Analysis Qualifying Review

Thursday, May 3, 2018
Morning Session, 9:00 AM - Noon

N.B.: D below denotes the open unit disk {z € C : |z| < 1}.

(1) Suppose that we have
(a) simply-connected domains €2, Qs C C;
(b) distinct points z1, w; € Qy;
(c) distinct pints 2o, we € Q.

Show that there is an analytic map f: ; — Qq satisfying f(z1) = 29, f(w1) = wy or
an analytic map f: Qo — € satisfying f(z2) = 21, f(w2) = w; (or both).

(2) Let ¥ be the strip {z € C : [Im(z)| < 1}, and let F be analytic on ¥, continuous on
¥, and verifying |F(z)| < 1 on 0%.

(a) Show that |F'(z)| is not necessarily < 1 on .
(b) Show that if, in addition, F verifies the hypothesis |F(z)| < Ce%*l°, for some
constants C,b > 0 and 0 < p < 2, then |F(2)] <1 on X.

Hint: Consider F.(z) := e"*"F(2), for all € > 0.

(3) Let f be an analytic function on D which is continuous on D with |f(2)| = 1 on dD.
Show that f is the restriction to D of a rational function on C.

(4) Let D* := D \ {0} be the punctured unit disk. Let f: D* — C be analytic and
injective.
(a) Show that {f(z): 0 < |z| < 1/2} is not dense in C.

(b) Show that f has a meromorphic extension to D. (Do not quote Picard’s theorem
here.)

(5) Suppose that g, h are continuous, C-valued and nowhere vanishing functions on {z €
C:lz| <2}, {z € C:|z| > 1} U{oc}, respectively. Suppose that f = g/h is analytic
on the annulus {z € C: 1 < |2| < 2}.

(a) Show that there are continuous, single-valued functions logg on {z € C : |z| <
2}, and logh on {z € C : |z| > 1} U{o0}.

(continued over)



(b) Show that U = log g — log h is analytic on the annulus A.

(c) Show that f can be written as f(z) = G(z)/H(z) where G, H are nowhere
vanishing analytic functions on {z € C : |z] < 2}, {z € C : |z| > 1} U {00},
respectively.



Analysis Qualifying Review

Thursday, May 3, 2018
Afternoon Session, 2:00 - 5:00 PM

N.B.: Lebesgue measure is denoted below by “m”.

(1) Let (X, A, ) be a measure space, and let f > 0 be in L' (X, u1). Let a set function v
be defined on A by v(A) = [, fdu. Show that v is a measure on A and that for any

v-integrable function g,
/gdv—/ g- fdp.
X X

(2) Provide a (detailed) proof or a (detailed) counterexample to the following statement:
If F is a bounded open subset of R then the boundary of F has Lebesgue measure
Zero.

(3) Show that {f € L*(R,m) : [, |f| = co} is dense in L*(R,m).

(4) Let p be a non-negative measure on the interval (—1,1) with the property that all
open subintervals of (—1,1) are g-measurable and pu((—1,1)) = 1. Let f: R - R
be uniformly continuous and let f,: R — R be the function defined by f,(x) =

fjl [z + L) du(t).
(a) Show that each f,, is uniformly continuous.

(b) Show that the f,, converge uniformly to f.

(5) Let f,, be a sequence of functions in L>°([0, 1], m) satisfying the conditions

(1) Ifnllzeqo,13,my < 1, and
(ii) f[ab}fndm—ﬂ] forall0 <a<b<1.

(a.) Show that f[0,1] fng dm — 0 for all g € L'([0,1],m).
(b.) Under assumptions (i) and (ii), does f, — 0 in L*([0, 1], m)?
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