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Problem 1: Let n ∈ N and n points x1, . . . , xn ∈ [0, 1) be fixed. Assume that a
Lebesgue measurable set E ⊂ [0, 1) satisfies m(E) > 1 − 3/n. Prove that there is
x ∈ [0, 1) such that {x − xk} ∈ E for all indices k = 1, . . . , n except at most two.
(Above, {x} := x− bxc denotes the fractional part of x.)

Problem 2: Let two functions f, g : [0, 1] → [0, 1] be defined as f(x) := x2| sin 1
x |

(and f(0) := 0) and g(x) :=
√
x. Which of the four functions f , g, f ◦ g, and g ◦ f

are absolutely continuous on [0, 1]?

Problem 3: (a) Let f ∈ Lp([0, 1]) for some p > 3. Prove that the function

F (x) :=
∫ x

0
(x− t)− 2

3 f(t)dt is well-defined and bounded on the segment x ∈ [0, 1] .
Does this statement remain true for p = 3?

(b) Assume now that p > 3
2 . Prove that the integral F (x) :=

∫ x

0
(x − t)− 2

3 f(t)dt

converges for almost every x ∈ [0, 1] and that F ∈ L2([0, 1]) .

Problem 4: Let fn : [0, 1] → R be a sequence of measurable functions. Assume
that fn(x) → 0 for almost every x ∈ [0, 1]. Prove that one can find a sequence of
real numbers Cn such that Cn → +∞ and Cnfn(x)→ 0 for almost every x ∈ [0, 1].

Problem 5: Let n ≥ 2. For f ∈ L1(Rn) and x = (x1, . . . , xn) ∈ Rn, denote

(Mcubef)(x) := sup
a>0

1

(2a)n

∫
[x1−a,x1+a]×...[xn−a,xn+a]

|f(y)|dy,

(Mrectf)(x) := sup
a1,...,an>0

1

2na1 . . . an

∫
[x1−a1,x1+a1]×...×[xn−an,xn+an]

|f(y)|dy

(a) Use the Hardy–Littlewood maximal inequality to prove that there exists a
constant Ccube > 0 (depending only on n) such that mn({x : (Mcubef)(x) > λ}) ≤
Ccube · λ−1‖f‖1 for all λ > 0 and f ∈ L1(Rn).

(b) Prove that a similar fact for Mrectf does not hold: there is no constant Crect>0
such that mn({x : (Mrectf)(x) > λ}) ≤ Crect·λ−1‖f‖1 for all λ > 0 and f ∈ L1(Rn).
[Hint: it may be easier to work out the case n = 2 first. ]


