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The Principal-Agent problem Formulation

Reduction to standard control problem

(Static) Principal-Agent Problem

e Principal delegates management of output process X,
only observes X

e Agent devotes effort a = X?, chooses optimal effort by

Vo = m;axIE Ua( —c(a))
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The Principal-Agent problem Formulation

Reduction to standard control problem

(Static) Principal-Agent Problem

e Principal delegates management of output process X,
only observes X
pays salary defined by contract £(X)

e Agent devotes effort a = X7, chooses optimal effort by

Va(¢) == maxE Ua(£(X7) — c(a)) = 4(S)
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The Principal-Agent problem Formulation

Reduction to standard control problem

(Static) Principal-Agent Problem

e Principal delegates management of output process X,
only observes X
pays salary defined by contract £(X)
e Agent devotes effort a = X7, chooses optimal effort by
Va(¢) == maxE Ua(£(X7) — c(a)) = 4(S)
e Principal chooses optimal contract by solving

mgxIE Up(Xé(i) - f(X'ﬁ({))) under constraint  Va(&) > p
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The Principal-Agent problem Formulation

Reduction to standard control problem

(Static) Principal-Agent Problem

e Principal delegates management of output process X,
only observes X
pays salary defined by contract £(X)

e Agent devotes effort a = X7, chooses optimal effort by
Va(€) = mgxIE Ua(E(X7) —c(a)) = 4(¢)
e Principal chooses optimal contract by solving

mgxIE Up(Xé(i) - f(X'ﬁ({))) under constraint  Va(&) > p

= Non-zero sum Stackelberg game
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The Principal-Agent problem Formulation

Reduction to standard control problem

Principal-Agent problem formulation

Agent problem :

r t v
V5'(€) = ;ggEP[K;g(X)—/O Klcr(ve)dt|, KY:=e Jokids

P € P : weak solution of Output process for some v valued in U :

dX; = b(X,v)dt +oe(X,v)dWE P —as.
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The Principal-Agent problem Formulation

Reduction to standard control problem

Principal-Agent problem formulation

Agent problem :

r t v
V5'(€) = ;ggEP[K;g(X)—/O Klcr(ve)dt|, KY:=e Jokids

P € P : weak solution of Output process for some v valued in U :
dX; = b(X,v)dt +oe(X,v)dWE P —as.

e Given solution P*(¢), Principal solves the optimization problem

Ve = sup EP*(@{RTU(E(X)—g(X))}, Ry = e Jorsds
g€z,
where =, = {£{(X): V§(€) >p} ><5%?¢$;9HN.M
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The Principal-Agent problem Formulation

Reduction to standard control problem

Principal-Agent problem formulation : non-degeneracy

Agent problem :

T t 174
VOA({) = Esng?p)EP {K%’_é‘(x) - /(; K;/Ct(vt)dt}, K;/ =e Jo ki ds

P € P : weak solution of Output process for some v valued in U :
dX; = (X, Be)[Me( X, ar)dt + dW)] P —as.

e Given solution P*(¢), Principal solves the optimization problem

Ve = sup EP*(g)[RTU(E(X)—g(X))}, Ry = e Jorsds
EEE/)
where =, = {£{(X): V§(€) >p} ><5%?¢$;9HN.M
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The Principal-Agent problem Formulation

Reduction to standard control problem

A subset of revealing contracts

e Path-dependent Hamiltonian for the Agent problem :

Ht(wvyv 277) ‘= supy {(O—tAt)(wa U) "Z+ %O’tU:(W, U) e
_kt(w> u) - Ct(wa U)}

e For Yo € R and Z,[ FX — prog meas, define

-
1
yZr = Y0+/ Zt‘dXt+§rt L d(X)e—He(X, YET, Z,, T ) dt, P — q.s
0
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The Principal-Agent problem Formulation

Reduction to standard control problem

A subset of revealing contracts

e Path-dependent Hamiltonian for the Agent problem :
Ht(wvyv 277) ‘= supy {(O—tAt)(wa U) "Z+ %O’tU:(W, U) e
_kt(w> U)_y - Ct(wa U)}

e For Yo € R and Z,[ FX — prog meas, define

YtZ,F = Yo-l—/
0

;
1
ZedXet 5T d(X)e—He(X, YE", 2, T dt, P — q.s.

Proposition VA(Y?F) = Yp. Moreover P* is optimal iff

l/;,k = Argma&x Ht(Yt7 Zt> rt) = ﬁ(yt, Zta rt)
ue
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The Principal-Agent problem Formulation

Reduction to standard control problem

Proof : classical verification argument !

For all P € P, denote Ja(€,P) := EF[Kye — [[] KVcldt]. Then

T 1
Ja(YiTP) = EHD[K¥{Y0+/O Ze-dXe+ 5 Terd(X)e—He(Ye, Ze, T o) dt}

-
—/ K;’cfdt}
0
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The Principal-Agent problem Formulation

Reduction to standard control problem

Proof : classical verification argument !

For all P € P, denote Ja(€,P) := EF[Kye — [[] KVcldt]. Then

T 1
Ja(YiTP) = EHD[K¥{Y0+/O Ze-dXe+ 5 Terd(X)e—He(Ye, Ze, T o) dt}

)
—/ K;’cfdt}
0
)
— Yo B[ | K { (Ve 2T~ kY
0

1
by Ze 4+ 00T T c{f}dt n Zt-agdwﬂ
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The Principal-Agent problem Formulation

Reduction to standard control problem

Proof : classical verification argument !

For all P € P, denote Ja(€,P) := EF[Kye — [[] KVcldt]. Then

T 1
Ja(YiTP) = EHD[K¥{Y0+/O Ze-dXe+ 5 Terd(X)e—He(Ye, Ze, T o) dt}

)
—/ K;’cfdt}
0
)
— Yo B[ | K { (Ve 2T~ kY
0

1
—&—b’t’-Zt—s—ia(rT:Ft—cé’}dt }
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The Principal-Agent problem Formulation

Reduction to standard control problem

Proof : classical verification argument !

For all P € P, denote Ja(¢,P) := EF [K¥& — fOT K c{dt]. Then
zZr g 1
Ja(YETP) = EJP’[K%{Y0+/ Zt.dXt+§Ft:d<X>t7Ht(Yt,Zt,rt)dt}
0

—/0 ! K;’cé’dt}

-
Yo+EF [/ K;’{—Ht(Yt,Zt,Ft) K'Y,
0

1
+b’t’-Zt+§UUT:Ft—cf}dt }
< Yy by definition of H

with equality iff v* achieves the max of Hamiltonian ><5gf¢sg9ﬂu.aug
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The Principal-Agent problem Formulation

Reduction to standard control problem

Principal problem restricted to revealing contracts

Dynamics of the pair (X, Y') under “optimal response”

1
dXe = YV, He(X, YO, Ze, T dt + {2V He(X, YT, Z4,T )} 2 dW,

bt(X7ﬁ(Yf7varf)) o't(Xyﬁ(Ythyrt))

dYtZ’r = Zt ' dXt + %rt : d<X>t - Ht(X’ Yfzyr’ Zt’ rt)dt

= Principal’s value function under revealing contracts :

Ve > Vo(Xo, Yo) = sup E[U(E(X) - Y?r)}, for all Yo > p
(z,Ney
where V := {(Z7 r): Z € H?(P) and P*(Yf’r) #* @} X
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The Principal-Agent problem Formulation

Reduction to standard control problem

Reduction to standard control problem

Theorem (Cvitani¢, Possamai & NT '15)
Assume V # (). Then

Ve = sup Wo(Xo, Y0)
Yo=>p

Given maximizer Y, the corresponding optimal controls (Z*, ™)
induce an optimal contract

.
1 . x
=Yy +/0 Z; - dXe+ 57 d(X)e = He(X, VST, 2, Tt
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The Principal-Agent problem Formulation

Reduction to standard control problem

To prove the main result, it suffices that

forall £€7? 3(Y,Z,T) st. £=YZ' P_gs.
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The Principal-Agent problem Formulation

Reduction to standard control problem

To prove the main result, it suffices that

forall £€7? 3(Y,Z,T) st. £=YZ' P_gs.

OR, weaker sufficient condition :

forall € €72 3 (Yg, 27T st “YE T ¢
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The Principal-Agent problem Formulation

Reduction to standard control problem

From fully nonlinear HJB equation to semilinear

e Hi(w,y, z,v) non-decreasing and convex in 7, Then

1 *
Ht(waYaZaW’) = sup{§02:“,/—Ht(w,y,z,(r)}
>0

Denote k; := Hy(Ye, Ze,Te) — 262 : Ty + H; (Ye, Z:,6¢) >0
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The Principal-Agent problem Formulation

Reduction to standard control problem

From fully nonlinear HJB equation to semilinear

e Hi(w,y, z,v) non-decreasing and convex in 7, Then

1 *
Ht(waYaZaW’) = sup{§02:“,/—Ht(w,y,z,(r)}
>0

Denote k; := Hy(Ye, Ze,Te) — 262 : Ty + H; (Ye, Z:,6¢) >0

Then, required representation £ = Yf’r, P—q.s. is equivalent to

T T
€= Y0+/ Zt~dXt+H,_L*(Yt,Zt./6t)dt—/ kedt, P —qs.
0 0

— 2BSDE up to approximation of nondecreasing process K
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Linear and semilinear representation

Outline

© Linear and semilinear representation
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Linear and semilinear representation

Linear representation of random variables

Predictable Representation Property of BM

For all ¢ € IL2(FY), there is a unique (Y, Z) F —prog. meas. s.t.

E=Ye+ [ ZaW,, P—as E[[{|Yel> +|Z:?)dt] < oo,

e For £ = g(Wr) : Heat equation and Ité's formula
o True for £ = g(Wh,, ..., W;,)... conclude by density argument
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Linear and semilinear representation

Linear representation of random variables

Predictable Representation Property of BM

For all ¢ € IL2(FY), there is a unique (Y, Z) F —prog. meas. s.t.

E=Ye+ [ ZaW,, P—as E[[{|Yel> +|Z:?)dt] < oo,

e For £ = g(Wr) : Heat equation and Ité's formula
o True for £ = g(Wh,, ..., W;,)... conclude by density argument

Heat equation with path dependent boundary condition
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Linear and semilinear representation

Linear representation of random variables

Predictable Representation Property of BM

For all ¢ € IL2(FY), there is a unique (Y, Z) F —prog. meas. s.t.

E=Ye+ [ ZaW,, P—as E[[{|Yel> +|Z:?)dt] < oo,

e For £ = g(Wr) : Heat equation and Ité's formula
o True for £ = g(Wh,, ..., W;,)... conclude by density argument

Heat equation with path dependent boundary condition

Connection with W12 —solution of Heat equation X
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Linear and semilinear representation

Semilinear representation of random variables
Here again, § = §(Ws,s < T). Let
f:RxQxRxR!—R, Lipin(y,z), unifin (t,w) Uo |f22ds] < oo
Theorem (Pardoux & Peng '92)

For all ¢ € L2(FY), there is a unique F"Y —prog. meas. (Y, Z),
E[foT(|Yt|2 + ‘Zt|2)dt] < 00, S.t

=¢+ [T f(Ys, Z)ds — [ ZoaW,, P—as.

Unique fixed point for the Picard iteration

(V. 2)— Y=+ [T f(Ve, Z)ds — [ Zidw., 0<t< T
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Linear and semilinear representation

Semilinear representation of random variables
Here again, § = §(Ws,s < T). Let
f:RxQxRxR!—R, Lipin(y,z), unifin (t,w) Uo |f22ds] < oo
Theorem (Pardoux & Peng '92)

For all ¢ € L2(FY), there is a unique F"Y —prog. meas. (Y, Z),
E[foT(|Yt|2 + ‘Zt|2)dt] < 00, S.t

=¢+ [T f(Ys, Z)ds — [ ZoaW,, P—as.

Unique fixed point for the Picard iteration
(V. 2)— Y=+ [T f(Ve, Z)ds — [ Zidw., 0<t< T
W12 _type solution of semilinear heat equation with

path-dependent nonlinearity and boundary data ><E%E‘)VLEF?“"'°“‘
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Linear and semilinear representation

Backward SDE and semilinear PDE

Rewrite the backward SDE in differential form
dYt:—ft(Yt,Zt)dt—l—thWt, tg 7—7 and\/‘r:f7 P—as

In the Markovian case £ = g(W7) and fi(y, z) = f(t, W;,y,z) =

Yt = V(t, Wf)7
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Linear and semilinear representation

Backward SDE and semilinear PDE

Rewrite the backward SDE in differential form
dYt:—ft(Yt,Zt)dt—l—thWt, tg 7—7 and\/‘r:f7 P—as

In the Markovian case £ = g(W7) and fi(y, z) = f(t, W;,y,z) =
1
Yt = V(t, Wf)7 SO that dYt = atv(t, Wt)dt+DV(t. Wt)th+§AV(t Wt)dt

by Itd's formula.
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Linear and semilinear representation

Backward SDE and semilinear PDE

Rewrite the backward SDE in differential form
dY, = —f(Y,, Z))dt + Z.dW,, t < T, andYr=¢, P —as.
In the Markovian case £ = g(W7) and fi(y, z) = f(t, W;,y,z) =
Y: = v(t, W,), so that dY; = O,v(t, W;)dt+Dv(t, Wt)-th—f—%Av(t, W,)dt
by 1té's formula. Direct identification yields
Zy = Dv(t,W;) and Owv(t, W)+ %Av(t, W;) = —f(v, Dv)

Backward SDE = path-dependent semilinear PDE with Sobolev-type of
regularity [Barles & Lesigne '97] ><Em
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Revisiting random horizon backward SDEs

. . Random horizon 2nd order backward SDEs
Fully nonlinear representation

Outline

© Fully nonlinear representation
@ Revisiting random horizon backward SDEs
@ Random horizon 2nd order backward SDEs
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Revisiting random horizon backward SDEs

. . Random horizon 2nd order backward SDEs
Fully nonlinear representation

Towards fully nonlinear PDEs : probabilistic framework

In order to cover fully nonlinear PDEs, we need
quasi-sure stochastic analysis...

Q —{weCO (Ry,RY): —0}

X : canonical process, i.e. Xt(w) = w(t)

Fii=0(Xs,s < t), Fi={F:, t >0}
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Revisiting random horizon backward SDEs

. . Random horizon 2nd order backward SDEs
Fully nonlinear representation

Towards fully nonlinear PDEs : probabilistic framework

In order to cover fully nonlinear PDEs, we need
quasi-sure stochastic analysis...
Q —{weCO (Ry,RY): —0}
X : canonical process, i.e. Xt(w) = w(t)
Fi=0(Xs,s <t), F:={F,t >0}
(X) : quadratic variation process (defined on R x w)
}2

(X)e = X2 — [y 2XsdXs = P—lim|z 0 D g [Xeney — Xener

n—1

for all semimartingale probability measure P on 2, and

A2 T3 <X>f+h_<X>t XE%CI.)‘(LEECHNIQUE
Ot = limp o == oo
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Revisiting random horizon backward SDEs

. . Random horizon 2nd order backward SDEs
Fully nonlinear representation

Semimartingale measures on canonical space

PW : collection of all semimartingale measures P such that
dXt = btdt+0'tth, P—as.

for some F—processes b and o, and P—Brownian motion W
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Revisiting random horizon backward SDEs

. . Random horizon 2nd order backward SDEs
Fully nonlinear representation

Semimartingale measures on canonical space

PW : collection of all semimartingale measures P such that
dXt = btdt+0'tth, P—as.
for some F—processes b and o, and P—Brownian motion W

Class of prob. meas. on Q : P ¢ PV
— sufficiently rich (to satisfy DP properties...)
— if not, enrich it...

e P—quasi-surely MEANS P—as. for all P € P
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Revisiting random horizon backward SDEs

. . Random horizon 2nd order backward SDEs
Fully nonlinear representation

Nonlinear expectation operators

e PO : subset of local martingale measures, i.e.
dX; = o¢dW,, P —as. forall Pe PP

; : . P
= Nonlinear expectation &; := suppcpo E;

o PH(P) := {@ =E(f5he-dW,) P A= < L}

= Nonlinear expectation &; := SUPprepL(P) EY

° PL = UPGPOPL(P)
= Nonlinear expectation €L := suppepr EY

ECOLE
£ R, POLYTECHNIQUE

Nizar Touzi Nonlinear representation & Principal-Agent problem



Revisiting random horizon backward SDEs

. . Random horizon 2nd order backward SDEs
Fully nonlinear representation

Nonlinearity

Assumptions F: Ry x w x R x R? x S¢ — R satisfies
(C1,) Lipschitz in (y,oz) :

|F(.y,2,0) = F(,y' 2 0)| < L(ly —y'| +]o(z = 2)]
(C2,,) Monotone in y :

(y=y) - [Floy, )= FLy ) < —nly —y'P

Denote f(y,z) := Ft(y,z,ﬁt) and 2 := £(0,0)
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Revisiting random horizon backward SDEs

. . Random horizon 2nd order backward SDEs
Fully nonlinear representation

Wellposedness of random horizon backward SDEs

T : stopping time, £ is Fr—meas., consider the backward SDE :

T

Vo = €4 [ f(VaZ)ds— [ (ZodXordl) Poas
t

AT tAT

where N martingale with (N, X) =0, P—a.s.

Theorem (Y. Lin , Z. Ren, NT & J. Yang '17)

— g 1
Let |[llza _py < o0, qu;P =EP[( [y |e”tft0’2ds) Z] i < oo, for
PT )
some p > —, q > 1. Then the BSDE has a unique solution with

—qP
1Yo @)+ 121l @y + Ny < CNEllgs )+ For )

n,T n,T 7,T PyT

for all p € (1,q) and n € [—u, p)

Darling & Pardoux '97 : p:= p + L; EP, instead of o Ep, N\
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Revisiting random horizon backward SDEs
Random horizon 2nd order backward SDEs

Fully nonlinear representation

We have used the notations

€20 gy = € [leel’]
Y15 @ = € |suple”ve|”]
- T P
121 o) = 5P_(/0 757z ar) |
- T P
P . P 2nt 2
INIE, o) = & (/0 2 d[n].) ]
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Revisiting random horizon backward SDEs

. . Random horizon 2nd order backward SDEs
Fully nonlinear representation

Random horizon reflected backward SDEs

Find (Y, Z) such that :

Yor = §+/ fu(Ye, Zs)ds — (Zs - dXs + dUs), Y > S, P—as.

AT

tAT
and EP[/ (LA (Yr- = S,))dU,] =0, forall £ >0,
0

where Ux; is a cadlag P—supermartingale, for all t > 0, starting
from Uy = 0, orthogonal to X, i.e. [X,U] =0

Theorem (Y. Lin , Z. Ren, NT & J. Yang '17)

Assume further that S cadlag, F™F —adapted,
Then, the reflected BSDE has a unique solution

p p
(Y,Z) €D, (P) x H, (P), for all p € (1,q) and 1 € [, p).

S ”Dg,‘r(P) < Q.

TECHNIQUE
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Revisiting random horizon backward SDEs

. . Random horizon 2nd order backward SDEs
Fully nonlinear representation

Random horizon anorder backward SDE

For a stop. time 7, and F.—measurable ¢ :

YtAT:£+/Fs(ysazsaés)ds—/zs'dXsJF/ sz) 73*q-s-
t t t

AT AT AT

K non-decreasing, Ko = 0, and minimal in the sense

"t AT
inf EP[/ th} —0, forall t <t
PeP Jtar
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Revisiting random horizon backward SDEs

. . Random horizon 2nd order backward SDEs
Fully nonlinear representation

Random horizon anorder backward SDE

For a stop. time 7, and F.—measurable ¢ :

Yinr =& +/ Fs(Ys, Zs,55)ds —/ Zs - dXer/ dKs, P —q.s.
tAT tAT tAT

K non-decreasing, Ko = 0, and minimal in the sense

"t AT
inf EP[/ th} —0, forall t <t
PeP Jtar

Remark Deterministic finite horizon 7 = T : (C2), not needed
Soner, NT & Zhang '14
Possamai, Tan & Zhou '16
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Revisiting random horizon backward SDEs

. . Random horizon 2nd order backward SDEs
Fully nonlinear representation

Connection with fully nonlinear PDEs

Rewrite the 2BSDE in differential form
dYt = _Ft(ytﬂ, Zt,&t)dt + Zt . dXt - th, t S T, andYT = f, P — g.s.

Markovian case £ = g(X7) and fi(y,z) = f(t, X¢,y,2) = Y: = v(t, X¢)
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Revisiting random horizon backward SDEs

. . Random horizon 2nd order backward SDEs
Fully nonlinear representation

Connection with fully nonlinear PDEs

Rewrite the 2BSDE in differential form
dYt = _Ft(ytﬂ, Zt,&t)dt + Zt . dXt - th, t S T, andYT = f, P — g.s.

Markovian case £ = g(X7) and fi(y,z) = f(t, X¢,y,2) = Y: = v(t, X¢)
1
dY; = Opv(t, X;)dt + Dv(t, X;)-dX; + 5T [67D%v(t, X:)|dt, P —q.s.

by 1té's formula.
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Revisiting random horizon backward SDEs

. . Random horizon 2nd order backward SDEs
Fully nonlinear representation

Connection with fully nonlinear PDEs

Rewrite the 2BSDE in differential form
dYt = _Ft(Yh Zt,ﬁt)dt + Zt . dXt - th, t S T, andYT = f, P — g.s.

Markovian case £ = g(X7) and fi(y,z) = f(t, X¢,y,2) = Y: = v(t, X¢)
1
dY; = Opv(t, X;)dt + Dv(t, X;)-dX; + 5T [67D%v(t, X:)|dt, P —q.s.
by 1té’'s formula. Direct identification yields

1
Z, = Dv(t,X;) and Ov(t,X;)+ 5Tr{fffo%(t,xt)} < — Fi(v,Dv,5,)
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Revisiting random horizon backward SDEs

. . Random horizon 2nd order backward SDEs
Fully nonlinear representation

Connection with fully nonlinear PDEs

Rewrite the 2BSDE in differential form
dYe = —Fu( Yy, Ze,6e)dt + Zp - dXe — dKy, t <7, andYr =&, P —qs.
Markovian case £ = g(X7) and fi(y,z) = f(t, X¢,y,2) = Y: = v(t, X¢)
dY: = Opv(t, X;)dt + Dv(t, X;)-dX; + %Tr [67D%v(t, X:)|dt, P —q.s.
by 1té’'s formula. Direct identification yields
Z, = Dv(t,X;) and Ov(t,X;)+ %Tr[&fD?v(t,Xf)J < — F(v,Dv,5,)
Finally, the minimality condition on K implies the fully nonlinear PDE

ECOLE
£ R, POLYTECHNIQUE

Ov(t, X¢) + sup {%T‘r [0?D?v(t, X;)] + Fe(v, Dv,a)} =0 ><
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Revisiting random horizon backward SDEs

. . Random horizon 2nd order backward SDEs
Fully nonlinear representation

Wellposedness of random horizon 2Ndorder backward SDE

Theorem (Y. Lin , Z. Ren, NT & J. Yang '17)

= a1
Let ||l e (pry < oo, f=EY(Jy ‘eptfto‘zds)ﬂ 7 < o0, for
some p > — i, q > 1. Then the Random horizon 2BSDE has a

unique solution (Y, Z) with

P L P L
YeD,(P7), ZeMN,(P") forall nelnp), pellq)

€12y = E*[[erme]”]

vl = &lsuplen v’

-t<t

- T 2]
. L 5T 2 2 ECOLE
”Z”f;.l/?/ 7_('p) = g _( /0 ‘ eflt O-t Zt‘ dt) :| X)olvrggnulauz

p P
D/],T(P)
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