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Introduction : From Galton-Watson trees to KPP equation

From linear representation (ii) to nonlinear

e Consider KPP equations

(KPP) 0:v + %Av +B8(>0 pivi—v)=0
with pj>0and >] ;pi=1
e Branching diffusions representation :

v(0,x) = E[ H g(Z#)], where Z¥: k — th particle

keKT
and

K¢ = {All particles alive at time t}
[Skorokhod, Watanabe, McKean] ><
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Introduction : From Galton-Watson trees to KPP equation

Branching diffusion (n

)

Nonlinearity:

Bpl v+ p2 v2 + p3 v3 - v)

(1.1)

1) 1(1)=34(1.2)

Particle alive at T
o(1)+c(1,1)=T(1,1)

(1,1,1)

(1.1.2)

1(1.1.2)=1 (1.1.2.1
(1,2,1)

(1)=T(1)
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Polynomial nonlinearity in v

Generalized KPP equation Polynomial nonlinearity in (v, Dv)

Generalized KPP equation

Let a;(t, x) be bounded functions, and consider the PDE

1 - ;
Orv + u(t,x) - Dv + 502(t7x) . D?v + Z piai(t,x)v' =0
i=0
v(T,)=g
Introduce the branching diffusion :
® (7k) iid ~ p, and Ty := T A (71 + ...7k) : branching times
® (/x)k iid Multinomial(po. ..., pn) : number of decendents

o Particle k dies out at the branching event Ty, and Iy
independent particles defined by

dXe = p(t, Xe)dt + o(t, X¢)dW;, W Brownian motion ><
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Generalized KPP equation Polynom!al nonl,near!ty n v
Polynomial nonlinearity in (v, Dv)

The branching diffusion representation

Recall K7 := {particles present at T}
K1 := U< 74 : all particles

Theorem (Henry-Labordére, Tan & NT SPA '14)

Let p > 0 density on (0,00), and p(t) := [ p(s)ds. Then

g(Zk) a/k(Tkvzkk)
09 = 211 557 I Zamy]

keKt kEET\K;T

Moreover, this representation extends to the path-dependent case

e Numerical implications
e In the rest of he talk : extension to more general nonlinearities Kt

Branching Diffusions and Nonlinear PDEs
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Polynomial nonlinearity in v

Generalized KPP equation Polynomial nonlinearity in (v, Dv)

Sketch of proof (1 =0, 0 =1, so X =BM)

Feynman-Kac's formula = Duhamel’s representation (with Heat kernel as
fundamental solution of Heat equation)

v(0,x) = Eo,x[ g(Xt)+ /OTZj:Pia/(t, Xe)v(t, Xe)' }
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Polynomial nonlinearity in v

Generalized KPP equation Polynomial nonlinearity in (v, Dv)

Sketch of proof (1 =0, 0 =1, so X =BM)

Feynman-Kac's formula = Duhamel’s representation (with Heat kernel as
fundamental solution of Heat equation)

v(0,x) = EOX[ /Zp,,tXt (t, X,)' E?dr}
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Polynomial nonlinearity in v

Generalized KPP equation Polynomial nonlinearity in (v, Dv)

Sketch of proof (1 =0, 0 =1, so X =BM)

Feynman-Kac's formula = Duhamel’s representation (with Heat kernel as
fundamental solution of Heat equation)

v(0, %) = EOX[ /Zp, (£, Xe)v(t, X’ (t)dr}

p(t)
8(X7) K] _. .
e V(1 X)) | = Bolé(m, Xo,)]

ay, (11, Xr,)

=E X ]IT]_
o | T £ o

+1I<7
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Polynomial nonlinearity in v

Generalized KPP equation Polynomial nonlinearity in (v, Dv)

Sketch of proof (1 =0, 0 =1, so X =BM)

Feynman-Kac's formula = Duhamel’s representation (with Heat kernel as
fundamental solution of Heat equation)

v(0, %) = EOX[ /Zp, (£, Xe)v(t, X’ (t)dr}

p(t)
g(X7) (1, Xn) L] . .
[)(T) P(’Tl) ( 1-,X7'1) ] -]EO,X[d)( 17XT1)]

Continue with the nonlinear term to get rid of the regression :

= Fo x |:]IT1>T +1.,<7

V(T17 XTl )ll = ]ETi Xy [¢(T2, XTZ’ Iz)} .

Nizar Touzi Branching Diffusions and Nonlinear PDEs



Polynomial nonlinearity in v

Generalized KPP equation Polynomial nonlinearity in (v, Dv)

Sketch of proof (1 =0, 0 =1, so X =BM)

Feynman-Kac's formula = Duhamel’s representation (with Heat kernel as
fundamental solution of Heat equation)

v(0, %) = EOX[ /Zp, (£, Xe)v(t, X’ (t)dr}

p(t)
g(X7) (1, Xn) L] . .
[)(T) P(’Tl) ( 1-,X7'1) ] -]EO,X[d)( 17XT1)]

Continue with the nonlinear term to get rid of the regression :

= Fo x |:]IT1>T +1.,<7

V1, X)) = Epox,, [6(72, Xegy b))
= Enx, [0(72, Xy, b)] % ... X Bry x, [0(72, Xra, I2)]
L times
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Polynomial nonlinearity in v

Generalized KPP equation Polynomial nonlinearity in (v, Dv)

Sketch of proof (1 =0, 0 =1, so X =BM)

Feynman-Kac's formula = Duhamel’s representation (with Heat kernel as
fundamental solution of Heat equation)

v(0, %) = EOX[ /Zp, (£, Xe)v(t, X’ (t)dr}

p(t)
g(X7) (1, Xn) L] . .
[)(T) P(’Tl) ( 1-,X7'1) ] -]EO,X[d)( 17XT1)]

Continue with the nonlinear term to get rid of the regression :

= Fo x |:]IT1>T +1.,<7

V1, X)) = Epox,, [6(72, Xegy b))
= Enx, [0(72, Xy, b)] % ... X Bry x, [0(72, Xra, I2)]
L times

= Enx, [¢(7’1,17Z:1’i, hi) % .o x ¢(1,0, Zry s hot)]

.. Tower property... Number of branching — oo...
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Polynomial nonlinearity in v

Generalized KPP equation Polynomial nonlinearity in (v, Dv)

A class of semilinear PDEs with polynomial nonlinearity

Consider the PDE (unit diffusion for simplicity)
1
Oru + EALH_ f(t,x,u,Du) =0, ur=g

with nonlinearity (e.g. Burger's equation in 1d uDu)

n

f(t,X,y,Z) - Z ngg(t,X)yEOH (b;(t,X)'Z)(/j

(£i)o<i<n€L i=1

o L finite subset of N"+1

@ bj(t,x) bounded functions Kt
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Polynomial nonlinearity in v

Generalized KPP equation Polynomial nonlinearity in (v, Dv)

lllustration in the context of the Burger's equation

By the Feynman-Kac formula

V(0 x) = EOX[( g(X7) + /(va(t xt)p(:)dt]

p(T) p(t)
— Eo.x [LN%(XT)) 1, VR Xn) Vp)((;l) X)] o [0, X))
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Polynomial nonlinearity in v

Generalized KPP equation Polynomial nonlinearity in (v, Dv)

lllustration in the context of the Burger's equation

By the Feynman-Kac formula

V(0 x) = EOX[( g(X7) + /(va(t xt)p(:)dt]

p(T) p(t)
= Eox []I71>Tgﬁ(();_)) + ]ITIST(\/DVp)((;l;XH)} =:Eg x [d)(Tl, Xr )]

Continue with the nonlinear term to get rid of the regression :

(VDV)(TI) X7'1) = IE117—1,X.rl [¢(T27 XT2 )] axIETl,X-r1 [¢(7—27 X‘rz )]
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Polynomial nonlinearity in v

Generalized KPP equation Polynomial nonlinearity in (v, Dv)

lllustration in the context of the Burger's equation

By the Feynman-Kac formula

V(0 x) = EOX[( g(X7) + /(va(t xt)p(:)dt]

p(T) p(t)
= Eox []I71>Tgﬁ(();_)) + ]ITIST(\/DVp)((;l;XH)} =:Eg x [d)(Tl, Xr )]

Continue with the nonlinear term to get rid of the regression :

(VDV)(TI) X7'1) = IE117—1,X.rl [¢(T27 XT2 )] axIETl,X-r1 [¢(7—27 X‘rz )]

W, — W,
ET17X7'1 [¢(7—27 XTz)] ETLXTI [#Qb(TZa X‘rz)]

T2 —T1
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Polynomial nonlinearity in v

Generalized KPP equation Polynomial nonlinearity in (v, Dv)

lllustration in the context of the Burger's equation

By the Feynman-Kac formula

V(0 x) = EOX[( g(X7) + /(va(t xt)p(:)dt]

p(T) p(t)
= Eox []I71>Tgﬁ(();_)) + ]ITIST(\/DVp)((;l;XH)} =:Eg x [gb(ﬁ, Xr )]

Continue with the nonlinear term to get rid of the regression :

(VDV)(TI) X7'1) - IE117—1,X.rl [¢(7_27 XT2 )] aXET]_,X-,-l [¢(7—27 X'rz )]
Wi, — W,

Ery x., [6(72, Xry) | Ery x| Z - ¢(72, Xr,)]
W, — W,
1,1 T
Er x,, [0(T11, Z; 1)772 S AGES Z:,)]

.. Tower property... Number of branching — oo...

Nizar Touzi Branching Diffusions and Nonlinear PDEs



Polynomial nonlinearity in v

Generalized KPP equation Polynomial nonlinearity in (v, Dv)

Branching diffusion for the Burger equation

Example : Burgers equation d = 1 and f(t, x, u, uy) = u uy

Burger's equation

nonlinearity: uDu

y011.21.2)

AN g N

(1.21,1)

‘fx, 5"5, (1,1,2,2) 5
ATk Nt \ i
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Polynomial nonlinearity in v

Generalized KPP equation Polynomial nonlinearity in (v, Dv)

Likelihood ratio (Malliavin) automatic differentiation

For simplicity, d = 1, constant u, 0 =1 : X, = x + ph + W,

Wi,

OELON] = B [o06)

Direct integration by parts

i (y—ph)?
O<E[p(Xh)] = E[ox(Xn)] = /OX(X—Fy)e;r:dy

—1 2
(y — ph) ez y=ih)

= + d

/¢(X y) - el

= E [(ﬁ(Xh)VZh]
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Generalized KPP equation Polynom!al nonllnear!ty in v
Polynomial nonlinearity in (v, Dv)

Marked branching mechanism

o (1) iid arrival times, Ty :=7x A T
e (Ik)k iid Multinomial (¢, pg, £ € L)

o If Ty < T : particle dies out at T
o ) =(=(ly,...,L,) with probability py
@ birth of new particles :
¢; particles of type i, i =0,...,n
o KC; = {k alive at time t}, K¢ := Us<(Ks, for all k e K7 :
e D(k) its type

@ k— its parent particle
— Particle k lives between T,_ and Ty ><

Branching Diffusions and Nonlinear PDEs
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Polynomial nonlinearity in v

Generalized KPP equation Polynomial nonlinearity in (v, Dv)

Using Malliavin automatic differentiation

e Malliavin automatic differentiation :

AW
= Tipooy—or + 1 T, X% ). k

Wic = Lip(i=0y + Tip()01 o (Th— X7, ) -~ 7

The limiting random variable is :
Y = H AT [g(XF) — Lyp, 2018 (X7, ) Wi
ket
x I [pAT)] by, (T, XE, )W
k’EKT\KT
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Polynomial nonlinearity in v

Generalized KPP equation Polynomial nonlinearity in (v, Dv)

The main representation result

For independent BM W, 7 ~ p, and T1 := 7 A T, define :

1%
P A s
P T AT
2}
W t 2-1) 1p-1
By = max |AT|P/2|be - S| il sup
<1 p(t)

Theorem (Henry-Labordére, Oudjane, Tan, NT, Warin '16)

Assume that g Lipschitz and, for some p > 1,

/ (BoD  lbeloolx|1] Hex > T
A

p

Then v(0,x) = Eo,x[?/)], and ¢ € LP Rioman
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Generalized KPP equation

Polynomial nonlinearity in v
Polynomial nonlinearity in (v, Dv)

A numerical example of dimension d = 20

u(t,x) = cos(xg + - -+ + xq) exp(a(T — t)) is solution of semilinear PDE

eleta=02, ¢c=015 b =(1+3,14+2 ..

0.0000

~0.0005

~0.0010

~0.0015

~0.0020

~0.0025

Global estimate

~0.0030

-0.0035

~0.0040

-1.022

1
Oru + éAu—i-c u(by - Du)+ by = 0.

-.2).

~0.004

Scheme a
--- Reference

1 16 18
log(n)

| ! L |
& & IS &

Log of the standard deviation

Figure — Estimation and standard deviation observed in dimension d = 2

14 16 18
log(n)

depending on the log of the number of simulation used.
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Polynomial nonlinearity in v

Generalized KPP equation Polynomial nonlinearity in (v, Dv)

Monte Carlo approximation of nonlinear PDEs

Fully nonlinear PDEs... (e.g. HJB equations)

If T1 < T : particle dies out, and is replaced with probability p, by
@ j; particles of type 0
@ jy particles of type 1 = first order differentiation weight
@ hy particles of type 2 = second order differentiation weight

Automatic differentiation for particles k of type D(k) =2 :

AWZ — AT

arz

Nizar Touzi Branching Diffusions and Nonlinear PDEs



Linear IVP

Initial Value Problems Semiiiiezr W

Outline

© Initial Value Problems
@ Linear IVP
@ Semilinear IVP
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Linear IVP

Initial Value Problems Semiiiiezr W

Linear initial value problems with constant coefficients

Let D% := %, and consider the general PDE :
1 7 %d

E,,NZI an0ju — Zael\% by -D*u = F on R, x RY,
" *u(0,.) = ppfy onRY n=1,... N
where p, > 0, ZnN:1 pn =1,
f, R — R, n< Nand F : Ry xRY — R, bounded continuous

Examples : Heat equation ++
o Wave equation : 92u — Au = F
@ Airy equation : O;u — 2‘0423 boD%u = F... to KdV equation
e Dynamic Beam equation 0?u — Z|a|:4 by D%u = F
@ Schroddinger equation : i0u+ Au = F... ><
focalizing/defocalizing
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Linear IVP

Initial Value Problems Semiiiiezr W

Duhamel’s Representation

Forall t >0, and x € R, we have
N t
u(t,x) = Z/pnfn(y)gn(t,x—y)dy+/o/ F(t—s,y)gn(t—s,x—y)dy ds
n=1

gn(t,.) =3 18.(¢,.)

0
Bt )= {2y B =] )| M

b(&) == ZaeN;(/, ilelp e,

Nizar Touzi Branching Diffusions and Nonlinear PDEs



Linear IVP

Initial Value Problems Semiiiiezr W

Examples

Airy equation : gi(t,z) = (3t)_TdAib(%/3) in terms of Airy

(3t)
function Aip(x) := W_dei cos (_133(5) + x-£)d¢. Here
[a(t,.)=o0!
Wave equation : gi(t,z) = 0¢go(t, z), and
2r1{|z|<t}dz ford =1
g(t,z)dz = P o W1{|Z\<f}d2 ford =2
o{dz) ford =3

o+(dz) : surface area on 9B(0, r)
Beam equation (uz + 0%u = 0)

gi(r,z) = 8,g2(r z) and go(r,z) = r%G(r%lz)’

where G(x) 2 fo [Fs( 2ﬂ) — FC(%)]dz with the X
Fresnel mtegrals =[5 cos(mt?/2)dt, Fs(x) := [5 sin(mt?/2)dt \

Nizar Touzi Branching Diffusions and Nonlinear PDEs



Linear IVP

Initial Value Problems Semiiiiezr W

Probabilistic representation

Assume Gy (t) := [ |gn(t,y)|dy <ooforallt>0, 1<j<n

Set vp(t,y) := sg{g,,(t,y)}G,,(t), n=1,...,N, then :
(t, Z}) ! (7, Z¥) N
Tiop 0028 (XD, o, D2 ) P o x
u(t, x) = [ D) 1(X2) T cry o) (t—, T)}
[,7, X[ :=x— 2,1 < n < N independent with
Pl =nl=pp n=1,....N
]P)[T S dt] = p( )]I{t>0}dt p>0

P[Zf € d7] = &2 o

Nizar Touzi Branching Diffusions and Nonlinear PDEs



Linear IVP

Initial Value Problems SeniipeanliMi

Representation of semilinear initial value problems

Theorem (Henry-Labordére & NT)

Under some conditions, we have

",//t(AT;.Zkt)
§ex = llkex, kﬁ(AT;)Tk fie (XE)
w(aTEzk,)
kaeE\lCt p(Aka)Tk ch(t— T,f,Xﬁt) e L!

and u(t,x) := E[& x| is the unique solution of the semilinear IVP

ZnNzl andfu — ZaeN‘,{/, baD%u=3">1 4 ¢ w on Ry x R
o' tu(0,)=f,onRY, n=1,...,N

Compare to Bachtin & Mueller 2010 (semilinear wave equation)

Nizar Touzi Branching Diffusions and Nonlinear PDEs




Linear IVP

Initial Value Problems SeniipeanliMi

Automatic differentiation

Define the likelihood ratio (in distribution sense)

Dgn
&n

wy(t, z) == (t,z), (t,z) eRy xR

and set for all k € K,
Wi = Tigt—oy + H{e;;&o}gei(t - T;LXEZ) -wye (AT, Zﬁf)

where 0} is the type of particle k

Nizar Touzi Branching Diffusions and Nonlinear PDEs



Linear IVP

Initial Value Problems SeniipeanliMi

More general semilinear initial value problems

Theorem (Henry-Labordére & NT)

Under some conditions, we have

~ ",/Ir(AT,?Z-II(—z)
&x = ]I WkWW (Xt) — Lgoez0y e (X7, )]
keK:

TN (ATlfv Z;('kf)

AL Ry e T
ke \K:

and u(t,x) := E|[& ] is the unique solution of the semilinear IVP

St 2000 = Yoeng baDu+ Y506 G ube TTL (by - Du)ir =0
o' ru(0,.) = pofy onRY, n=1,...,N

Nizar Touzi Branching Diffusions and Nonlinear PDEs
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Linear IVP

Initial Value Problems SeniipeanliMi

Example : nonlinear wave equation 1

Klein-Gordon equation ind =1,...,3:
(O —A)u+®+uv*>=0, u(0,x)=f(x), 0:u(0,x)= f(x)

d
with £1(x) == 9+2(i1‘-’i e and f(x) = 7m(2(‘;g,zi;;2’+)9)2 -

- L _ —12
explicit solution : u(t, x) = NETOVCESTSS S

8 Nonlinear Klein-Gordon, d=1 o Nonlinear Klein-Gordon, d=2 - Nonlinear Klein-Gordon, d=3
(056) r
0 0102 03 04%5 06 07 08 03 1 L1 12 13 14 15 0 01 02 03 045 06 07 08 03 1 11 12 13 1¢ 15 0 01 02 03 043 05 07 08 09 1 11 12 13 14 15
03) o7 (04) .
+MC, 2/22 paths (08) 4 MC, 222 paths +MC, 222 paths
(10)
—Exact 03) —Exact (04l —Exact
11) .
. LinearkG ol Lineark 08 LinearkG
(12 w1
(10)
(13 12
13 (12)
14)
(4
(14)
o s}
16) (6 i)
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Linear IVP

Initial Value Problems SeniipeanliMi

Example : nonlinear wave equation 2

Simplified Yang-Mills equation
d
Ot — Au+ u® + Z udy,u=0, u(0,x)="r(x), O:u(0,x)=rf(x)

with fi(x) = — =% () = Vd =55

= explicit solution : u(t,x) = fW
T luji=1 %

Nonlinear Wave, d=1

110

100 4
090
080
070
060
050
040
030

+ MC, 2722 paths

—Exact

LinearWave

332 34 36 38 4 42 44 46 48 S
X
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Linear IVP
Initial Value Problems SeniipeanliMi

Example : nonlinear Beam equation in 1d

O?u+ d2u+ v” + h(t,x) =0, u(0,x) = tanh(x), 0.u(0,x) = cosh(x) 2

= explicit solution is u(t, x) = tanh(x + t) (for suitable choice of h)

Nonlinear beam, d=1

1.0

—Exact o9
0.8

+MC, 2420 paths 0.7

06

05
4
03
0:2
0.1

{0:0)
05 04 03 02 01

Figure — Numerical solution of nonlinear beam PDE t = 0.5.
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Linear IVP

Initial Value Problems SeniipeanliMi

Example : Gross-Pitaevskii PDE

For a constant h(= —1 in our numerics), consider
iOeu(t, x) = —18u(t,x) + hlu(t, <) Pu(t,x),  x € RY
u(0,x) = f(x) = vVd[cosh(39, x)]

= Explicit solution u(t,x) = e%\fd[cosh(zldzl X))

Nonlinear Gross-Pitaevskii Nonlinear Gross-Pitaevskii: Imaginary part
~d=1 d=2
1eo d=3 —Exact,d =1
1.40 TT—
120 \ —Exact,d =2 Exact,d =3 o .

100 e N
o0

Figure — Re(u(t,x0)) (left) and Im(u(t, x0)) (right) for d = 1,2, 3,
t=0.1

Nizar Touzi Branching Diffusions and Nonlinear PDEs



Linear IVP

Initial Value Problems SeniipeanliMi

Concluding remarks

e Bounded space domain (including elliptic PDEs) : serious
difficulties for gradient nonlinearity, Agarwal & Claisse '17

e Variable coefficients :
@ parabolic equations

@ more general Cauchy problems...

e Exploiding representation for wellposed equation !

@ backward iteration over “short time steps,” Bouchard, Tan &
Zhou '17

@ Beyond power nonlinearity

Nizar Touzi Branching Diffusions and Nonlinear PDEs
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