)
can be written as

d\F k—1 .
(o4 ) 55 = COR™ g piae) + 3 ™ fy () (5)
n=0
Again, we futherly simplify the determinant by (34):
d k4j n—1 f%(m) mf‘l+1+d01f‘1
dx 2 . .
k,j=0 : .

Similarly, by applying elementary row operation on columns, we can always use the previous columns
to eliminate the Zﬁ;é dpkt? ™" fo i n () part in a fixed column and the value of the determinant
doesn’t change. Finally, we will end up with:

g\Fo ! ,
det {(xd:ﬂ) fgé} = det ((_1)kxj+kf%__7+k($))
k,j=0
By multi-linearity of determinant, we can factor out (—1)*27+* and reach the conclusion:

det ({fg_ﬁ-k( )}ﬁio)

n(n n(n—1)

(@) = det ((—1)Fa7 ™ fa_jp(2)) = 2"V (-1)

where
fol@) = et HV (2) + o HP ()

That completes the proof. O

10



We apply Andréief identity to show that for the case of Painlevé-I1I and € = 1 we get the following
result.

Theorem 2.8.1. The explicit formula for ,(x) is given by

Tn(x):x”wl)(&l)w / / I @&-t ( >Hhtk )t (35)

[3Uly  Taury 0Si<ksn—l

where

62(t77)

wittts

h(t) =

(1xry (8) — caxr, (1))

I3 is contour of integration for Hl(,l)(x) and Ty 1s contour of integration for H,Ez)(a:) after change of
variable e = t.

Proof. By (4),(5) we get:

fa(z) = clH(%l)(x) + CQH(%Q)(SU)

co—+im co—14T

1 ; _a 1 i _a
=c— e:vsmh(z) 2%dy — cog— 6xsmh(z) 5%dy
Yy X
—o0o —o0
co+im co—iT
1 T(,Z_—2Z\_ «a T2 __,—Z\_
=—|a e85y — ¢y e3lei—e 2%z
Yy
—oo —o0

Let e* = t, then we have:

1 e3(t—1) es(t—1)
f%(z)zg Cl\/t%ﬁdtfcz/ﬁdt

s Ty
e3(t=1)
= / m(ﬁer(t)—@Xm(t))dt

Tsul'y
where x(t) is the characteristic function.
Let h(t) = fa (x), then it implies that:
g—j+k(T) = / t= ¢/ h(t)dt
T'sul'y

From Lemma 2.8.1, we obtain:

'n.(n 1)

n(n—1 n—1
i) = 2D (1) det ({ £y 5 ak@)} L)
n—1
— gn(n— 1)( "(" 1) {r / t—ktjh
sUls k=0
Let gx(t) = t=% and f;(t) = ¢, by Proposition 2.8.1, we get:
gnn=1) (1) n

(@) = [ [ et () det ({os(e), ) T tedn

n!
I'sUl'y I'sul'y k=1

n(n—1)

:mn(nfl)(;)f / / det({ti}zk_l>det<{tgf}zk_l)£[lh(tk)dtk

I'sUl'y I'sul'y

11



By Theorem 2.8.2, we can compute the two determinants in the integrand:

det ({ti}zkﬂ): I &-u

0<j<k<n—1
A" 1 1
det ({tkj}v ) = H (t_t)
Jk=1 0<j<k<n—1 Nk Ui
Thus, the explicit formula for 7, () is given by:

n(n—1)

Tn(x):xnm—l)(?;l) 2 // I -t (;—;yﬁh(tk)dtk

FsUl,  Taur, 0Si<k<n-—1 k=0

2.9 Orthogonal polynomial
For details about this section see [Ism05].

Definition 2.9.1. The monic polynomial of degree n
n—1
pn(z) = 2" + Z a;z’
=0

is called orthogonal polynomial with respect to weight w(z) on contour T if it satisfies conditions

/pn(z)zjw(z)dz =0, 0<j<n-1
r

Definition 2.9.2. Moments of the weight w(z) are given by

i = /zjw(z)dz

r

Definition 2.9.3. Hankel determinant associated to the orthogonal polynomials p,(z) is given by

H,, = det ({Hj-&-k}zk:o)
Proposition 2.9.1. Denote by M, (z) the matriz {ﬂj+k}zk:0 with last row replaced by (1,2,2%,...,2").
The orthogonal polynomials p,(z) are given by

_ det(M,,(2))

pn(z) H _

We can use multi-linearity property of the determinant to verify the explicit formula for p, given
above is a monic polynomial and satisfies the orthogonality condition by expanding the last row.
Definition 2.9.4. The normalizing constant for orthogonal polynomials p,(z) is given by

hy, = /pn(z)z”w(z)dz

r

Proposition 2.9.2. The Hankel determinant is given by

i
§=0

It is easy to check using multi-linearity property of determinant that we can compute h,, recursively
in terms of H,,.
Remark: The normalizing constants for classical orthogonal polynomials can be found in [DLMF,
Table 18.3.1].
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3 Main result

3.1 Basic strategies

Up to this point, we’ve got enough preparation to compute the asymptotics at zero. Our goal is to
rewrite 7, (2) ~ b(n)z*™ when z — 0 in the case of e = 1, 4 ¢ Z, |Re(c)| < 2n In this part, I will
summarize several key ideas to achieve this goal as following:

e The contours I's and T'y spread out to zero and infinity in the formula (35). We can’t put =0
here without losing convergence of the integral.

e We rewrite Hﬁl) and Hl(,2) in terms of J, and J_,. Contour I'y for J, in variable ¢ is located
around infinity, it does not approach zero. Contour I's for J_, in variable ¢ is located around
zero, it does not approach infinity.

e Expanding the product in the integrand of (35) we get the expressions, where some of the
variables t; will belong to contour I'; and others will belong to I's.

e We apply change of variable technique ¢ = % to variables on contours I'y. The integrand will
preserve exponential decay at infinity when we put x = 0. On the other hand, we apply change
of variable technique ¢ = %T@ to variables on contours I's. In this case the integrand will preserve
exponential decay at zero when we put = = 0.

3.2 Alternative formula of 7,(x)

According to the blueprints above, we can start to derive the alternative formula for 7,,. Using (6),
(9), (10) we have
HV(z) = (1 +icot(nv))J, (x) — icse(nv)J_, ()

H® (x) = (1 —icot(nv))J, (x) +icsc(mv)J_,(z)
Recall that: f,(x) = clHl(,l)(x) + o P (x), then we have:
fo(x) =did,(x) + doJ_,(x) (36)

where
dy = c1(1+icot(nv)) + ea(l — i cot(nv))
do = cocsc(mv)i — ¢ ese(mv)i

By formula (3) of J, () it follows that

1 oo+ 1 co+-im
» = d— T sinh(z)fuzd do—— / zsinh(z)Jruzd
Ju(@) =g / ‘ SRR :

Making the change of variable z — im — z in the second integral we get

1 co+-iT imy —oo
y = di— xsinh(z)fuzd —d € / zsinh(z)fuzd
fo(@) = dig 2 / € *T R4 c N
0O0—1T —oo+21T

Let e = t, we have

eg(t_f) ’
fo(x) = / T (e (£) — doe™ Xy () dt

2mitttv
I uls

I’y is contour of integration for J, (z) and T is contour of integration for J_,, (z) after change of variable

z(y 1 Ca
e =t shown in the Figure 4. Now, redefine h(t) = zziT%)(leFl (t) — dae’™z x1, (t)) in the explicit

formula of 7,,. It is worthy to point out that the way to define h(t) is valid. It seems that the coefficients
dy and dqoe'™ are non-constants depending on j and k. However, the periodicity of cotangent function

13



Imit)
Contour of 4

Iy

arg(t) =7 ¢

3

arg(t) = —m \O

\ > Re(t)
’/ (

Imf(t)

Contour of

)
/) arg(t) =0
> Re(t)
\j arg(t) = 2w

Figure 2: Contours I'y and T's

will make dy = ¢1(14-cot(m§ )i)+c2(1—cot(n5)i). On the other hand, the periodicity of secant function
and exponential function will make doe™ = (cy cse(m5)i — ¢ cse(n$)i) €™ 2. They are actually both
constants.

We should make another remark about power function tl+% When we use it, we assume —im <

arg(t) < im on contour I'; and 0 < arg(t) < 2mi on contour I's.

Lemma 3.2.1. Let I denote a subset of the set of indices and r denote its cardinal. One can observe
the following algebraic identity:

n
H C1XT, tk +02XF2(tk)) Z chg THXF1 tk H sz

I1c{1,...,n} kel jele

Now we apply the lemma above to Theorem 2.8.1 with the redefined A(t) in order to convert the
formula into a big summation form and decouple the contours as following

_ T (4 —) ,
mn(n 1) (tj *tk)2 L) [ n ira n
@ =t—— [ [Tl - o T (i () — dae g (0) T]
' rury Ty0r, 0Si<k<n-—1 Itk 1=1 2mit,? m=1 a1
_ &(tl,i)
Zn(n—1) (t; *tk)2 no.2 ) o T n
Y / / 11 tt [[—5% > didg T xees o) TT xeo ) | TT dta
" r,ury  ryury 0Si<ks<n—1 itk =1 2mit)? IC{1,..,n} ier jere i
[T[=r
Zn(n—1) > Z(t—4) 5
I e N Y R TR S VT
(2mi)™ ey it o t%+1 b tith
I1j=r Ty Iyrp o 1 ik,

i~ T 2 _
H e %+1l J H (t,tjtik) \JH (t; tk) Hdtq H at,

lere i JEl jeI° q€l qelc
kel® kel
For t; € I, we use change of variable ¢ = 2% On the other hand, for ¢; € I¢, we use change of
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variable t; = 3

1ij. The formula above becomes

S o] T gmif;‘?%?,l

Ty T T2 5 ke[

1 _
Tn(x):(Qﬂ—i)n Z d d” 1( e L ynor
IC{1,...,n}
[T|=r
_ 1
H (s5 — sk)? H e °1 (14 O(z?
j<k SiSk  Jeie (%) ygHt ,%_H PR
j.keI® :

Group all the 2-factors together and pu

P
jEeI L7855k g€l gere
kerI®

)| e p Lali 06 (2 o s 1 dsq)

11 them out of the summation,

g errI T - oY (s = 1)
() = —— 2 didy ™" (— e’ / // / | I —~ =
(2m2) I1c{1,...,n} i<k SjSk
‘I":r‘, I F1l2 T2 Jper

_ 1
[[EL0+0G) [y (s = s pp e "0 +06D) [ (04O 7y T g,

(o]
+1 _Q_
ler s? 271 i<k
j.keI®

SjSk

[e3
S+l ayq
rere s z2 T jer.
keI®

a? 555k q€el q€eI®¢

Next group all the powers of x together,

g—art2r(n—r)+ o
) =—mmr—————

2mi)m Z didy ™" (= e’

)n gn(n—DFar— Y _2p(n— 7‘)/ // / sj—sk)
! SjSk

'y Iy T jﬁ P

(3 s — 2 Lz
[Tets #7010 e wis 87 T 2 [Tas, I ds

ler i<k
j,kerc

ler¢

kJEIIL k ger qeI’
€

We also want to group all the products of variable s together and separate the integrals based on
different contours. We rewrite the following three parts,

8jSk

(ég_sk) 55— sg)? S; — 8 s,
H H(J k) ]l;Ik Tsk JIZIIC(J k) 113

i<k i<k
Jkel J,kel J kel g kel
(sj — Sk)2 2
II T IT Gi—s0 11 m [T Gi—s0)* IT s
i<k J i<k i#k 77 i<k lerc
j,kEIC j,keI® j,keI® j,keI®

I1 2 =TIs" I1 5"

JEI ler lere
keIC

Then we try to find the powers 1, 72, 73 and 4. It is observed that

1

It is worthy to illustrate how can get 3
with indices belonging to different sets,

—9(r —
2=
2
—2(n—r—1)
=~ =-—n+r+1
2
=n-—r

and 74 here, which is tricky. Since we are splitting the product
there is certain dependency between index k and j in terms of

the order like doing a double integral. The number of the s-factors can be visualized in the following

matrix

Skl Sk2 Skg

{ Sje } | 82 Si2 Sia
- Sk Sk Sk
Skg 1<a<r 1 2 3

1<B<n—r

It is obvious that horizontally, for each
—r factors.

Combine all the powers of s; together,
2—ar+27‘(nfr)+%

(@) = @ri)n

55, ,there are (n —r) factors. Vertically, for each s, there are

nao

_ ire _ x71(n71)+ar——72r(n )
M — / [ /1‘[ 53— o)

ryr
Iy 1 T2 ,)kel

H65157772T+n H (sj — s1)? H 677577771' Hdsq H dsq

ler i<k lerc qel qeI”

j, kel
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After some further algebraic manipulations, we eventually obtain the alternative form of 7,.

Proposition 3.2.1. The alternative formula of 1,(x) is given by

27ar+2r(n7r)+% ir :L.n(nfl)jtarfwf%‘(n r) )
_ r m—r 2 n—r
Tn(z) = i Yo didyT(—e ™) = // I 55— se)
I1c{1,...n} r, 1, J<k
[T|=r j.kel
—2—2r4n 2 - L —2_pn
S
[Tevs *2 [asy [ oo [ T 5= Tl Hs 5 [T s,
lel qel <k leIe qel®
Fo T2 jere

[y is contour of integration for J,(x) and T's is contour of integration for J_,(x) after change of
variable e =t

3.3 Asymptotic of 7,,(x)

The asymptotic of 7, is the leading term of the alternative formula. To obtain that, we need to find
the smallest power in terms of . Denote the power of the leading term of 7,, as p(r), then

p(r):n(n—l)—l—ozr—%—%(n—r)

Take the derivative to find the critical point, we get

d
P _ 0o +4r =20
dr
and ) R
n — Re(a
re(n,a) = 2= Rela)
4
Denote [|z|| as the closest integer near x. Choose r, = H%%RE(Q)H roughly, then the leading term is
27arc+2rc(nfru)+% n! ir xn(nfl)Jrarcf—er,,(n re)
() ~ , diediTe (—e 5 ) / / I1 G5
(2mi)™ (n—re)lr!
1'\1 ]<k
J.kel
HeSlSl_%_QTC+7LHdSq/~~/ H (Sj _Sk)2 H e~ S, sl_*—n H dSq
lel el j<k lere qel”
I 2 T2 j.,jkelc
when & — 0. 0By Andréief identity again, we have
- (x) N270¢7‘c+27‘c(n77“c)+% chdn_,’,C(ieiga )nfrcxn(n 1)“1’0””@***271(” Tc)
" (2mi)™ re
re—1 n—re—1
det /skﬂess*%*%ﬁ”ds det /sk“e*%s*%*"ds
I 3,k=0 L2 3,k=0
when = — 0.
Notice that the two determinants are Hankel determinants with wy(s) = e*s~2 727+ and wy(s) =
e"ssTEm respectively. To evaluate them, we need to refer to the explicit formula of H, and the

result in the literature. In Table 18.3.1 of [DLMF], we have the information about the normalizing
constant of Laguerre Polynomial with the weight w(z) in the form of e~*2%, where o > —1. We try
to use this information, so it motivates us to do some change of variables again in our case to make
the weight in the same form as the literature. Denote

—2r.+n
o= [ [ T s v

j<k lel qel
J,kel
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and

_1 _o_
Hn,rﬁlz/.../ H(sj—sk)QHe i) 2 ansq
j<k lere er-
Tz Te j,JkeIC !
In H, 1, we let s = 3e~"", then the modulus and argument of the variable respectively becomes

|s| = [3]
arg(s) = arg(s) — 7,0 < arg(s) < 27

Correspondingly, the contour I'y becomes f‘vl as shown in the picture below.

Im(s)

contour of 4

f ™\ argls) = 0
Q >

—

Iy

> Re(s)
» arg(s) = 2w

Figure 3: Contour of ﬁ

Also notice that
Sl—%—27”c+n _ e(f%f2rc+n) In |si|4+(—%5 —2rc+n)iarg(s)
_ (8 —2retn) In [+ (— § —2re+n)i(arg(s) —m)

_ 5*%*2Tc+ne—iﬂ'(—%—2rc+n)

Here we use a simple identity for exponential function of complex variables

20— ealn|z|+iaarg(z)7 Vz e C

Then the first multi-integral eventually becomes

Hy, 4= // H (55 — S~k)2He—é'zgl*%f%ﬁne—m(—%—zrﬁn) (—1)" Hdgq
= % <k
r

J lel qel
1 v jker

_ (_1)rc(e—iﬂ(—%—Qrc-i-n))rc/_“/ H (S~j _ §;€)2He—8~zs~l*%*2rc+nﬂds~q

L L <k lel q€l
Py Thojker

Similarly, in H,—,.—1, we let s = %,then the modulus and argument of the variable respectively
becomes
1
|8| = =
5]

arg(s) = —arg(s), —2m < arg(s) <0

Correspondingly, the contour I'y becomes f‘; as shown in the picture below.

17



contour of 4

Figure 4: Contour of T,

Then the second multi-integral eventually becomes

n re—1 —/ / H He—szs F+n (_1)n rc~72n re) H dSq

lere gel®
P2 Tz j; k€I°

= (=0 / /H ( k) [[eas ] a5,

lerc qel®

F2 7, keI‘

:(_1)%%/.../ I1G-a[[a 2" [[e a2 ] 45

L L <k ler® lere cre
T2 Do jkere q

= [ / 1T (& -a [t L e

= lere gqel®

Here we use the same technique as the derivation in section 3.2

-2
S; — Sk - . 1 - - e —
J 2 2 2(n—r.—1
H ( a5 > - H (55— sx) H To H (55— sk Hsl ( )
i<k ik j<k J#E Ik iy leIe

JikeI® Jkel® Jikel® jikel®

Now, the Welghts turn into the same form as the literature as our expect: w;(8) = emdig T2 et

and wo(3) = e=%15,2 7"~ Furthermore, notice that the contours T, and T3 in our cases are loops,
but in the literature, the contour is the positive real line. To make them match, we need to introduce
the following theorems.

Theorem 3.3.1. For the generalized Laguerre polynomials with weight w(s) = e~%s7, the orthogonality
condition is

/Pn(s)sje_ss"’ds =0
0

with 0 < j <n—1, Re(y) > —1, P,(x) is monic.
The corresponding normalizing constant is given by

(o}

() = [ Pals)ste s = Tla+ 7 +
0
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Claim 3.3.1. By theorem of uniqueness of analytic continuation,we can extend the contour in previous
theorem to a loop T'y on the complex plane. For the generalized Laguerre polynomials with weight
w(s) = e~ %87, the orthogonality condition after the extension is

/Pn(s)sjefss”’ds =0

Iy

1— e2m’7

/ P, (s)sTe %s7ds =
0

with 0 < j <n—1, Re(y) > —1 and not an integer, P,(x) is monic.
The corresponding normalizing constant is given by

T 1
hn(’y) = /Pn(s)sneissvds = ﬁ/Pn(S)Sneiss’de = F(TL +v+ ]_)TL'
—e ™
0 ry
Since the range of argument in the second multi-integral is different from the first one, we should
fix Claim 3.3.1 as following:

Claim 3.3.2. By theorem of uniqueness of analytic continuation,we can extend the contour in previous
theorem to a loop T's on the complex plane. For the generalized Laguerre polynomials with weight
w(s) = e~%s7, the orthogonality condition after the extension is

o0
. 1 .
/Pn(s)sje_887d5 = m /Pn(S)Sje_sS’YdS =0
0 I
with 0 < j <n—1, Re(y) > —1 and not an integer, P,(x) is monic.
The corresponding normalizing constant is given by

i 1
ho(y) = /Pn(s)sne_ss“’ds = W/Pn(s)s"e_ssvds =T(n+~y+1)n!
0 Ty

Remark: One may notice that the formula of normalizing constant in Theorem 3.3.1 is slightly
different from the one in the literature. That is because in [DLMF](18.2.7), the orthogonal polynomial
pn(x) is defined as:

pn(x) = kpa™ + Em”_l + E;x"_l + ...

where k,, is not always 1. However, P, (x) introduced in Definition 2.9.1 is monic (i.e. k, = 1). Hence
we need to make some change here. By [DLMF](18.2.1), we know the orthogonality condition is the
following:
b
[ pu@pn(@yta)de = hal)um

a

Pn ()
k”n,

where w(x) is the weight and 6, is the Kronecker Delta. It is also known that P, (z) = , so the

orthogonality condition for P, (x) becomes

—_~—

/Pn(x)Pm(x)w(m)d:c = k%hn(’y)dnm

n!
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Thus in our case,

hy, I'n+~vy+1
) = "0 PO D 2 pn g 44 1
k2 n!
With the aid of the two claims above, we need to rewrite our multi-integrals again in terms of line
contour. The first one becomes

Hrc—l _ (71)7}(efifr(f%72rc+n))rc(e2ﬂi(7%72rc+n) o 1)rc/ / H 53 _ Sk He sz —7—2rc+n Hdsq
0 0

<k lel qel
J.kel

B

re—1

— (—1)7e(2i sin((—% — e+ n)m))" Hf

where HE ‘1 denotes the Hankel Determinant associated with Laguerre polynomial.
On the other hand, the second one becomes

o= 7 [ [ ] =52 L e mat e I s,

= =  j<k lere ere
T2 Ta gkel” !

_ (_1)n—'rc<1 _ e—27ri(%+2rc—n))n—7'c/“./ H (g; _ 579)2 H e—glgl%Jr?rc*n H dévq
0 0 i<k lere q€eI®
S
n—re(,—mi Te—N)\N—Tc (97 o @ n—r
= (1) (e M ERRTI (2 sin (5 + 2re — n)m))" T L,y

( 1)~ rp( —ﬂi%)n—rc(e—ﬂi(Qrc—n)(n—rC))(ziSin((%+2rc_n) ))n rcHL

n—re.—1

n—re—1
= (-

( 1 (1-n)(n— rc)( —m’%)n—rc(%sin((%_|_2rc_n) ))n re gL

n—re—1

}—‘

n—re—1

)
)
— () (e e R () (i (S 4+ 2, — n)m))" e HE
) (e —ﬂi%)n—rc(_1)—n(n—rc)(2isin((%+2rc_ n)m))" e HE
)

where HE_ . _; denotes the Hankel Determinant associated with Laguerre polynomial.
Up to this point, we can easily compute H” _; and HY_, _, by Proposition 2.9.2 and Theorem 3.3.1.
We obtain that

re—1 re—1
(e} . o .
H7~LC_1 = H hj(—572rc+n): H F(g—§—2rc+n+1)]!
3=0 3=0
n—re—1 n—re—1
HE = HO h(2+2rc—n HO Fj+2+2rc—n+1)
Jj= J

Moreover, we try to give a precise formula for 7. using piecewise functions.

Proposition 3.3.1. The piecewise function for the critical point r. is given by

0 ifa>2n—2
re(laym)=<n—j if —2n+4j-2<a<-2n+4j+2andj=1,2,...,n—1
n ifa<—2n+2

Proof. Since 0 <1 <n and r € Z, so p(r) only takes values on that discrete set. It is clear that p(r) is
a upward parabola and it takes minimum value at r,;n(n, @) = 2"4_"‘. We will discuss different cases
of relative positions between r,,;, and r.. If r,;, < 0, then r. = 0. If r,,;, > n, then r. = n. Let
0<j<nand j < rmin <j+1. Ik <rppm <j+ 3, thenre = 4. If j+ 1 <1y <5+ 1, then
r. = j + 1. From the figure, we can formulate the discussion above mathematically as following:

e ro(a,n) =0 when 2222 < 1
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. rc(a,n):n—jwhenn—#<27ﬂ%a<n—%andj:1,2,...,n—1

e ro(a,n) =n when 22-% >pn — 1

Hence, the piecewise function for the critical point 7. can be written as

n if3<1l-n
re(a,n)={¢n—j if2j-1-n<§<2j+l-nandk=12,...,n—-1
0 ifg>n—1

O

Remark: Floor functions gives a more compact form for r.(a,n). ¥V 0 < k < n, we know r. = k if
andonlyifk:—%g%—%gk—i—%sokgg—%—i—%gk—i—l. This makes sure 0 < L%—%#—%J <n.
Let n — j = k, then range of the cases in between becomes n —2k —1 < § <n —2k+ 1. When k = 0,
we get the rightmost endpoint n — 1. When k = n, we get the leftmost endpoint 1 — n. That is

n if§g<l-n
re(fa,n) =92 -2+1] ifl-n<%<n-1
0 if §>n-—1

Finally we reach the conclusion.

Theorem 3.3.2 (Pan-Prokhorov). The asymptotic as © — 0 of 7,(x) for the case of Painlevé-III
equation in the case of ¢ =1 and § ¢ Z is given by

27arc+2rc (n—re)+ an
(2mi)™

I iTa _ _ —_ha —
d'i'cdg 70(_6 5 )n rcxn(n D4are—22 —2r.(n rc)}lrc71‘[_[”7“71

T (2) ~
where
.. .,
dy =c1(1+ cot(wg)z) +co(1 — COt(7T§)Z),

dy = ¢o csc(ﬂ'%)i - CSC(TFg)’i,

2
Cl,CQEC,
0 if a >2n —2
re(loyn)=<n—j if —2n+4j—-2<a<-2n+4j+2andj=1,2,...,n—1,
n ifa< —2n+2

re—1

o «
H, = (-1)’”c(2z'sin((—§ —2r. +n)m))"e H (- 5 2retn+ 1)j!,
7=0

n—re—1
Hyyoy = (—1)(mm)(n=re) (o=mig yn=re (9 sin((% +2r.—n)m)* " [ TG+ % + 2 —n+1)5!
§=0
3.4 Asymptotic of ¢,(x)

To simplify our computation, we are going to rewrite the formula in Theorem 3.3.2. It is necessary to
introduce the notation for Barnes G-function G(z). G(z) satisfies the following property:

G(z+1) =T'(2)G(z), with normalization G(1) =1, Vz € C (37)
We also need to introduce the following lemmas:

Lemma 3.4.1. For Gamma function T'(z) and Barnes G-function G(z), the following relation holds:

| F(j+1)—G(g(J1r)2)

J

n
=0
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Proof. The proof is relatively easy, which just use (37) recursively.

I(n+1)0(n)...T()G(1) T(n+DT(n)...T(2)G(2) _T+1)G+1) _ Gn+2)
(1 G(1) G(1)

};[(]F(j-i-l) = D) = G

O

Lemma 3.4.2. The Hankel determinants associated with Laguerre polynomial in terms of Barnes
G-function are given by

Gre+1)G(=§ +n—r.+1)

HE | =
et G(—%+n—2r.+1)

HE _Gn—r.+1)G(re + 5 +1)
et G(g —n+ 2.+ 1)

Proof. Applying Lemma 3.4.1, we can rewrite the Hankel determinants in section 3.4 in terms of G(x)
as following;:

re—1

HE | = I_I()I‘(j—g—QrC+n+l)j!
=

re—1 re—1

Hj! H r(j—%—zrc+n+1)
7=0 7=0

re—1 re—1
- HOF(jJrl) I_I()F(j;2rc+n+1)
J= J=

_Glre+1D)G(=5+n—r.+1)
B G(—=5+n—2r.+1)

Similarly, we have

n—re.—1

HE = on I+ % 2 —n 415!

n—re—1 n—re—1 a
H 4! H PG+ +2re—n+1)
7=0 7=0

n—re—1 n—re—1
Il ro+v 1[I r(j+%+2rc—n+1)
j=0 j=0

Gn—r.+1)G(re+ 5 +1)

B G(§—n+2r.+1)

O

To deduce the asymptotic of ¢,(z), we need to use our main result (3.3.2) and (27). We have
to shift the index of Tau function n and its dependent parameter . However, all the parameters in
our main result depends on them. Specifically, di, dy are purely written in terms of o. On the other
hand, r. is written in terms of both n and «. H,,_; and H,_,,_; depend on all of r., n and «,
which is much more complicated. Because of periodicity, it is easy to see that: di(a —2) = dy(«) and
do(a — 2) = —da (). Thus it is obvious that r. plays a central role in such dependency relations. We
need to reexamine r. carefully and try to suggest a piecewise function for it in terms of n and «.
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3.4.1 Piecewise function for the exponent of leading term e(a)

From Proposition 3.3.1, we can modify the following formulae of r. with shifted indices and parameters

0 ifa>2n
re(a,n+1)=<n—j+1 if —2n+4j—4<a<-2n+4jandj=1,2,...,n
n+1 ifa < —2n
0 ifa>2n
rela—2,n)=<n—j if —2n+4j<a<-2n+4j+4and;j=1,2...,n—1
n fa<—-2n+4
0 ifa>2n+2
rela—2,n+1)=<n—j+1 if —2n+4j-2<a<-2n+4j+2andj=1,2,...,n—1
n+1 ifa<—-2n+2

Proposition 3.4.1. The piecewise function for the exponent of leading term e is given by

1 ifa>2+42n

a+2n—45—1 if —2n+4j<a<-2n+45+2andj=0,1,...,n
—a—2n+4j—-1 if —2n+4j—-2<a<-2n+4jandj=1,2,...,n
-1 if a < —2n

e(a) =

Proof. We just simply plug Proposition 3.3.1 and modified formulae of r. with shifted indices and
parameters into 27 to compute the exponent of leading terms of ¢, (z).
If & > 2 + 2n, then we need to choose:

TC(O(,TL) = Tc(Oé,Tl + 1) = ’/‘C(O[ - 27”) = TC(O‘ - 27” + 1) =0
By 27, we obtain that:

) x(n+l)n77("+l)2(a72) xn(nfl)f%
Gn(x) ~ (some coefficients)

$(n—&-l)n—wzL.n(n—l)—@

~ (some coefficients) z

Similarly, if —2n+4j < a < —-2n+4j+2and j =0,1,...,n, then we need to choose:

We obtain that:

2D+ (a=2) (n+1—5) = BEEE=D o (nt1—j)j o n(n—1)+a(n—j)— 4 —2(n—j);

gn(x) ~ (some coefficients) (a=2)
n(a=2)

p(ntDnta(n—j)— CEDE a(n—j)(j+1) pn(n—1)+(a—2)(n—j)— —2(n—3)j

~ (some coefficients) z®~1T2n~4

If 2n4+4j—-2<a<—-2n+4jand j=1,2,...,n, then we need to choose:

(n)=n—j
rc(a,n—l—l)—n—i—l—j
(
(

Tel&

Tc

rca72 n+1l)=n+1-—j
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‘We obtain that:

A+ (a=2) (n+1—j) = BEDLE=D ot 1) m(n—1)+a(n—j)— % —2(n—j);

x) ~ (some coefficients
4n(@) ~ ( ) x(n+1>n+a<n+1—j)—%—2(n+1—j)yxn(n—1>+(a—2>(n—a+1>—%—mn—m)u—l)

~ (some coefficients) g~ 17 2n+4J

If & < —2n, then we need to choose:

(a,n) =
rc(a,n+1)—n+1
rel@a—2,n)=n
rela—2,n+1)=n+1

Tel&

We obtain that:

x(n+1)n+(o¢72)(n+1)7%2(a_2) n(n—1)+an— 2
gn(x) ~ (some coefficients)

2t Dnta(nt1)—E0E n(n—1)+(a—2)n— =2

~ (some coefficients) z !

3.4.2 Piecewise formulae for asympototic of ¢, (z)

In this part, we will compute the coefficients shown in the previous section case by case. For con-
venience, firstly we need to rewrite the formulae of r. in terms of the same ranges as Proposition
3.4.1.

Lemma 3.4.3. The piecewise function for the critical point r. compatible with the same ranges in
Proposition 3.4.1 is given by

0 ifa>2+2n
Jn—j if =2n+4j<a<-2n+4j+2andj=0,1,...,n
re(a,n) = n—j if —2n+4j—-2<a<-2n+4jandj=1,2,....n
n if o < —2n
0 ifa>2+42n
n—j if —2n+4j<a<-2n+45+2andj=0,1,...,n
rc(Oé,n—l-l): . . . . .
n—7+1 if —2n+4j—-2<a<-2n+4jandj=12,...,n
n if a < —2n
0 ifa>2+2n
re(o—2,m) = n—j7j+1 if —2n+4j<a<-2n+45+2andj=0,1,...,n
n—j7j+1 if —2n+4j—-2<a<-2n+4jandj=12,...,n
n if a < —2n
0 ifa>2+2n

n—j+1 if —2n+4j<a<-2n+4j+2andj=0,1,...,n
n—j+1 if —2n+4j—-2<a<-2n+4jandj=12,...,n
n+1 if a < —2n

rela—2,n+1)=

Now we can use Theorem 3.3.2, Lemma 3.4.2, 3.4.3 and 27 to derive the piecewise formulae of
asymptotic of ¢, ().
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Theorem 3.4.1. The piecewise formulae of asymptotic as x — 0 of ¢, () for Painlevé-III equation
in the case of e =1 and § ¢ 7Z, is given by

mx ifa>242n

d (-2 -n+2j+1)\2 C(n—3+8)T(n—3+1) | /zrat2n—dj—1 . .
(=" (i) [( NEETET ) T &+ DTG+ } (e f —2n+dj<a<-2n+4j+2

and j=0,1,...,n

qn(T) ~
d r($+n—2+1D)\2  T(-$+i+DT() 2\ 2n—dj+a+1 : . :
(Tf) {( e ) ) F(n+%—2]'+1)r(n—j+1):| (" f—2ntdj—2<a<—2n+dj
andj=1,2,....n
—atan if o < —2n

T

Proof. Let’s denote the coefficients of the asymptotic of 7,(x,a) as ¢(n,a). If a > 2 + 2n, then we
have:

272 imo _ _ima a G(n+1)G(5 +1)
— a7 (— n1)(—1 (1—-n)n n(9 si e n_\" " /-2 P
() = fyndB (e B (DI ) Gisin( ) e
e im(a—2) im(e—2) a—2 G(n +1)G(2)
c(nya—2) = ———df(-1)"(—e" 2z )"()(=DI " 2 )"(2isin( =)
(2m)m G(5 —n)
glnte G(n+2)G(2 +1)
ira _ _ina . 5
c(n+1,a)= de+l(—e 2 ) FL(1) (=) ) (o= 55 )"'H(stm(g —-n— 1>W)7L+IW—VQL)
(n41)(a—2)
p) n n in(a=2) W (—m), _ime=2) L a-—2 a1 G(n+2)G(5)
c(n+1l,a—2) = Wd2+1(71) e 2z )P )(=1) A e 7 )" (24sin( —n—1)m) +1W

It follows that:

2) ~ c(n+1,a —2)c(n, a)m
an (@) c(n+1,a)c(n,a —2)

(-DG(§ —mG(§—n)
26(2 —n-1)G(2 —n+1)

(-Dr(g —n—1)

20(2 —n)

~

1
~N——=
2n+2 -«

If 2n4+4j<a<-2n+4j+2and j=0,1,...,n, then we have:

g—a(n—j)+2(n—j)j+ne

(2mi)™

n—j ina P . _Gn—j+1)G(-5+5+1
dy 7 dy(—e 2 )J(—l)n7](2131n((—%—n+2j)7f))n / (G(ig—)n(—i-;j +Jl) )
2

c(n, ) =

GU+1)Gn—j+§+1)
G(§+n—2j+1)

(—1)(1=m)i (= 5% )i (2 sin((% - 2j +n)m))
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Gn—j+1D)G(-5+j+2)

n(a—2)

2—(&—2)(n—j)+2(n—j)j+ p) J j im(a—2) j j o j
—2)= AV (—da)i (e 2 —1)" I (2isin((— = — D))"
c(n,a —2) @i 1 (—d2)?(—e ) (=1)"7 (2isin(( 5 ~nt )™)) G—Z —n+2+2)
N _im(a=2) «@ . G(] + 1)G(n -7+ g)
—DA=mi (e 2 J(2isin((= —2j +n — 1)m))? 2
(=1) ( ) ( ((2 Jj )™)) G(& T n_2))
. L (n+)a . .
ga(n—7)+2(n—j)(+1)+—5— o ima . o Gn—j+1)G(—2 +j+2)
1,a)= AT (e 2T (1) (2isin((—= — n 4 2 4 1)7))" I 2
c(n+1,a) 2riynil 1 Jdy (e 2 )T (=1)" T (2isin(( 5 T2 )™)) G5 —ni2j12)
j imaj 1 GU+2)GMn—j+5+1)
1)~ GHDn (=5 )i+ (95 5in (2 — 25 +n — 1)m))i+? 2
(=1) ( )T ((2 J )™)) G tn-2)
,<a,2)(n,j+1)+2(n,j+1>j+w ) ] imla— ) ) .
oln+1,0—2) =2 : I () (—e T FR Y (—1) I @isin(— S — 4 2)m))n I
(2mi)n+1 2

(a

Gln—j 425 +j+2) . memn  a
G(—%—n+22j+1) =17 Y @isin((5 = 25 +m)m)

jG(j+1)G(n—j+%+1)
G(§+n—-2j+1)

It follows that:

C(n +1,a— 2)0(”’7 a) a+2n—45—1
c(n+1,a)c(n,a—2)"

qn(z) ~

~ T 2n—atl_gyn <d71> (G(§ +n— 2j))2G(*% +i+D)(G(=F —n+2j+ 2))2G(% +n—j+1)G(n—3j+2)G( + 1)xa+2ﬂ,—4_j—1
d2) (G($+n—2j+1)2G(—% 4+ +2)(G(—% —n+2j+1)2G(£ +n—j)Gn—j+1)G({ +2)

w(d\[(D5 —n+2+ D\ D=+ §)0(n—j+1)] (zoten-ti-t
~ ey (d2>[( T(% +n—2j) ) F(f%+j+1)r(j+1)}<2>

If 2n+4j—2<a<—-2n+4jand j=1,2,...,n, then we have:

no

g-aln=2n—gitae ima s . @ Gn—j+1)G(-$+5+1)
dy 7 dy(— I(=1)"I(2isin((— = — n 4 24)w))" 7 2
(27i)" 1 7dg (e 2 ) (1) Qisin((= 5 —n+ 25)m)) G2 ni2t0)

c(n,a) =
Gi+1D)Gn—j+5+1)
G(g+n—2j+1)

(—1)(1=m)i (= 5% )i (24 sm((g —2j +n)m))

) ) ) n(a—2)
9—(a=2)(n—j+1)+2(n—j+1) G-+ =5 . ) in(a—2) . ) )

c(n,a —2) = @) z d;l_]'H(—dg)J*l(—e 2 )771(—1)"7]+1(2i sin((—% —n+25— 1)7r))"7]Jrl
)™

GG -7+ 5 +1)

G(S +n—2j+2)

Gn—j+2)G(-5+j+1) RO Cim(a=2) o o
_1)(=n)G-1) JI=1(9isin((= — 24 1 j—1
e (=5 @isin((% ~ 27 4+ + 1))

n—j+l i iTay; Lo a ) _1Gn—3+2)G(=5 +5+1)
dy 7T dl(—e2 ) (—=1)" J+ (21s1n((—5—n+2]—2)7r))" it G2 —nt2)

ga(n—j+1)+2(n—j+1)j+ CH
c(n+1,a) =
(n+1,0) (2miynt1

N 2 G+ 1Gn—j+ 3 +2)
(=)™ (e )1(215111((5—2]—4—71—&—2)#))3 G(%+n72j+22)

g—(a=2)(n—j+D)42(n—j 4 iD=  im(a-2) , o ,
cn+la—-2)= . Ay (=da) (—e7 2 ) (1) @isin((— 5 — n 4 24)m)" I
(2mi)ntl 2

;GU+DGn—j+ 5 +1)
G(§+n—2i+1)

Gn—j3+2)G(—£ +7+2) Cnj i) o O .
GCg—nrzrp (DT Y 2 mm)
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It follows that:

c(n+1,a —2)c(n, a)x72n+4j7(171

@)~ T a)eln o — )

o g2n—ditatl (@) (G(=8 —n+2))°C(=§ +i+2(G(=§ —n+2j+2)?CG(§+n—j+ DG —j+ VGG +1) _sniaj-a-1
di) (G(E£4+n—2j+1)2G(—$+j+1)(G(—% —n+2j+1)2G(§ +n—j+2)G(n—j+2)G())

N(i> N(g+n=2+1D\*  T(=%+i+DrG) (g)?ﬂr—%a“
dy N(—% —n+2j) Tn+$—j+1)I(n—35+1) T

If @ < —2n, then we have:

7% iTa « G(n G(—-%
c(n,a) = 22 gn(—e'% (-1 @isin((~ 5 — mym)” (n+ DE(=5 +1)

(2mi)n ! G(—% —n+1)

-2 L a G(n+1)G(—< +2)
c(n,a—2) = Wdl (=D)™(1)(—1)™(2¢ Sln((*g +1—n)m)) G 8 nt2)

2= 5 n+1 ntlig; o a w1 G+ 2G5 +1)
c(n+1,a) = Wdl (1)(-1) (2¢ sm((—E —n—2)m)) G

—(nil)(a=2) a Gn+2)G(—% +2)

S R O O I isin((—— —n—1)m))"

eln+ 1= 2) = —pom—di ) (=)™ @isin((- L )
It follows that:
oo () ~ c(n+1,a —2)c(n, o) o1

c(n+1,a)e(n,a—2)

(—2)G(Z +2-n)G(—% —n)

z
G(—=% —n+1)G(5* —n+1)

—1

~

O
Remark: One can check the result by examine the base case when n = 0. By Theorem 3.4.1, we
obtain the formulae of ¢o(x):

T

5 ifa>2

qo () ~ g—;xa_lf‘o‘% if0<a<?2

~—

812

ifa<0
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On the other hand, it is known that the asymptotic behavior of J, as z — 0 follows:

Tul) ~ I‘(z/1+ 1) (;) )

By 36 and 27, we can directly compute go(z) in the following way:

(o — 2,x)

%o(®) = 71(e, )

le%_l(J?) + dQJ_ﬁ+1($)

2

le% (x) + dQJ_%(Z‘)

S if a>2

~ —233“_121_"‘% fo<a<?2
2

81Q

ifa<0

Hence our result can recover the formulae of asymptotic of go(x) derived directly from 36

3.5 Inspiration for future study

For the time limit, in this paper we can’t touch all the related problems. There are still several
interesting directions for the readers who are interested in such topic to consider. We list them below:

e consider the case e = —1

e consider the large x asymptotics
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