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Green’s function method, pKa calculation, and
Poisson-Boltzmann Equation
Jingzhen Hu

1 Introduction

This project is motivated by interest in computing the acid dissociation rate (pKa) at an amino
acid titration site. In Southern Methodist University I worked under the instruction of Profes-
sor Weihua Geng on the topic of computing pKa. Then I came to University of Michigan to
do the REU program with Professor Robert Krasny. I would like to thank Professor Robert
Krasny and Professor Weihua Geng for the instructions on this project. First I learnt how to use
the Green’s function method to solve two-point boundary problems for differential equations.
After that we focus on developing a numerical algorithm to solve nonlinear Poisson-Boltzmann
equation (PBE). This report introduces the Green’s function method, background of pKa, and
the PBE.

2 Green’s function method

The main idea about the section is to solve the general second order ordinary differential
equation Ay” + By + Cy = r(z) on any domain = € [a,b] based on two-point boundary
conditions y(a) = «, y(b) = S in numerical way. The process can be divided into two parts:
one is to express the solution as an integral of the corresponding Green’s function (possibly
with some boundary terms) and the other is to use the numerical integration to evaluate the
solution on uniform points. Finally, both the exact solution and the numerical solution are

plotted into a graph.

2.1 Concepts and theory

In specific, the section will focus on the problem,

' +2y +y=—4e”, 0<x<1, (1)



with boundary conditions,

y(0) = -1, y1)=2-e. 2)
First, we solve it analytically to get the exact solution. Using the characteristic equation we
get the homogeneous solution y;, = ae™® + bre™ and the particular solution y, = ce®. After

l1—x x

that, we get the a = 0, b = 2e, ¢ = -1 which leads to the exact solution y = 2xe' ™" — e”.

Next we find the solution based on the Green’s function and compare the results. Initially

introducing some definitions that are involved in the process [1]:

e L is an n' order linear ordinary differential operator.

d a1 d
L= an(x)% + a"_l(@dmn*l + ...+ al(:v)% + ag(x) (3)
In the example above we have
d? d d? d
L=A—+B— = —+2— +1. 4
dx? + dl‘+C dm2+ dx+ (4)

e L* is the formal adjoint differential operator and can be defined by the equation (using

b b b
/ vLudz = [- -] —I—/ uL*vdz. (5)

Generally if L = L*, then L is formally self-adjoint.

integration by parts),

e The delta function, §(z), is a generalized function which has an infinite value at = 0
and is zero in the rest of the domain, with the property
| se-or@ = fe) ()

e The delta function is the derivative of the Heaviside step function,

H'(z = &) = 6(x = &), (7)
where H(x) is defined by
1,2>0
H(z) = (8)
0,z<0

e The Green’s function, G(&, x), is defined by the property

L*G(¢,x) = 6(€ — ), (9)

where L* acts with respect to £ and x is a parameter. A homogeneous solution of the

adjoint operator can be added to the Green’s function.



With this mathematical setting, we can compute as follows,

/0 G(&,x)Ly(€)de = /0 G(&,2)(Ay(€) + By (€) + Cy(€))de

&=1 1
= [GAY — GeAy + GBy| -ﬁ/ﬂﬂ%—B@+C®%
¢=0 Jo
, =t (10)
=[Gy-—Gar+2Gm' +1/ Y(Gee — 2G¢ + G)d€
¢=0 JO

= G(lvx)y/(l) - G£(17x)y(1) +2G(1, 2)y(1)

— G(0,2)y'(0) + G¢(0, 2)y(0) — 2G(0, z)y(0) + /0 yL*Gd¢

In order to eliminate the two unwelcome terms 3'(1) and y'(0), we can choose two boundary

conditions for the Green’s function,

G(,z) = G(0,2) = 0. (11)

Since the boundary conditions are y(0) = —1 and y(1) = 2 — e, then we can simplify equa-

tion (10) using the property of the Green’s function in equation (9),

K;GMM&:[:G@wﬁ@msz—mwGAL@+me%mw»+Azﬁ@—xmg

(12)
= —(2—e)Ge(l,2) + (—1)Ge(0, 2) + y(z).
Then using r(x) = —4e”, we obtain the solution,
) = [ Gle) (e + (2= e)Gell, ) + Gel0.a). (13)

To obtain the Green’s function, we use the property that §(§ —x) = 0 when £ # x. Then we
solve the homogeneous ODE, G¢ — 2G¢ + G = 0, in two intervals, 0 < { <z and x < § < 1,
in the following expression,
Aef + Bt 0<¢é<uw
G, z) = (14)
Cet + D€t x << 1.
To figure out the coefficients A, B, C', D, we already have the two general boundary conditions

of the Green’s function,

G(0,2)=A=0, G(l,2)=C+D=0. (15)



Besides, we need two other conditions. Integrating the L*G' = G¢e — 2G¢ + G = 6(§ — x) from

x —0to x+ 0, we can get them

z+0 z+0
/ (Gee — 2G¢ + G)dE = / 6(§ — w)d¢, (16)
z—0 z—0
§=z+0 §=z+0 z+0
AN +/ Gde = 1. (17)
E=z—0 &=2—0 z—0

The second and third term approach to zeros if the G(,x) is a continuous function of & at
§ = . Then, the left term forms a jump condition for the G¢

E=x+40
Gg‘ —1 (18)

E=x—0

Aet + Bet + Béet 0<¢é<x
Ge(&,x) = (19)
Cet +Ce® + Dt x<¢L1

It is because the discontinuity of the G¢, the G¢e could derive a delta function which shows

priori. Then apply the continuity of G(&, x) and the jump condition, we can get the rest of the

conditions working for the coefficients
A+Bx—C—-Dzx=0 (20)

—Ae” — Be” — Bxe" 4 Ce” + De" + Dxe” =1 (21)

Based on the equations (15), (20), (21), we can solve for A, B, C, D and get the Green’s

function as following,

(r —1)e et 0<¢é<
G, z) = (22)
—re et faeTTet < EL1
Then we calculate the G¢(&, ) in the expression,
(r—1De e+ (zr—1)e %t 0< &<
—ze %ef +ze et e et w < (<1
Next we use the numerical midpoint integration method to evaluate the solution. Applying the
midpoint integration via evaluating a matrix product of which the cost of operations is O(n?).
Normally comparing with the operations cost of O(n?) from finite-difference method which
needs to do the LU factorization, the Green’s function method is more efficient for general

cases.



2.2 Numerical implementation

We will compare two methods, the mid-point method and trapezoid method. For the midpoint
value evaluation, discretizing the x variable by x; = ih,i = 0 : n, where h = (b —a)/n = 1/n.
Let &;,7 = 1 : n be the mid-point of the 4" interval. Then we do the approximation of the
equation (13)

n

u(a;) = (2= €)Ge(1,2;) + Ge(0, ) + > hG(&,2)r(§), i=1:n— 1.

Jj=1

(24)

For the trapezoid evaluation, since the whole interval is a < x < b, discretizing the grids points
into endpoints z;, choose an integer n which n > 1 to divide the domain into (n+1) intervals
with (n+2) points: h = (a—b)/(n+1), z; = 0+ih where i = 0 : n+ 1. For each interior points
x;, © = 1 : n, summing up the function value. Then, adding the boundary terms and the one

half function value of the two endpoints at zero and one.

u(zi) ~ [5G0, 2)6(0) + G(&1, 2:)d(&) + .

2
+ G(gn—la xi)qb(é-n—l) + %G(la $z)¢(1)] ~h+ (2 - G)Gg(l, 5]) + G§(07 f]) (25)

2.3 Numerical results and discussion

Figure 1: Green’s function method, (left) midpoint method, (right) trapezoid method
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In Figure 1, the origin circle is the polt of numerical solutions while the blue line is the exact




solutions on a fine mesh. Both solutions are polted in the same area in order to compare them
clearly. With the decrease of the value of h, the value numerical solutions approximates the
true solution better. We can see that using both numerical midpoint integration and trapezoid
integration for Green’s function method approximates the exact solution works out in a high

accuracy. The results of the two integration methods match each other.

In Table 1, we can see the infinity norm of the error vector (value of true solution at united
points subtract the numerical solution at the same points) decreases to the one fourth as the h
decrease to the one half each time. As the h approach to zero, the norm of the error vector also
will approximate to zero (the numerical value approach to the exact solution). In the process,
the ratio of convergence(third column) will be steady to four and the last column also will be
stable to two since the norm of the errors decays twice as the value of h. In other words, the
forth column represents the order of the accuracy based on the value of h. The error analysis

from mid-point method and trapezoid method match each other in seventh digit.

h Max Error | Ratio of Convergence | Order of Precision
0.25000 | 0.0184230 0 0
0.12500 | 0.0046489 3.9628449 1.9865365
0.06250 | 0.0011729 3.9634054 1.9867405
0.03125 | 0.0002935 3.9959397 1.9985348

h Max Error | Ratio of Convergence | Order of Precision
0.25000 | 0.0184230 0 0
0.12500 | 0.0046489 3.9628449 1.9865365
0.06250 | 0.0011729 3.9634054 1.9867405
0.03125 | 0.0002935 3.9959397 1.9985348

Table 1: Numerical results, (top) mid-point method, (bottom) trapezoid method.

As the project is motivated by a in-class project of solving the two point value boundary
problem by finite-difference method with the direct LU factorization. Here add the results,
Table 2, got in that project and find that even comparing with the result evaluated by the
Green’s function method, the errors of the finite-difference has a factor one-half more accuracy.
I am somehow surprised with the result but I expected the Green’s function method might

works better in two or three dimensions problem.



h Max Error | Ratio of Convergence | Order of Precision
0.25000 | 0.0096380 0 0
0.12500 | 0.0023772 4.0543458 2.0194691
0.06250 | 0.0005961 3.9876402 1.9955352
0.03125 | 0.0001486 4.0096749 2.0034852

Table 2: Numerical results, error from the direct LU factorization method

In this section, we solve the problem into two parts: first to apply the Green’s function to the
ODE and get the solution in the form of a integration plus the boundary terms; second to apply
the numerical midpoint method and trapezoid method to approximate the integration. As in
this case, the finite-difference method is more accurate then the Green’s function evaluated by
both the midpoint method and the Trapezoid rule. Although the operation cost of both the
midpoint method and the Trapezoid rule is O(n?), comparing with the finite-difference method
involving the direct LU factorization for a general dense matrix of which operation cost is
O(n?), in some special case the finite-difference method could be better than the Green’s func-
tion method and in others, it is not. Since it is a case-by-case discussion, I will not continue to

make a simple conclusion here.

3 Background on pKa

3.1 Definition of pKa

The Ka, as an equilibrium constant for acid dissociation,
HA + H,O — A~ + H;0™, (26)

indicates the strength of ionization in an acid solution under specific temperature, is given by

[A7][H;07]
Ka = THAJTL0] (27)

pKa, the logarithmic constant, measures the tendency for a group to give up a proton in the
equation
[AT][H;07]

HA (28)

pKa = —log;iKa = —logyg



3.2 Property of pKa

Since the negative sign, the value of pKa is inversely proportional to that of Ka. The smaller
the value of pKa, the stronger the acid is. The relation between pKa and pH is given by the

Henderson-Hasselbalch equation,

pH = pKa + logm%. (29)

Especially, at the half-equivalence-point, [HA] = [A~], the value of pKa equals to pH value.

3.3 Measurement of pKa

For simple-structured compound, recalling the Henderson-Hasselbalch Equation, equation (29),
the pH value at the 50% titration site graph of acid-base reaction equals the pKa value. Since
different types of amino acids and distinct structure of proteins make the pKa calculation more
difficulty in proteins, the simple titration is difficult to control. Nuclear Magnetic Resonance
spectra alternatively records the pH value of protein when a specific site is being protonated.
However, the process needs enormous energies and money. Comparably, Poisson-Boltzmann
(PB) solver, one of the computer simulation, becomes an effective and precise method to calcu-

late the pKa by giving structure of proteins, electrostatics, and environmental parameters [2].

(b)

Figure 2: Protein-and-Solvent system|3]

The relation between the equilibrium constant, Ka, and standard Gibbs energy change, AG,
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for a reaction is given by
AG = —RTInKa ~ (2.303RT)pKa, (30)

where R = 8.31J/(mol-K). Since the pKa of the amino-acid alone is given by experiments,
pKa of the amino-aid as a residue of a protein is determined by the difference of solvation
energy (A(AG)) under the electrostatic free energy. The Figure 2 is the numerical simulation
to compute pKa. €); represents the protein part with the dielectric constant €, while €25 is the
solvent part with the €. y; is one of the site in the site on the protein with corresponding
charge ¢q,.. The AG is obtained by the electrostatic potential value and its derivative on the
molecular surface I'.

¢(x) is defined as the electrostatic potential in the protein-and-solvent system. Given the
dielectric constants €; in protein and e, in solvent and the screening constant x, the ¢(x) can

be considered as the solution of the Poisson-Boltzmann Equation as follows,

N

—epV2¢1(w) = Z k(T — Yi) x € (31)
k=1

—e;Vpo(x) + sinh k’po(x) =0 T €Dy (32)

with the interface conditions(on I'),

p1(x) = da(x), €

O¢1(x) _ ] O¢a(x)
ov oV

4 Poisson-Boltzmann Equation (PBE)

The equation (31) and (32) represents the potential related to the charge density which is

divided into internal constant charge of the solute (p;),

pr=>_ ad(x — yk), (34)

and external distribution of ion in the solvent (ps),
o—F20@) _ or2o(@)
p2 = 5 = —sinh x%¢(x). (35)

For solvent part, the experiment shows that the charge distribution in the medium follows the

Boltzmann distribution. As the right term -sinh x?@(x) is a nonlinear term, it is better to
linearize the sinh function in the Tayler Series and keep the first term x?@(x) when & is a small

value near zero,

—e,Vip(x) + K*p(x) =0  x € Q,. (36)
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4.1 1D nonlinear PBE

The 1D Poisson-Boltzmann Equation to study of electrostatics in salty solutions is showed

Polx) _2nq o)

dx? €0 kT

: (37)

where ¢ is the electric potential, n is the ion density, ¢ is the ion charge, T" is the temperature,

and €y and kp are constants[4].

4.1.1 Analytical solution

~

Using change of variable to transfer the equation in dimensionless units. Define z = ax, ¢ = b,

the equation (37) becomes

do  d(2) di dé
do _ d(3) db _a do (38)
dx dr dx b dz
Po _dds/d) _dEH@) _dEH@) di @ dd )
dx? dx dx dz dv b di?’
" 2ng . qo(x)
= "2 ginh 40
() = 2 o 220, (40)
a® 2ng . qd(&)
Z M) = inh 41
= 7 ¢"(2) - sin Tl (41)
niay _ 2nab g (#)
= h 42
= ¢'(2) €0a? kpTh’ (42)
Choose a and b,
[ 2n q
“ g EQK/BT’ QHBT’ ( )
~ 1 ~
= ¢'(z) = 5 sinh 2¢(z), (44)
with 2 € [0,00) and two boundary condition ¢(0) = 1, $(c0) = 0.
L1 .
¢ = 5 sinh 2¢ - ¢’ (45)
1 22 1 7
§(gb ) = 1 cosh2¢ + A (46)

Since ¢(o0) = 0, A = —+. Taking a square root both side leads to,

N 1 ~ 1 / o 7
¢/ — \/m = COShQ gb — 1 = —sinh QZS (47)
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In order to fit in the boundary condition, only keep the negative square root,

_d¢ ~ = dx. (48)
sinh ¢

Let u = cosh ngS, then du = sinh ngS dgg. Left hand side can be simplified as

_ dé  sinhddg  sinhdde  du
sinhngS sinh? q; cosh? q; —1 ur-1

(49)

In order to apply the integration both side and turn into the inverse hyperbolic tangent function,

we introduce a new variable w = %, it follows

du dw dw
u2—1__w2(#—1)_w2—1' (50)
Integration both side, we get
1
tanh ™ (w) + B = & where w = <. (51)
cosh ¢
As ¢(0) = 1, then B = —tanh_l(coslhw).
—tanh™* + tanh ™ -) =1z, 52
(s (g (52)
1. coshy+1 1. ,cosh gg +1 .
__l —_— —_— e p—
ho¢+1 coship—1 :
cosh ¢ + ~cos P )%:e””. (54)

coshg —1 cosh®p +1
Apply coshv + 1 = 2cosh?(v/2), coshv — 1 = 2sinh?(v/2) to simplify the equation,

tanh £
W _ (55)
tanh %
The solution is
o(&) = 2tanh—1(tanh<%)ef). (56)

If choosing the domain of x to be (—oo, 0] and the boundary conditions ¢(—o0) = 0, ¢(0) = 9,

then we will get the solution

S 2tanh_1(tanh(%)ex). (57)

Taking the Taylor Series of 2tanh™'(6) near # = 0 and keeping the first term, we get the

behavior near infinity

Gt ~ 2tanh1(%) e " asx — 00. (58)
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As for x — 0, using the Taylor Series near # = tanh(%),

% % — 9) — 2 cosh? an —e*
) ) = = e b1 =)

~ ) —sinhy(1 — (1 —x))

Oni(x) = ¢ (0) + ¢,(0) - (tanh(=)e™ — tanh(

It turns to be
Gni ~ Y —sinhpr  asz — 0 (60)

To compare the solution of linearized PBE and non-linearized PBE, it is convenient to solve
the linearized PBE ¢” = ¢ under the same boundary conditions. The solution ¢; = e~ can

be used as the initial guess for the numerical iterative method. In Figure 3, when the value

p,=2
0
2
. - p
15} ~ o ==
S
1 -~
05¢
0t
0t
-0.5
1 1
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
¢u=4 (,{)u=5
4 - 5 ;
S S
~ - - (‘b' ~ - - ¢'|
3 ~ 4+ ~ &
el - _‘f‘bm - - Pl
S 3_ Ty
2 = -~ S = -~ S
- - 5 ~ - -
11
1t
0y 0
1 1
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Figure 3: comparison of linear(dashed blue curve), nonlinear solution(red curve)

of 1 is small, the two solutions are very similar, but the nonlinear solution decays faster as

increasing the value of 1. However, when the salt concentration becomes larger in the solvent,
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the differences between the linear and nonlinear solution turns to be lager. The actual decays
faster if we use the linear solution. Therefore, it is necessary to study the nonlinear PBE under

a more general numerical method.

4.1.2 Numerical solution

Quasilinearization p N-interval solution
0 P
—Exact ¢
-0 Quasilinearization/:, 1 |
II : ¢2 |
VA |
) , 3
= ! |
£ | Sy
w ! | |
4 : | Lo
L e
1 , 1 |
1 1
. 1 : 1 ¢N—1 ;:
& 4 .l. 3 l. QSN 'L
N Pt e Oy O O %o XN XN *N
¢ X

Figure 4: Discretization, uniform ¢ mesh points with corresponding projected x points

Since the process to get the analytic solution is uncertain and complex, a numerical way, quasi-
linearization, is necessary to the solve nonlinear differential equations. In The quasilinearization
technique employs a piecewise linear approximation of the nonlinear term in the equation. The
mesh points are chosen by projecting uniform values of the potential onto the domain, and
matching conditions are enforced at the interior mesh points. The Figure 4 gives a N-interval

solution and its approximation of the right hand side function.

Before looking the single problem, we solve for a two point boundary value problem at first,

() = 5 sinb(20(2)) (o1)

6(0) = v, (L) = 2tanh_1(tanh(%)e_L) (62)

Let define the right hand side a function f(¢) to make the case more gerenal,

£(6) = 5 sinh(20). (63)

Apply the idea of quasilinearization[5], we replace the right hand side function, $sinh(2¢), by

its equal linear interpolation under a ¢-mesh (¢pg, ¢1,..., ¢n) with corresponding x value (zo,
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T1,...,TN), Where

O:$0<Q?1<.CE2<...<Z'N:L. (64)

Let us define the ¢th interval by x;_; < z < x;, for = 1 : N. In ith interval, i = 1 : N, the
equation (61) and (62) turn to be,

¢} (x) = o (¢i(x) — diz1) + f(dim1), (65)

¢i(517i—1) = Qi—1, @(962) = ¢i, (66)
where the () ( )
o (@) — [(dia

e (67)

Solving the equation using a combination of homogeneous solution and particular solution. The
homogeneous solution satisfies the boundary condition (66). The particular solution satisfy the
zero boundary condition. First, find a combination of the fundamental solutions, u;(x) and

v;(z) that satisfy the boundary condition,
Ui(ZEZ‘_l) = UZ(ZL'Z) = 0, UZ(ZEZ) = vi(xi_l) =1. (68)

The u;(x) and v;(z) is given by,

() = sinh o;(z — x;_1) oi(z) = sinh o;(z; — x) (69)

 sinhoy(z; — 24-1)  sinhoy(z; — 2-1)

The solution is in the form,

¢i(z) = dius() + di—1vi(x) + Pi(). (70)

where the P;(z) is the particular solution which satisfies the P;(z;_1) = P;(z;) = 0. Since the

Green’s function exists for the problem, the particular solution can be expressed into[5],

Pi(x) = wéx) / wi(€)(f(hi-1) — o di—1)dE + Ui(.x) / ivi(f)(f(@q) —ajgi1)dE  (T1)
where
U; V4 ’ oo Q;
ci = i = Uil — Ul = P (72)

After simplification, the particular solution is,

Pia) = (61~ DO (1 - (o) — (o)) (73

%
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Define a new variable,

ﬁi = 2 (74)

to make equations cleaner. Recalling the equation (70), the solution is,
¢i(x) = pui(x) + ¢im1vi(z) + (Pim1 — Bi) (1 — wi(w) — vi()) (75)

Next, we patch up all the piecewise solutions by setting the derivative of the solutions match

at the interiors,
¢i(xi) = ¢ (i), i=1:N—-1 (76)

The derivative form of the solution is,

¢i(x) = divg(z) + Pim1vi(x) — (i1 — i) (ui(x) + vj(x)) (77)
where
O et e O a0
The boundary for derivative of u;(z) and v;(x) is,
ui(wio1) = sinh ai(jz — 2 1) ui(@i) = tanh ai(iz — T 1) (79)
i) = - o) = - (80)

~ tanh a;(r; —xi ) ~ sinh a;(r; — )

For the z; point, the equation (76), which is expressed by

Giu;(:) + Gi1vi(@:) — (Pi — Bi) (i) + vi(w:)) =
¢i+1UQ+1(wi) + ¢iv§+1(xi) — (i — ﬁi—l—l)(u;-&-l(xi) + U§+1($i))- (81)
Simplify the patching condition further,
Gi10;(w:) + Pi(ui(w:) — vigy (21)) — Pisaugyy (2:) =
(Pim1 = Bi) (wi(wi) + vi () — (di = Bi1) (ig (7i) + viyy (72)).  (82)
To form a row of a matrix, we cleaning the equation to a form,
a;¢i—1 + bid; + c;pip1 = rhs;, 1=1,2.,N—1 (83)

where

ai = vg(xi), b; = u;,(%) - U§+1($z‘); Ci = _u;+1(xi)7 (84)
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rhs; = (¢i—1 — Bi) (wi(z:) + vi(2:)) — (¢ — Bis) (uipy (22) + vig (2:)), (85)
where A is a tridiagonal and symmetric matrix.

Combining all the patching condition, the equation (83), we can form them into a matrix,

Az, ¢)¢ = rhs(z, ¢), (86)
by ¢ 0 0 - 0 1 1 — a16(0)
0 ay by Co . 0 02 T2
0 0 | x : = : : (87)
0 0 an_2 by_a cn_o ON-_2 rN_2
0 0 an-1 bynaa ON_1 rn-1—cn-1P(L)

If we choose a uniform mesh for ¢, the error is bound by O(N~?) [5]. To make sure the ¢ points
are uniformly distributed in each iteration, we have an inner iteration with index k£ and an
outer iteration with index j. The inner iteration is to update ¢ values with fixed = values to

satisfy the patching condition,
A(a?, ¢") "t = rhs(a?, ¢"). (88)
Given a convergence critera €5 = 107°, the inner iteration stop when
[ — 0F| < e (89)

Since the result of the inner iteration, the ¢ value will not be uniformly distributed. To reach
the optimal error, we project the evenly distributed ¢ value on to the latest numerical solution
that formed by the updated ¢ value obtained by the inner iteration to get new x points.
Recalling the equation (75), we solve for the x value when we set the right hand side a uniform

mesh of ¢,
¢k+1<xj+1) = ¢evenly7 (90)

where ¢epenty is a uniform mesh of ¢ with N intervals. The ith item in the Geventy 1s given by,

. 00— 6

evenly — N =, n=1: N —1. (91)

This is the outer iteration with a converge critera €,. The whole iteration stop when,

|27t — 27| < e, (92)
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Each time at the end of the outer iteration, we can multiple the number of intervals, N, by 2.
The result turns out to be N =1, 2, 4, ..., 2™. For each iteration, the initial guess come form
the previous solution. For example, the initial guess for the two intervals iteration comes form
the result of the one interval solution. The first initial guess can be obtained with the result
of one interval which is the yellow line in Figure 3. We project new equispaced ¢ points onto
x-axis to obtain the initial guess for x point. Then, we go into the inner iteration to updated
¢ values and then the outer iteration to update x values.

A full expression of the equation (90),

Giti (1) + Gi1vi(2) + (¢ir = Bi)(1 — wi(2) = vi(2)) = Oyeny (93)

can be analytically for updated x value. Since only w; and v; contains the unknown z, we

separate them on one side,

Blvl(x) + (ﬁl + ¢l - ¢1_1)U1($) = evenly ¢z 1+ /61 (94)

To express the equation in a form only with constants and the unknown x, we define v as
follows,

Y= sinh Oéi(l'l' — LUl',l). (95)

The equation (93) can be simplified as,

Bisinh a;(z; — x) 4 (B; + @i — ¢i—1) sinh o (z — z4-1) _
Y

evenly ¢l 1+ ﬂl (96)

Substitute the equation,
sinh o;(x; — x) = sinh(oy;(z; — xi—1) — a;(z — ;1)

= sinh o (x; — x;_1) cosh ay(z — x;_1) + cosh o (z; — ;1) sinh o (x — z;_1),

(97)

and let w = cosh a;(x; — z;_1), the equation turns to be,

Bi(7y cosh aj(z—w;_1)—wsinh o (z—x; 1)) +(Bi+¢i—pi—1) sinh i (r—2; 1) = V(PLyensy—Pi-115:)-

(98)
Assume X = sinh o;(x — x;_1), it is further simplified as,
VBV + X% = (whi — Bi — ¢ + ¢i1) X + Y (Deyenty — Pi-1 + Bi)- (99)

Square each side,

VB + X?) = (wh — B — ¢ + ¢i1)* X+
2(wﬁl - ﬁl - ¢1 + ¢Z*1>’7( Zvenly ¢z 1+ ﬁl)X +7 ((bevenly (bifl + 61)2 (100)
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Convert it into the quadratic form of x,

ar® +bx +c =0, (101)
where
a =707 — (wWhi — Bi — ¢i + di1)’ (102)
b= —2(wh;i = Bi — i + ¢i-1)V(Prventy — Pi-1 + 5i) (103)
¢ =207 =V (Oenty — Pic1 + Bi)° (104)

Apply the quadratic formula,

B —b+ Vb2 —4dac X 2c

or

% T b+ Vb’ dac

depend on the sign of b to avoid the loss of significance. Then, the solution is in form of,

X (105)

1
T =1x;_1 + —sinh™' X. (106)

O
Since it seems to have two solution, we need to judge which one of them is in the right interval
(i1, 2]
The Figure 5 provides the pseudocode to implement the algorithm. The Figure 6 shows how
the numerical solutions gradually approach the exact solution up to the eight-interval solution.
The graph contains a original plot of solutions and a magnification version of the plot near the

middle point of z.

N | Max Error | Max Error- N2
2 1 0.01304870 0.05219483
4 10.00336140 0.05378243
8 | 0.00087613 0.05607263
16 | 0.00021902 0.05606993
32 | 0.00005475 0.05607271
64 | 0.00001370 0.05612182

Table 3: Numerical results: errors analysis for 2¥ number of intervals, k = 1 : 6

The Table 3 is the Error Analysis under the Err tolerance equals le-12. The first two columns

are the number of intervals and the max error based on solution of such that number of intervals.
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1 Provide the boundary information, x5, T, @g. @x. Plot the exact solution. Let N = 1.
2 Plot the N-interval linear solution.

3 Project the uniformly distributed ¢-mid point(s), @mia, onto the N-interval solution to get the
z-mid, which is the initial guess for the inner iteration of 2/N-interval solution. For size(@mia)
> 3, we need first loop the number of ¢,,;; points. For each ¢,,;;, a nested loop for NV intervals

and judge which interval the ¢,,;; point is in.

Note that, we skip the even point in projection, since it should stay the same as the result of

previous N-interval solution.

4 Do the inner iteration, using the matching condition to update ¢ value with fixed = value.
The matching condition applies the iterative method, the equation (88).

5 Update the x value by projecting the ¢4 onto the current 2N-interval solution. The 2N-

interval solution is generated by the current = value and updated phi value from inner iteration.

6 Go back to the inner iteration (step 4), and repeat doing the step 4 and 5 until the = value

converges. This is the outer iteration.

7 Update the N wvalue to be 2N, N = 2N.

Figure 5: pseudocode for the quasilinearization technique

—exact solution 0.52+
——one-interval solution
0.515+
0.51+
< ©0.505 1,
05
\ [~—exact solution
0.495/ \ |——one-interval solution
152 154 156 1.58 1.6 1.62
X X

Figure 6: Numerical result: 8-Interval solution (left), its magnification around ¢ = 0,5 (right)

The max error is calculated by the infinity norm of the difference vector of numerical results
and exact solution on the mesh points. The third column indicates that the error is bound
by O(N~2). Note that each time increasing the number of interval, the 2N-solution, which is

closer to the exact solution, will be above the N-solution. Here is a simple proof.
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With the same boundary condition, we define the difference of the two solution,
u=¢(x; N, d) — ¢(2;2N, ¢p), u(0) =0, wu(o0) =0 (107)
Then, the second derivative of u is given,
u" = ¢"(x; N, do) — ¢"(z;2N, ¢o) > 0 (108)

With zero boundary condition and positive second derivative, the function u(x) can be draw

all below the x-axis, which means,

4.1.3 Numerical solution: extend to a single problem, [0, co]

Next, we treat the last interval as a special case to make the domain of 2 becomes [0,00]. Then,

the equation (66) for the last interval becomes,

On(zn_1) = dn—1, ¢n(00) = 0. (110)

Based on the new boundary condition, we solve the equation (65),

N(x) = oX(on(x) — dn_1) + f(Pn-1), (111)

for a special case solution. Then, we revise the corresponding inner iteration and outer

iteration.

The fundamental solutions are e*¥* and e~*N*, Suppose the particular solution is a constant

C, then substitute into the equation (65),
C=o¢n_1— Bn-1. (112)
Then, the solution is given by,
¢n(r) = Ae*N* + Be ™" + ¢n_1 — Bn-1. (113)
Solving coefficients A and B to satisfy the boundary conditions in equation (110),

¢n(00) =0= A=0, ¢n_1—By-1=0, (114a)

On(TN-1) = on1 = B = gy 1™V (114b)
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The solution, equation (113), and its derivative are as follows,

O () = gy 1e” VTN g (1) = —angy e VT, (115)
For the patching condition, inner iteration, the special case of the last interval turns to be,
Py_1(zn-1) = Py(Tn-1). (116)
Apply the equation (77) and (115) to expand the equation as follows,
dn1Uy_1(TN-1) = dn2Uy_y(Tn—1) + By 1 (Uy i (Tn—1) + vy (Tn1)) = —aney 1. (117)
Then last row of the matrix that applies the patching condition is,
—on—aty_1(zn-1) + On-1(uy i (Tn-1) +an) = —By-1(uy_i (an-1) + vy (zn-1)).  (118)
For the outer iteration, the process is quite direct,
L N

¢N—1€_QN(I_$N_1) = ¢evenly =T =2IN-1+ In
anN ¢evenly

(119)
Very similar process for the domain of (—oo, 0] to treat the first interval as a special case,
$1(x) = pre™ T gl (x) = e (120)
The inner iteration turns to be,
(uy(21) + a1)dr — uy(w1) 2 = Ba(uy(@1) + vh(z1)) (121)

The outer iteration, it is,

1 even
(bleaN(:vf:rl) _ (bevenly =T =1 + a_l In % (122)

4.2 1D solvent and protein system under PBE
4.2.1 Linear version

In 1D, the equation (31) and (32) can be linearized as

—¢"(@) =gélr—y) 0<z<10<y<l, (123a)
— e () +K*p(x) =0 x<0orx>1, (123Db)
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with the boundary condition that when x approaches to oo, the value of ¢ approaches to zero.

The corresponding matching condition is,

P(07) =o(07), o(17) =o(17), (124a)
€' (07) =6, (07), €9 (17) =€, (17). (124D)

For the middle interval, the ¢, is obtained by integration twice,

b2(e) =~ [aH(z ~ y)(w — y) + Az + Bl (125

where A and B are two constants that will be determined by the matching condition later.

For the two end intervals, let

K
— . 126
a e (126)
Applying the boundary condition to each case, the ¢; and ¢3 are in the form of
¢1(z) = Ce™ x <0, (127)
¢3(x) = De™ ™ x> 1. (128)

Applying the matching conditions in equation (124a) and (124b), we get a linear system

B+¢C=0 (129a)
A+ e,aC =0 (129b)
A+ B+e,De = —q(1l—y) (129¢)
A—eaDe ™ =—q (129d)
The final solution is,
(
Ce™* x <0
—L1(Az + B) 0<x<y
o) =9 7 (130)
—olgz—y) +Ar+B) y<x<I
| Do x> 1,
where,
1- A «
= alep + €5 y)]’ A=—eaC, B=—-¢C, D= ﬂ. (131)
€sa(2€, + €5) €5

The Figure 7 shows how the physical constant is related to solution. With a large s value, the

potential in the solvent will decrease a little bit slower. With a small difference of ¢, and ¢,
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rx=1.00, €= 2, €= 80,q=1,y=0.50 k= 0.15, €= 2, €q =80,q=-1,y=0.35
0.2¢ -0.25;
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| 03l
015} ‘\\ 03
\
| 0.35 |
™| i |
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| ||
0.05 / \ 045! H
|
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k=0.15,¢ =2,¢ =80,q=1,y=0.35 k=0.15,¢ =2,¢ =4,q=1,y=0.35
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Figure 7: Analytic solution of linear protein-solvent system with different physical constants

the solution is smoother. The sign of charge can makehe solution revseral. The 1D nonlinear

solvent and protein system is set as,
—60"(¥) =qnd(z—y) 0<x<10<y<l, (132a)
€,0"(x) = sinh k*¢(z) r<0orx>1, (132Db)

with the boundary condition that when x approaches to o0, the value of ¢ approaches to zero.

The corresponding matching condition is same as the linear version,

P(07) =o(07), ¢(17) =o(17), (133a)
€' (07) =6, (07), €9 (17) =€,/ (17). (133b)

4.2.2 Nonlinear version: analytical solution

For the two side intervals, following the drivation in section (4.1.1), assume the boundary

condition,

¢1(0) = dn,  ¢3(1) = ¢ (134)



de  di dr b di’
Py d(dg/dr) d(E(2)  d('(2)) di  a®d®d

dr? ~ dx dzx di  dz b di?
#'(z) = = sinh 2(z),
2 1 2
= ©-3"(#) = — sinh "~ (),
b €5 b
) b K2
= ¢'(z) = e sinh ?gb(a:),
Choose a and b,
1 K2
a=ry—, b=—,
€s 2

~

= ¢'(1) = %sinh 20(%).

Recalling the equation (57), when z € (—o0, 0], the solution is,

b (2) = ztanh—l(tanh(%_v)ef) = boy (1) = Ztanh_l(tanh(ggb]v)ea‘”).

Similarly, z € [1, 00),

6(5) = 21 tan(
3(2) = 2tanh™ " (tanh(

5 )e V) = by () = 2tanh_l(tanh(ggba“)e_“(z_l)).

In order to apply the matching condition, we should compute ¢/ (0) and ¢5(1) at first.

Deal with the equation (142),

tanh(gqﬁl(x)) = tanh(ggb;\,)e““”.

Take derivative both sides,

b b b
3 sech2(§¢1 ()¢ (z) = tanh(i@’v)e‘m - a.

Let x = 0 and further simplify,
a . _
1(0) = b sinh(boy ).

Deal with the equation (143),

tanh(%@(x)) = tanhl(tanh(ggbar)ea(xl)).
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(135)

(136)

(137)
(138)

(139)

(140)

(141)

(142)

(143)

(144)

(145)

(146)

(147)
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Take derivative both sides,

gsechZ(gaﬁg(x))qﬁg(x) = tanh(ggba“)e_a(x_l) (—a). (148)

Let x = 1 and further simplify,
a .
P5(1) = - sinh(bog ). (149)

For the middle interval, sloving the ¢o(x) using the homogeneous solution and particular solu-

tion. we can get the solution,

6x(2) = gfw + oy (1 =) = H(a = y)H(x —y) + (1 - y)a. (150)
Its derivation,
¢h(x) = of —éx — —H(z —y) + (1 - ). (151)
€p €p
at two endpoints,
€p¢l2<0) = 6p(¢ar — ¢n) +q(l —y), €p¢/2(1) = Ep(¢ar — on) — qy- (152)
Then, we apply the matching condition to solve 1, and s,
S sinh(b0y) = (67 — éx) + a(l — v). (153a)
—5 sinh(b07) = (6§ — 6x) — av. (153)

and use a fixed-point iterative method to solve the simplified system,

a . _

PN = - sinh(boy) + 6,04 + q(1 —y), (154a)
a _

&by = —7 sinh(bdg) + €0y + gy. (154D)

With an index of iteration 7, let the ¢ on the left side as the current step (i 4+ 1) value and that

on the right side as the previous step (z) value.

_ a . _
PPN, (i1) = 7 sinh(bgy ;) + Ep(b(;(i) +q(1—vy), (155a)
a . B
905 (i1 = 7, SIB(0GG ) + Py i40) + Y- (155b)
Note that using the updated value qﬁ]’v’(i +1) at once in the next fixed-point iteration for ¢5f(i )
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4.2.3 Nonlinear version: numerical solution

Apply the quasilinearization to the solvent part and add the matching condition at the molecular

surface into the whole matching condition.

When the number of interval, N = 1, the matching condition at the 0 and 1 is treated as a
special case. The result equals to the solution of the linear version. Recalling to equation (115),

(120), (152), (133a) and (133b), we can derive,
€1 91 = 60y — o) +q(l - y) (156a)
—6al dp = (¢ —¢1) —qy (156b)

Write the two equations into a linear system, A¢ = b, where A is symmetric,

GSOCI + ep _€p (bf _ Q(]‘ - y) (157)

€p esoz;r + € gbar qy

As for N > 2, recalling the equation (77) the matching condition at the 0 and 1 turns to be,
es(Ontuy (0) + Oy 105 (0) = (@1 — By)(uy (0) + vy (0))) = e(éF — o)) +a(l—y) (158)

es(@rurt (1) + og oy (1) = (68 — B3 (u (1) + 017 (1)) = (6§ — on) — ay (159)

Put the two equations into the whole matching conditions. Since not involving normal middle

matching condition, also treat N = 2 as a special case as follows,

uy (@) + ol —uy (27) 0 0 b1
ey (0)  euy(0)+6 —6 0 oy

0 —€ ey (D) +6  —eupt(1) do

0 0 —u (@) (@) +ag oF

/BZ_(UQ_(xl_> + "UQ_(ml_))
€s(dy1 — va)(u}G(O) + v}G(O)) +q(1—y)
—es(dg — By )( (1) + Ul 1)) +qy
—B7 (U1+($1 )+ U1 “(a))

(160)
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When N > 4, the matching conditions are Az = b, where

b 0 0 0 0 0 0 0 ¢1 1

0 ax by Co 0 0 by )

0 0 ' :

0 anN—1 bN_1 CN-1 0 0 @b&fl N-1

0 0 ay by ey 0 o o0 on | |

0 0  any1 byvy1 Ny 0 0 ¢ TN+1 7

0 0  ant2 byny2  cCny2 0 N T'N+2

0 0

0 asn-1 banv-1 con-1 O L, Ton_1

O O a2N b2N ]—"\_]_1 ’[”2N

(161)

by=uy (27)+of, o =-uy (z7),
ag =y (25), by=uy (v5) — vy (13), coa=—uy (73),
an—1 =05 1(Ty_1), bnva=uy (T 1) —vy (TN 1), ovo1=—uy(Ty_ ),
ay = esv;\f(O), by = esu/]\?(()) +€,, N = —6€, (162)
AN4+1 = —€p, bNJrl - _esvllJr(l) + €p, CN41 = _esul1+(1)a
aN42 = U1+(5UIL)a bni2 = U1+(x;r) - U2+($;r)> CN42 = —U2+(517D7
agN-1 = UJ\JIF—Q($JJ\FI—2) ban—1 = UJ—2(xE—2) - UN—I(:EJJ’\-T—2)7 CoN—-1 = _u]\—}_—l(xj\_f—2)7
asy = —uy (1), ban = up (7)) + g,

= fy (uy (27) + 05 (27)),

ro = (¢ — By )(uy (73) + vy (23)) — (dy — B3 )(uz (25) +v3 (23)),

rN-1 = (Py_o — By_1) (U1 (@y_y) + V1 (@y_1)) — (dy_y — By) (Uy (Tn_y) + vy (Ty_1)),
Ty = €s(Py_1 — ﬁj‘v)(u}G(O) + oy (0) + q(1 —y),

rva1 = —€s(6f — B (uy" (1) + vyt (1) + gy,

rne = (¢g — B (WS (27) + o (27)) — (&1 — B3 ) (us" (x]) + v’ (27)),

ron—1 = (Pn_g = Br_o) (UN_o(TN_y) +VUN_o(Tx_5)) = (On_y — Br_1) (UN_1(Ty_y) + vy 1 (T},

ToN = —51J\rr—1<“1\j;—1(x;\r/—1) + UN—1($}—1))-

(163)

In Figure 8, the numerical results are given after building in Matlab, with input test physical
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Figure 8: Numerical results: 8-Interval solution (left), magnification around ¢ point (right)

constants,

€s =20, ¢,=2,¢q=1, k=0.15, y = 0.5, (164)

and the error tolerance is set as le-12. The left graph in Figure 8 is the magnification around the
¢¢ point, which only left with the exact solution with the plus symbol and the 8-interval solution
with a circle symbol. There are two curves on the right of the 8-interval solution are 4-interval
solution and 2-intervals solution. The 4-interval solution is closer to the 8-interval solution
which means the algorithm converges monotonically. The Figure 9 contains two different rate
of magnification around the same point ¢g. In the left graph of Figure 9, compare to the right
graph of Figure 8, the lowest circle comes from the 4-interval solution, with the left two curves
2-interval solution and 1-interval solution similarly. The same as the left graph. Among them,
we can discover for each iteration, the new numerical solution converges closer to the exact
solution which is about one-forth distance of the previous numerical solution. The graphs show

that the rate of convergence is quite fast.

The error analysis matches our expectation of O(N~2) in Table 4. Besides, the third column
in Table 4 also shows that the converged constant calculated by max error times N? is a quite
small number under 1e-6 scale. Later, we will change different physical constants and see how

the max error changes.
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Figure 9: Numerical results of 8-Interval solution magnification around ¢§ point

N | Max Error | Max Error- N?
1 | 0.0000089288 | 0.0000089288
2 | 0.0000021887 | 0.0000087550
4 | 0.0000005461 | 0.0000087380
8 | 0.0000001364 | 0.0000087349
16 | 0.0000000341 | 0.0000087342
32 | 0.0000000085 | 0.0000087339
64 | 0.0000000021 | 0.0000087334

Table 4: Numerical results: errors analysis for 2¥ number of intervals, k = 0 : 6

5 Conclusion

In the report, we first explained how to use the Green’s function method to solve two-point
boundary differential equations and did the numerical evaluation and error analysis. Then, we
introduce the definition and properties of pKa. At last, we focus on solving linear and nonlinear
PBE. A numerical technique called quasilinearization is applied to the solve the nonlinear PBE
which approximates the nonlinear term by piecewise interpolated lines. The numerical result
showing that the scheme converges at the rate of O(N~2), where N is the number of the
intervals in the approximation. Currently, we are applying the quasilinearization technique to
the 1D solvent /protein/solvent model and do the corresponding analysis. In the future, we will

see how to apply to the 2D/3D models and compute pKa value.
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