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From linear representation (ii) to nonlinear

• Consider KPP equations

(KPP) ∂tv + 1
2∆v + β

(∑n
i=1 piv

i − v
)

= 0

with pi>0 and
∑n

k=1 pi = 1

• Branching diffusions representation :

v(0, x) = E
[ ∏
k∈KT

g(Z k
T )
]
, where Z k : k − th particle

and

Kt :=
{
All particles alive at time t

}
[Skorokhod, Watanabe, McKean]
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Branching diffusion (n = 3)
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Generalized KPP equation

Let ai (t, x) be bounded functions, and consider the PDE

∂tv + µ(t, x) · Dv +
1
2
σ2(t, x) : D2v +

n∑
i=0

piai (t, x)v i = 0

v(T , .) = g

Introduce the branching diffusion :
(τk)k iid ∼ ρ, and Tk := T ∧ (τ1 + . . . τk) : branching times
(Ik)k iid Multinomial(p0, . . . , pn) : number of decendents
Particle k dies out at the branching event Tk , and Ik
independent particles defined by

dXt = µ(t,Xt)dt + σ(t,Xt)dWt , W Brownian motion
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The branching diffusion representation

Recall KT := {particles present at T}
KT := ∪t≤TKt : all particles

Theorem (Henry-Labordère, Tan & NT SPA ’14)

Let ρ > 0 density on (0,∞), and ρ̄(t) :=
∫∞
t ρ(s)ds. Then

v(0, x) = E0,x

[ ∏
k∈KT

g(Z k
T )

ρ̄(∆T )

∏
k∈KT \KT

aIk (Tk ,Z
k
Tk

)

ρ(∆Tk)

]
Moreover, this representation extends to the path-dependent case

• Numerical implications

• In the rest of he talk : extension to more general nonlinearities
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Sketch of proof (µ ≡ 0, σ ≡ 1, so X =BM)

Feynman-Kac’s formula ≡ Duhamel’s representation (with Heat kernel as
fundamental solution of Heat equation)

v(0, x) = E0,x

[ ρ̄(T )

ρ̄(T )
g(XT ) +

∫ T

0

n∑
i=1

piai (t,Xt)v(t,Xt)
i ρ(t)

ρ(t)
dt
]

= E0,x

[
1Iτ1>T

g(XT )

ρ̄(T )
+ 1Iτ1≤T

aI1(τ1,Xτ1)

ρ(τ1)
v(τ1,Xτ1)I1

]
=: E0,x [φ(τ1,Xτ1)]

Continue with the nonlinear term to get rid of the regression :

v(τ1,Xτ1)I1 = Eτ1,Xτ1
[
φ(τ2,Xτ2 , I2)

]I1
= Eτ1,Xτ1

[
φ(τ2,Xτ2 , I2)

]
× . . .× Eτ1,Xτ1

[
φ(τ2,Xτ2 , I2)

]︸ ︷︷ ︸
I1 times

= Eτ1,Xτ1
[
φ(τ1,1,Z

1,1
τ1,1 , I1,1)× . . .× φ(τ1,I ,Zτ1,I , I1,I )

]
.... Tower property... Number of branching −→∞...
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A class of semilinear PDEs with polynomial nonlinearity

Consider the PDE (unit diffusion for simplicity)

∂tu +
1
2

∆u + f (t, x , u,Du) = 0, uT = g

with nonlinearity (e.g. Burger’s equation in 1d uDu)

f (t, x , y , z) =
∑

(`i )0≤i≤n∈L

p`c`(t, x)y `0
n∏

i=1

(
bi (t, x) · z

)`i
L finite subset of Nn+1

p` > 0 with
∑

`∈L p` = 1
bi (t, x) bounded functions
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Illustration in the context of the Burger’s equation

By the Feynman-Kac formula

v(0, x) = E0,x

[ ρ̄(T )

ρ̄(T )
g(XT ) +

∫ T

0
(vDv)(t,Xt)

ρ(t)

ρ(t)
dt
]

= E0,x

[
1Iτ1>T

g(XT )

ρ̄(T )
+ 1Iτ1≤T

(vDv)(τ1,Xτ1)

ρ(τ1)

]
=: E0,x

[
φ(τ1,Xτ1)

]
Continue with the nonlinear term to get rid of the regression :

(vDv)(τ1,Xτ1) = Eτ1,Xτ1
[
φ(τ2,Xτ2)

]
∂xEτ1,Xτ1

[
φ(τ2,Xτ2)

]
= Eτ1,Xτ1

[
φ(τ2,Xτ2)

]
Eτ1,Xτ1

[Wτ2 −Wτ1

τ2 − τ1
φ(τ2,Xτ2)

]
= Eτ1,Xτ1

[
φ(τ1,1,Z

1,1
τ1,1)

Wτ2 −Wτ1

τ2 − τ1
φ(τ1,2,Zτ1,2)

]
.... Tower property... Number of branching −→∞...
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Branching diffusion for the Burger equation

Example : Burgers equation d = 1 and f (t, x , u, ux) = u ux

Nizar Touzi Branching Diffusions and Nonlinear PDEs



Introduction : From Galton-Watson trees to KPP equation
Generalized KPP equation

Initial Value Problems

Polynomial nonlinearity in v
Polynomial nonlinearity in (v,Dv)

Likelihood ratio (Malliavin) automatic differentiation

For simplicity, d = 1, constant µ, σ = 1 : Xh = x + µh + Wh

∂xE[φ(Xh)] = E
[
φ(Xh)

Wh

h

]
Direct integration by parts

∂xE
[
φ(Xh)

]
= E

[
φx(Xh)

]
=

∫
φx(x + y)

e
−1
2h (y−µh)2

√
2πh

dy

=

∫
φ(x + y)

(y − µh)

h

e
−1
2h (y−µh)2

√
2πh

dy

= E
[
φ(Xh)

Wh

h

]

Nizar Touzi Branching Diffusions and Nonlinear PDEs
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Marked branching mechanism

• (τk)k iid arrival times, Tk := τk ∧ T

• (Ik)k iid Multinomial
(
`, p`, ` ∈ L

)
• If T1 < T : particle dies out at T1

I1 = ` = (`0, . . . , `n) with probability p`

birth of new particles :
`i particles of type i , i = 0, . . . , n

• Kt = {k alive at time t}, Kt := ∪s≤tKs , for all k ∈ KT :
D(k) its type
k− its parent particle
=⇒ Particle k lives between Tk− and Tk

Nizar Touzi Branching Diffusions and Nonlinear PDEs
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Using Malliavin automatic differentiation

• Malliavin automatic differentiation :

Wk := 1I{D(k)=0} + 1I{D(k)6=0}bD(k)(Tk−,X
k
Tk−

) · ∆WTk

∆Tk

The limiting random variable is :

ψ :=
∏

k∈KT

ρ̄(∆Tk)−1[g(X k
T

)
− 1I{Dk 6=0}g

(
X k
Tk−

)]
Wk

×
∏

k ′∈KT \KT

[
ρ(∆Tk ′)

]−1
bIk′ (Tk ′ ,X

k ′
Tk′

)Wk ′
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The main representation result

For independent BM W , τ ∼ ρ, and T1 := τ ∧ T , define :

Ap := max
`

|g |p∞ ∨ ‖WT1‖p‖b` ·
WT1
T1
‖p

ρ̄(T )p−1

Bp := max
`
‖∆τ‖p/2

∥∥∥b` · WT1

T1

∥∥∥p[|b`|∞ sup
t≤T

t
− p

2(p−1)

ρ(t)

]p−1

Theorem (Henry-Labordère, Oudjane, Tan, NT, Warin ’16)

Assume that g Lipschitz and, for some p > 1,∫ ∞
Ap

[
Bp

∑
|b`|∞|x ||`|

]−1
dx > T

Then v(0, x) = E0,x [ψ], and ψ ∈ Lp

Nizar Touzi Branching Diffusions and Nonlinear PDEs
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A numerical example of dimension d = 20

u(t, x) = cos(x1 + · · ·+ xd) exp(α(T − t)) is solution of semilinear PDE

∂tu +
1
2

∆u + c u(b1 · Du) + b0 = 0.

• Let α = 0.2, c = 0.15, b1 = (1 + 1
d , 1 + 2

d , · · · , 2).

Figure – Estimation and standard deviation observed in dimension d = 20
depending on the log of the number of simulation used.
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Monte Carlo approximation of nonlinear PDEs

Fully nonlinear PDEs... (e.g. HJB equations)

If T1 < T : particle dies out, and is replaced with probability p` by
i` particles of type 0
j` particles of type 1 =⇒ first order differentiation weight
h` particles of type 2 =⇒ second order differentiation weight

Automatic differentiation for particles k of type D(k) = 2 :

∆W 2
T −∆T

(∆T )2 !!

Nizar Touzi Branching Diffusions and Nonlinear PDEs



Introduction : From Galton-Watson trees to KPP equation
Generalized KPP equation

Initial Value Problems

Linear IVP
Semilinear IVP

Outline

1 Introduction : From Galton-Watson trees to KPP equation

2 Generalized KPP equation
Polynomial nonlinearity in v
Polynomial nonlinearity in (v ,Dv)

3 Initial Value Problems
Linear IVP
Semilinear IVP

Nizar Touzi Branching Diffusions and Nonlinear PDEs



Introduction : From Galton-Watson trees to KPP equation
Generalized KPP equation

Initial Value Problems

Linear IVP
Semilinear IVP

Linear initial value problems with constant coefficients

Let Dα := ∂|α|

∂x
α1
1 ...∂x

αd
d

, and consider the general PDE :∑N
n=1 an∂

n
t u −

∑
α∈Nd

M
bα · Dαu = F on R+ × Rd ,

∂n−1
t u(0, .) = pnfn on Rd , n = 1, . . . ,N

where pn > 0,
∑N

n=1 pn = 1,

fn : Rd −→ R, n ≤ N and F : R+×Rd −→ R, bounded continuous

Examples : Heat equation ++
Wave equation : ∂2

t u −∆u = F

Airy equation : ∂tu −
∑
|α|=3 bαD

αu = F ... to KdV equation

Dynamic Beam equation ∂2
t u −

∑
|α|=4 bαD

αu = F

Schroödinger equation : i∂tu + ∆u = F ...
focalizing/defocalizing
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Duhamel’s Representation

For all t ≥ 0, and x ∈ Rd , we have

u(t, x) =
N∑

n=1

∫
pnfn(y)gn(t, x−y)dy+

∫ t

0

∫
F (t−s, y)gN(t−s, x−y)dy ds

gn(t, .) := F−1ĝn(t, .)

ĝn(t, .) :=
{
etB(ξ)T

}
1,·

b(ξ) :=
∑
α∈Nd

M
i |α|bαξ

α,

B(ξ) :=


0

IN−1
0

b(ξ) −a1 · · · −aN−1


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Examples

Airy equation : g1(t, z) = (3t)
−d
3 Aib

(
z

(3t)1/3

)
in terms of Airy

function Aib(x) := π−d
∫
Rd

+
cos
(−b(ξ)

3 + x ·ξ
)
dξ. Here∫

g1(t, .) =∞ !
Wave equation : g1(t, z) = ∂tg2(t, z), and

g2(t, z)dz =


1
2r 1{|z|<t}dz for d = 1

1
2π
√

t2−|z|2
1{|z|<t}dz for d = 2

σt(dz)
4πt for d = 3

σt(dz) : surface area on ∂B(0, r)

Beam equation (utt + ∂4
xu = 0)

g1(r , z) = ∂rg2(r , z) and g2(r , z) = r
1
2G
(
r
−1
2 z
)
,

where G (x) = 1√
2π

+ 1
2

∫ x
0

[
Fs

(
z√
2π

)
− Fc

(
z√
2π

)]
dz with the

Fresnel integrals Fc(x) :=
∫ x

0 cos(πt2/2)dt, Fs(x) :=
∫ x

0 sin(πt2/2)dt
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Probabilistic representation

Assume Gn(t) :=
∫ ∣∣gn(t, y)

∣∣dy <∞ for all t ≥ 0, 1 ≤ j ≤ n

Set γn(t, y) := sg
{
gn(t, y)

}
Gn(t), n = 1, . . . ,N, then :

u(t, x) = E
[
1I{τ≥t}

γI (t,Z
I
t)

ρ̄(t)
fI
(
X I
τ

)
+1I{τ<t}

γN(τ,ZN
τ )

ρ(τ)
F
(
t−τ ,XN

τ

)]
I , τ ,X n

t := x − Zn
t , 1 ≤ n ≤ N independent with

P[I = n] = pn, n = 1, . . . ,N
P[τ ∈ dt] = ρ(t)1I{t≥0}dt, ρ > 0

P
[
Zn
t ∈ dz ] = |gn(t,z)|

Gn(t) dz
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Representation of semilinear initial value problems

Theorem (Henry-Labordère & NT)

Under some conditions, we have

ξt,x :=
∏

k∈Kt

γI t
k

(
∆T t

k ,Z
k
Tt
k

)
ρ̄
(

∆T t
k

) fI tk

(
X k
t

)
×
∏

k∈Kt\Kt

γN

(
∆T t

k ,Z
k
Tt
k

)
ρ
(

∆T t
k

) cJk
(
t − T t

k ,X
k
T t
k

)
∈ L1

and u(t, x) := E
[
ξt,x
]

is the unique solution of the semilinear IVP∑N
n=1 an∂

n
t u −

∑
α∈Nd

M
bαD

αu =
∑

j≥1 qj cj u
j on R+ × Rd

∂n−1
t u(0, .) = fn on Rd , n = 1, . . . ,N

Compare to Bachtin & Mueller 2010 (semilinear wave equation)
Nizar Touzi Branching Diffusions and Nonlinear PDEs
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Automatic differentiation

Define the likelihood ratio (in distribution sense)

wn(t, z) :=
Dgn
gn

(t, z), (t, z) ∈ R+ × Rd

and set for all k ∈ Kt

Wk := 1I{θtk=0} + 1I{θtk 6=0}~bθtk

(
t − T t

k−,X
k−
T t
k−

)
· wI tk

(
∆T t

k ,Z
k
T t
k

)
where θtk is the type of particle k
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More general semilinear initial value problems

Theorem (Henry-Labordère & NT)

Under some conditions, we have

ξ̂t,x :=
∏
k∈Kt

Wk

γI tk
(
∆T t

k ,Z
k
T t

k

)
ρ̄
(
∆T t

k

) [
fI tk
(
X k
t

)
− 1I{θtk 6=0}fI tk

(
X k
Tk−

)]
×

∏
k∈Kt\Kt

Wk

γN
(
∆T t

k ,Z
k
T t

k

)
ρ
(
∆T t

k

) cJk
(
t − T t

k ,X
k
T t

k

)
and u(t, x) := E

[
ξt,x
]

is the unique solution of the semilinear IVP∑N
n=1 an∂

n
t u −

∑
α∈Nd

M
bαD

αu +
∑

j≥0 qj cj u
`j,0
∏H

h=1(bh · Du)`j,h = 0

∂n−1
t u(0, .) = pnfn on Rd , n = 1, . . . ,N
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Example : nonlinear wave equation 1

Klein-Gordon equation in d = 1, . . . , 3 :

(∂tt −∆)u + u3 + u2 = 0, u(0, x) = f1(x), ∂tu(0, x) = f2(x)

with f1(x) := −12
9+2(

∑d
i=1 xi )2

, and f2(x) := −
√
d + 1 48(

∑d
i=1 xi )

(2(
∑d

i=1 xi )2+9)2 =⇒

explicit solution : u(t, x) = −12
9+2(

√
d+1t−

∑d
i=1 xi )2
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Example : nonlinear wave equation 2

Simplified Yang-Mills equation

∂ttu −∆u + u3 +
d∑
i

u∂xiu = 0, u(0, x) = f1(x), ∂tu(0, x) = f2(x)

with f1(x) = − d
d−

∑d
i=1 xi

, f2(x) =
√
d d

(d−
∑d

i=1 xi )2

=⇒ explicit solution : u(t, x) = − d
d+
√
dt−

∑d
i=1 xi
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Example : nonlinear Beam equation in 1d

∂2
t u + ∂3

xu + u2 + h(t, x) = 0, u(0, x) = tanh(x), ∂tu(0, x) = cosh(x)−2

=⇒ explicit solution is u(t, x) = tanh(x + t) (for suitable choice of h)
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Figure – Numerical solution of nonlinear beam PDE t = 0.5.
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Example : Gross-Pitaevskii PDE

For a constant h(= −1 in our numerics), consider

i∂tu(t, x) = −1
2∆u(t, x) + h|u(t, x)|2u(t, x), x ∈ Rd

u(0, x) = f1(x) :=
√
d
[
cosh(

∑d
i=1 xi )

]−1

=⇒ Explicit solution u(t, x) = e
idt
2
√
d
[
cosh(

∑d
i=1 xi )

]−1
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Figure – Re(u(t, x0)) (left) and Im(u(t, x0)) (right) for d = 1, 2, 3,
t = 0.1
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Concluding remarks

• Bounded space domain (including elliptic PDEs) : serious
difficulties for gradient nonlinearity, Agarwal & Claisse ’17

• Variable coefficients :
parabolic equations
more general Cauchy problems...

• Exploiding representation for wellposed equation !
backward iteration over “short time steps,” Bouchard, Tan &
Zhou ’17
Beyond power nonlinearity
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