Differentiable Manifolds QR Exam — January 5, 2021

All manifolds are assumed to be C*°. All items will be graded independently of each
other.

Problem 1.- Let M = {(z1,22,73,24) € R*; 22 + 23 = 1 and 23 + 23 = 1}, and
let ¢ : M < R* be the inclusion.

1. Show that M is a submanifold of R*.

2. If @« = —xodry + 21dxe — T4dx3 + 3d74, show that *(«) is closed but not
exact.

SOLUTION: (1) This can be proved either using the regular value theorem applied
to the map F(z1, x2, 23, 24) = (23423, 3+27) and the value (1, 1), or by considering
the immersion G : S' x S' — R* which is injective and therefore an embedding since
St x St is compact.

(2) Parametrize M by: z7 = cos(6y), xo = sin(6y), z3 = cos(b), x4 = sin(6s).
Then a calculation shows that in the (6;,65) coordinates

(a) = dby + dbs.

(For example 1*(—zydxy + z1dxe) = —sin(6;)d(cos(01) + cos(0)d(sin(01)) = db;.)
Although the coordinates are defined only mod 27 the above expression for ¢*(«) is
global. From it it follows that ¢*(«) is closed. It is not exact because e.g. if v is
the curve on M parametrized by 6, = 0,6, € [0, 27] then f7 V() = 2w # 0, and by
Stokes’” theorem ¢*(«r) cannot be exact.

Problem 2.- Let A € T;0(n) \ {0} where I is the identity and O(n) the orthogonal
group. Let A* be the left-invariant vector field on O(n) whose value at the identity
is A. Define Vt € R
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1. Give a direct proof that s — exp(sA) is the integral curve of A* starting at
the identity.

2. Derive an expression of the time-t map ¢; : O(n) — O(n) of the flow of A* in
terms of exp(tA).

SOLUTION: (1) First notice that the series is convergent in norm and one can
manipulate the power series as usual because any two powers of A commute with
each other.

Next, check directly that the curve takes values on O(n): exp(tA)exp(tA)! =
exp(tA) exp(tAT) = exp(tA) exp(—tA) = I, where we used AT = —A. Finally

d b
7 exp(tA) = exp(tA) A = AL 4y,



where the second equality is by the left-invariance of A*: (Left multiplication by
exp(tA) is the restriction to O(n) of a linear map in the space of all nxn matrices and
therefore its differential is again left multiplication.) This is exactly the condition
that the curve be an integral curve of A% and it clearly starts at the identity.

(2) For each g € O(n), let L, : O(n) = O(n) be L,(k) = gk. Then left-invariance
of A* means that for each g A% is Ly-related to itself. It follows that any integral
curve of A* followed by L, is another integral curve of A*.

Therefore,

t— Ly(exp(tA)) = gexp(tA)

is an integral curve of A% and it starts at g. Therefore ¢;(g) = gexp(tA).

Problem 3.- Let H be the real vector space of all 2 x 2 complex Hermitian matrices.
Let 0 < A1 < Ay be two real numbers, and define

M ={A € H ; the eigenvalues of A are Aj, A2}

Show that M is a submanifold of H. Find its dimension, and compute TphM as
A0
0 X
determined by the trace and the determinant of A.

SOLUTION: Introduce (real) linear coordinates (z1, s, z3,4) in H by letting
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In these coordinates, the map F : H — R? F(A) = (trA,det A) is

a subspace of H where D = HinT: The eigenvalues of A € H are

F(x1, 22,03, 74) = (T3 4 24, T304 — 17 — T3).
Note that M corresponds to F'~1(A; + Aa, A\{\2) in these coordinates, so we want to
show that (A; + A2, A1 \2) is a regular value of F' in order to apply the regular value
theorem. The Jacobian of F' is

(0 0 1 1
o —21’1 —2.%2 Ty I3 .

Assume (3 + 24, 7324 — 23 — 23) = (A1 + Ao, M No). If 23 # 24 the last two columns
are linearly independent. If x3 = x4, then the trace condition implies z3xy =
(A1 + X2)?/4, and the determinant condition implies 2?2 + 23 = (Ay — A\;)?/4 > 0, so
at least one of x1, x5 is non-zero. In all cases J is full rank, and M is a manifold of
dimension 4 — 2 = 2.
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Problem 4.- Let M be a manifold with boundary. A vector field X € X(M) is
called a b-field iff

) . Its kernel corresponds to the required tangent space,

VpeoM X, eT,0M.



Show that the space of b-fields is closed under the Lie bracket.
SOLUTION: Let (z1,...x,) be coordinates on U C M intersecting the boundary,
so that UNOM = {x,, = 0}. Let X,Y € X(M), and on U write them in coordinates

as:
Xy = Zfiaia Yy = Zgz@'
i—1 i=1
where f;, g; € C*(U) and 0; = g—m. The condition for X to be a b-field is that
falen—o =0, and similarly for Y. (B)
Now a standard calculation yields
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We are only interested in the 0, component, which is

Z&Ui Z&L‘i .
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Assume X, Y are both b-fields and set z,, = 0. Taking into account (B), we see that
for e = 1,...,n — 1 the partial derivatives vanish. For ¢ = n f, and g, vanish. So

all the terms in the sum above are zero when x, = 0, which shows that [X,Y] is a
b-field.

Problem 5. Consider the unit sphere S® C R™™!. Identify tangent spaces with
subspaces of R"*1. Assume that there is a nowhere-vanishing smooth vector field X
on S".

1. Show that the antipodal map A : S™ — S™, A(p) = —p is homotopic to the
identity. HINT: Vp € S™, use X, to define a great semi-circle connecting p and
its antipode.

2. Show that n must be odd.

SOLUTION: (1) For each p € S™ let V,, = m}(p (Euclidean norm). Then at

each p {p,V,} are an orthonormal pair (thinking of p as a vector in R"™"). Define
F:[0,7] x S" = S™,  F(t,p) = cos(t)p + sin(t) V.

This is a smooth homotopy between the identity and the antipodal map.

(2) By the homotopy “axiom”, the map A* : H"(S") — H™(S™) induced by
the antipodal map in De Rham cohomology is the identity. Let v € Qm(S™) be
the standard volume form. By a direct argument A*v = (—1)""'v (at the level of
forms). Therefore (—1)""! =1, i.e. n is odd.



