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Motivation from Evolution Biology

Altruistic individuals foraging for food independently of each other in a territory D, and sharing
among the surviving individuals in an egalitarian manner.

Individuals die when they leave the territory.

Fori=1,--- N, X,’ are the positions at time t of the N; individuals still alive
Resources accumulated in the amount f(X,’)

All the resources are aggregated, and redistributed in equal amounts to the survivors
Resource allocated to each individual will be: Nlr E,{iﬁ f(XD).

N;/N — P[r > t] probability that a typical individual is still alive at time ¢,

. .
N FOXD) = 5 S T xiys = EF(X)Te4]-
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Optimization of the fitness of the individuals still alive naturally leads to the conditional control
problem which we propose to study.



lll. J. Math Approach: Feynman-Kac Relaxation

Soft killing instead of hard killing

v r B[, ane” BY09%]  Bgxr)e W o]
J (a = / - _
° E {e_ fo V(XS)dS:I E [e_ Jo V(Xs)ds]

Original problem corresponds to V = V° given by:

oo 0 ifxeD
v =
) {oo otherwise,

in which case:

t 0 fXseD, 0<s<t
V™ (Xs)ds = 2oss=
/0 (Xs)ds {oo if Xs ¢ Dforsome0 < s <t

so that:
e g v i 1xseD, 0<s< = Virp>1>
where 7p is the first exit time of the domain D defined as:
7p = inf{t > 0; X; ¢ D}.
Accordingly:

3" (@) = /OTIE[)’(Xhap)‘TD > t] dt+IE[g(XT)|-rD > T},

()

®)

(4)



Approximation Procedure

Approximate V> by V" = nV' where

> V'(x) = x“(d(x, D))

» d(x, D) denotes the distance from x € RY to the domain D,
P> ¢ > 0is an arbitrary
>

0 ifd <0
x(d) =< linear if0<d<e (5)
1 ifd > e.

Approximation Result

If X = (X;)r>o satisfies X; = X + [ asds + W; for some fixed o and xo € D, then

© for any bounded function g

E[g(Xp)e~ "0 V10e)%)

E[g(X; >T] = 6
[9(X7) | ] E[e_"jOT % G (6)
o Similarly, it ;7 E[|f(X;, ou)|]dt < oo, we also have:
T T B[F(X;, ar)e™ "8 V! (Xe)ds
[ E006, a0y 170 > ot = i [0 ! "
0 —oo Jo Efe 7nj0 vi( Xs)ds]



Assumptions

» The running and terminal cost functions satisfy:

> The action space A is a closed convex subset of RY;
> The function g is continuous and bounded on RY;
> For each o € A, the function f(-, ) is continuous and bounded on RY.

> For each x € RY, the function f(x, -) is convex on A.
Separable case:

f(x,0) = Zlaf +7(x)
for some measurable bounded f

> As for the relaxation potential

» The function V is continuous on R9 and 0 < V < 1.



First Deterministic Control Problem over a Space of Probabilities

Given ot = ¢[(X{)
aX; = (z)y(Xt)dt + dW;

Corresponding cost JY (a) = J(¢)

-
S0@) = [ [ 10 autpm(an) at+ [ gbonr(an. ®
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where we use the notation p; for the probability measure:

E[6x, (dy)e™*]

we(dy) = Ble A

) 0<t<T, (9)
where A; = [ V(X;)ds.

FPK Equation

The measure valued function t — p; satisfies the forward FPK equation:

1 .
Otput = EAM —div(¢tpt) — (V= < e, V >)u,

in the sense of Schwartz distributions with 1o = po(dx) and

< V>= /Rd V(x)p(dx).
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1 i
Ot = EAM —div(¢rpe) — (V= < e, V >) e,

Then there exists a weak solution X = (X:)o<:<7 of the stochastic differential equation
dX; = ¢i(Xp)dt + dW;
with Xy ~ po and such that
E[5x, (dy)e™ "]
E[e~4t]
with A; = fo’ V(Xs)ds. Moreover 5“P0§z§TE[|Xt|Z] < oo,

pi(dy) = ;o 0<t<T,



Existence of an Optimal Control

Ideas from Optimal Transport

Notation: A®)(;40) set of couples (6, 1), 8 = (8¢)o<i<7, b = (pt)o<t<T, for which ¢ is
absolutely continuous with respect to ¢ and there exists a measurable function
[0, T] x RY 5 (¢, x) — ¢¢(x) € RY such that

daor . T 2
G =60 and /0 /Rd ()2 ue(dx)alt < oo.

If (6, ) € A®(up), the superposition principle implies that there exists a process
X = (Xt)o<i< 7 satisfying dX; = ¢¢(X;)dt + dW;, and such that the probability measures p are
given by

]E[5x,(d Ye~ I V(Xs)ds]
E[e JEvixs) dS}

pe(dx) =

Define the functional J by

.
o) — { [ [t etom@ at+ [ouran. to.mer®

o] otherwise.

Theorem:

There exists a couple (8, 1) = (é1, pt)o<t<7 € A® minimizing J(¢, ).



Characterizaton of the Optimal Control

The Adjoint PDE

If ¢ = (ét)o<t<T is @ bounded feedback function and if 1 = (u¢)o< <7 is the solution of the
corresponding FPK equation, the adjoint equation reads

1 1 -
0= 0+ 5Bt br - Vill = (V— <u,V>)u+V<u,u>+§|¢r\2+f

Assumption:

T
Ky = sup IE/ |¢5(Xsr’x)|2ds < oo
(t,x)€[0, T] xR t

where X'¥ = (Xst‘x)rgng satisfies the state equation dX; = ¢s(Xs)ds + dW; over the interval
[t, T] with initial condition X; = x. Clearly satisfied when

» ¢ is bounded.
> ¢ e LI([0, T]; LP(RY)) forsome p > 2, g>2, 242 <.

Theorem:

For each feedback function ¢ satisfying the above assumption, for each continuous flow
= (pt)o<t< 1 of probability measures on RY, the adjoint PDE admits a unique solution in
the sense of viscosity. Uniqueness in the class of bounded continuous functions.



Regularity of the Co-State

A First A-Priori Bound.

€ Ty ¥ eZTK T
lurlloo < 5 (€770 = 1) [Floe + S5 Ko + €T l1glloc-

A Second A-Priori Bound. (using the fact that i is a solution of the adjoint PDE for a smooth ¢
and a smooth running cost F.)

T . - 3 .
IV (x) P pe(dx)at < 4e*TIFIZ, (1 + ST+ 11d — ¢l%2,,)
o Jmrd 2 (m)

Theorem:

If (¢, ) € A® (o) is such that ¢ is bounded, the viscosity solution of the adjoint equation
is a bounded continuous function on R whose first order derivatives in x € R in the sense
of distributions are functions in L?([0, T] x RY, u) and L2 ([0, T] x RY, dt dx).
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A Form of Pontryagin Maximum Principle

Let
> ¢ = (¢t)o<t<T be a bounded measurable feedback control function,
P> p = (ut)o<t<T be the corresponding solution of the FPK equation
> u the solution of the corresponding adjoint equation.
If B = (Bt)o<t< T is another bounded measurable feedback control function, we have:

d T
@+ = [ <avutonm> a

As aresult, if ¢ is a critical point, then

bi(x) = —Vur(x), w—as. xeRY ae telo,T]




Characterization of the Optimum

The optimal control ¢:(x) = —Vu;(x) is obtained from the (unique) solution of the the forward
backward non-local PDE system:

O = S Dxp + dive(Vyu p) — (V— < i, V >)p
0=0w+ JAcu— 3|ViulP — (V= <, VS)u+ V< pyu>+F

on the support of L.

Proposition:

For each continuous flow & = (jit)o<t<7 Of probability measures on RY, the second PDE (above)
admits a unique solution in the sense of viscosity which is continuously differentiable with uniformly
bounded first derivatives. Moreover, this solution is actually a classical solution when 7 and g are
three times differentiable with bounded derivatives.



The Open Loop Problem

Mimicking Argument: Gyongi, Brunick-Shreve

Given
> o = (at)o<i<T general adapted open loop control process
> corresponding state process X = (Xt)o<:<7 satisfying dX; = a:dt + dW,
> additive functional A = [ V(X:)ds
one can find
> a state process X = (Xi)o<:<7 satisfying dX; = v:(X:, Ar)dt + d W,

> with additive functional A; = [ V(Xs)ds

> the deterministic (feedback) function v; given by
iﬂz(X,a) = E[Ozt|Xt =X, A= a]

> (X, A;) has the same distribution as (X;, A;), te[o,T]



The Open Loop Optimization Problem

J(a) = /T E* [f(Xr,az)e’At] EP [Q(Xr)e’AT]
0

+
EP [e**‘l] EP [e*AT]
7 EP [Ep[f(X,, )| X, A[]e’Af] E? [g(xr)e*’*r]
= /0 EP {e—At] P [e*AT]

7 EP [f(x,, Eou| X;, A,])e—At] EF [g(xr)e—"r}
= /o EP [e*"‘r] EP [e*AT]
by Jensen’s inequality
r BE [f()?,, w,(f(,,ix,))efi‘r] Ef [g()A(T)e’AT]
b e ]

= J(&),
with &; = +¢(X;, Ar). Consequently:
v T ]E[f(),\(t,’(ﬁt(),\(t,/z\t))eiﬁt] ]E[g()A(T)e’AT]
infJ" (o) = inf/ _ dt + _
e ]

Value function over ALL open loop controls is the same as over
FEEDBACK functions of (X;, A;)



A Second Deterministic Control Problem over Probabilities

aX;
dA;
Corresponding cost JY (a) = J® ()

By T E[f(X, vi(X, A))e™™]  E[g(Xr)e "]
= B[] B[]

Given o = ’LZ);(X{, A[)
’L/J[(X[, At)dt + dW;
V(X)at.

—/ /ur (dx, da)f(x, ¥i(x, a))) dt+/ur(dx, da)g(x)
where u; is the Gibbs probability measure:

E[5(x,,a,) (dX, da)e™ "]
Ele—*]

p(dx, da) = 0<t<T.

s



A Second Deterministic Control Problem over Probabilities
Given o = ’LZ);(X{, A[)
dA; = V(X)dt.
Corresponding cost JY (a) = J® ()

T E[f06, wi(X, A))e ] E[g(Xr)e 7]
JO :/0 E[efA,] E[e*AT]

{dXt = (X, At + AW,

_/ /ur (dx, da)f(x, ¥i(x, a))) dt+/ur(dx, da)g(x)
where u; is the Gibbs probability measure:

E[5(x,,4,) (dx, da)e™ "]

ue(dx, da) = Efe 1]

., 0<t<T.

FPK Equation

The measure valued function t — ;451) satisfies the forward FPK equation:

1 '
O = 5Bk — dive(ep) — VOap — (V— < 1, V >)i,

in the sense of Schwartz distributions with 110 = p0(dx) ® dp(da) and

<umve= [ [ Viux,da).
rd Jio,7]



The Corresponding Optimization Problem

Need to redo the entire analysis
» Existence of Optima
» Solution of the Adjoint PDE
» A priori bounds
» Regularity of co-states

The adjoint PDE is degenerate, approach via vanishing viscosity solutions

The Adjoint PDE and the Forward-Backward System

Rewriting FPK and the adjoint equations for the minimizer (still n the case of separable running
cost) PDE System

O = FDxp + div (Vi 1) — VOap — (V— < p, V >)p ;
0= 0w+ JAxU— 3[VxulP+ Voau — (V= < i, V >)u+ V < p,u > +F.




Summary

Comparison of the solutions of the conditional control problems
> close loop case (feedback functions of (t, x))
> ap = ¢i(Xp), state pu(dx) = Exg[x, (dx)e™A]/Ex[e~ %]
P general open loop case (feedback functions of (¢, x, a) because of the mimicking result)
> ap = Pi(Xt, Ar), state pi(dx, da) = Ex, [5(x,,4,) (X, da)e= "] /Ex [e~ %]

Dynamics (FPK) + Adjoint Equation
Closed loop case PDE System (1)
Oy = %A,u, + divy(Vxu p) — (V=< p, V >)u B
0=08w+ 100U — J|ViufP — (V= <, VS)u+ V< p,u>+f.
Open loop case (after mimicking) PDE System (2)
Orp = FAxp + dive(Vxt p) — VOap — (V— < i, V >)p )
0=0w+ 30cu— 3| ViuP 4+ Vou — (V= <, V >)u+ V < p,u > +f.

They are identical once we notice that u in (2) does not depend upon a, implying that the first
marginal of ;. solves the FPK in (1) !



Equality of the Value Functions

Once we get to that point, simple consequence of Jensen’s inequality.

Samuel Daudin



Back to the Original Hard Killing Model

Main obstacle to the proof of the equality of the value functions.

No Mimicking Theorem Available



A New Mimicking Theorem
Let xo € D and let us assume that X = (X;)o<¢< 7 is an It6 process of the form

X,:xo+/ias ds + W;
where 0
> W = (W;)o<i<T is a Wiener process
> o = (at)o<i<T is a bounded progressively measurable process.
Then there exist
» a (deterministic) bounded measurable function & : [0, T] x RY — R?

> aweak solution X = (X;)o<¢< 7 of the SDE

~ t ~ ~
Xt = Xo +/ &(S, Xs) ds + W
such that 0
> L(X|T(X) > 1) =LK |T(X) > t)forallt € [0, T]

» and we may choose:
a(t,x) = 1p()Ear | Xinro = XI-

Main Technical Tool
Ifb: [0, 00) x R? 3 (t,x) — b(t, x) € R? is a bounded measurable function, the SDE

dX, = b(t, X;)dt + 1p(X;)dW,

is well posed (i.e. existence and uniqueness of a weak solution hold for every initial condition
x € RY)



Equality of the Value Functionsl

P
J (@) = / T [0, atr005e]  ERlg(X)1, 005 1]
EF[r(X) > {] Plr(X) > T]
T EF ]E]P[f(XmT Qt)‘XrAT(X)]1T(X)>t] . EP [g(XT)1'r(X)>T:|
+
/ EP[r(X) > 1] P[r(X) > T]
as 1. (x)> is measurable with respect to Xix -(x)

T EF [f (er()()» EF[a; \er(X)]) 1 T(X)>r] EP {Q(XT)1 (X)> T]

J7 > at
(@) 2 /0 Plr(X) > 1] TR0 > T
convexity of f in the variable «, so

S o) > /T EF [f(XmT(xp a(t, me(x))1r(>()>:)] EF [g(XT1T(X)>T]
0

Plr(X) > {] P[r(X) > T]
T E [f(Xr’ a(t, Xi)1 T(X)>r)] EF [g(XT17-(X)>T]
B (X) > 1] TR0 > 7]

0
- /OTE“” [f(Xt, &(t X) | (X) > t] dt + & [g(xT) [ 7(X) > T]

= /OTEH"” [f()”(,, a(t, X)) | T(X) > r] dt + EF [g(S(T) [ 7(X) > T]



What’s Next?

A Lot of Questions

» Minimization of ;
J(¢) :/0 <f(- () e > dt+ < g,pur >
for put = L(X¢|T > 1)
» F-P-K equation
Orpt = %A#t — divi(drput) + g g (Dt
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o ug® . N
> h¢’uo(t) = % is the hazard rate of the hitting time =
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What’s Next?

A Lot of Questions

» Minimization of ;
J(¢) :/0 <f(- () e > dt+ < g,pur >
for put = L(X¢|T > 1)
» F-P-K equation
Orpt = %A#t — divi(drput) + g g (Dt
where

f t )
> hd,’uo(t) = % is the hazard rate of the hitting time =
> Foug(t) =Pl < 1

> f4,1, () is the density

» Adjoint equation ???

1
ou = _EAXU — ¢t Vxt = hy o (U —f(-, ¢(+))



Pontriagin Maximum Principle if Hazard Rate Exists & is Bounded

> If B = (Bt)o<i<7 is another bounded measurable feedback control”

> EH > | = B[t S AX AW



Pontriagin Maximum Principle if Hazard Rate Exists & is Bounded

> If B = (Bt)o<i<7 is another bounded measurable feedback control”
B[N e S (XD )W)
L= —EJ B aWe 7 = 1] o (0.

> d%]p[rdwreﬁ > f]
>

dlehdﬂrEﬁ,}—bo(t)‘

e=l|



Pontriagin Maximum Principle if Hazard Rate Exists & is Bounded

> If B = (Bt)o<i<7 is another bounded measurable feedback control”
> %P[wareﬁ > f]
>

=0 E[1T‘i’>t fot Bs(Xf)dWS]_

& hosepng ()] _ = —E[J3 BUXYIWHT? = ]y, ().
$+eB_ ¢
> X =limeo - "t exists as a mass 0 finite signed measure \; which satisfies

1 . . d
Ot = §A>\1 — div(eiAr) — div(Biue) + he, g A + g hgrep,ug(t) oMt



Pontriagin Maximum Principle if Hazard Rate Exists & is Bounded

> If B = (Bt)o<i<7 is another bounded measurable feedback control”
> %P[wareﬁ > f]
>

B[N e S (XD )W)

& hosepng ()] _ = —E[J3 BUXYIWHT? = ]y, ().
LB _ 0

> XA =limeo =L L exists as a mass O finite signed measure \; which satisfies

1 . ) d
Ot At = §A>\1 — le(¢t)\{) — le(ﬂ[ﬂ[) =+ hd&uo At +

hpie t
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> if ¢ is a critical point, do we still have?
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