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Abstract

We investigate the failure of the Converse Theorem for Gauss sums when these sums are
reduced modulo a prime power ℓ. Traditionally, if two characters produce identical Gauss
sums across all additive and multiplicative variations, then the characters must coincide or
be related by a known twist. Over the complex field, no counterexamples to the Converse
Theorem have been observed—the theorem holds as expected. However, when these
sums are computed over the algebraic closure of a finite field, Fℓ, our computations reveal
genuine counterexamples where distinct characters yield identical sums.

Objective: Use our custom SageMath program to find counterexamples for n = 2,
examine whether they follow the specific form proposed by an existing conjecture, and
explore any underlying patterns they may reveal. If consistent structure is identified,
we may propose our own refined conjecture on character uniqueness modulo ℓ.

Finite Fields

Let Fq be a finite field with q = pm elements, where p is a prime and m is a positive integer.
The multiplicative group of nonzero elements F∗q = Fq \ {0} forms a cyclic group of order
q − 1. This means there exists a generator g ∈ F∗q such that every nonzero element of the
field can be written as a power of g:

F∗q = {g0, g1, g2, . . . , gq−2}.

The additive group (Fq,+) is a finite abelian group of order q under addition. Every element
a ∈ Fq satisfies

a + a + · · · + a︸ ︷︷ ︸
p times

= 0,

It is not cyclic when m > 1.

Gauss Sums

Let K be a field. A multiplicative character θ is a group homomorphism from F∗q to K∗ that
respects multiplication, that is, θ(a · b) = θ(a)θ(b) ∀a, b ∈ F∗q.
An additive character ψ is a homomorphism from (Fq,+) to K∗ that respects addition, that
is, ψ(a + b) = ψ(a)ψ(b) ∀a, b ∈ Fq.
To define the Twisted Gauss Sum:
Given multiplicative characters θ : F∗q2 → K∗, α : F∗q → K∗, and an additive character
ψ : Fq → K∗, define:

G(θ × α, ψ) =
∑
x∈F∗

q2

θ(x)α(N(x))ψ(tr(x)),

where N(x) and tr(x) are the norm and trace from Fq2 to Fq.

Converse Theorem (Classical)

Take K = C.

Consider two multiplicative characters θ1 and θ2 from F∗q2 to K∗, and let ψ : Fq → K∗ be
a fixed non-trivial additive character. Suppose

θ1|F∗
q
= θ2|F∗

q

and for all multiplicative characters α : F∗q → K∗, we have

G(θ1 × α, ψ) = G(θ2 × α, ψ).

Then
θ1 = θ2 or θ1 = θ

q
2.

The Conjecture

Take K = Fℓ.
It is known that if ℓ ∤ q − 1, then the converse theorem holds. It is thus interesting to
investigate what happens when ℓ | q − 1. Hence, we have the following conjectcure:

Conjecture (Bakeberg et al.): The converse theorem for Gauss sums fails exactly
when q = 2ℓi + 1 for some integer i > 0.

However, in our project we found counterexamples for the converse theorem which are
not of teh form q = 2ℓi + 1.

Parameterizing Characters via Generators

Let q be a prime power and ℓ a prime. There exists an integer N , depending only on q and
ℓ, such that every multiplicative character

θ : F∗q2 → Fℓ
∗
, α : F∗q → Fℓ

∗

has image in F∗
ℓN

.
Let h be a generator of the cyclic group F∗

ℓN
. By raising h to an appropriate power we

obtain a generator ζ of the group of roots of unity of order q2 − 1 in F∗
ℓN

.
Fix a generator g of F∗q2, and define the multiplicative characters θi by:

θi(g
k) = ζki, i ∈ Z/(q2 − 1)Z.

Similarly, define characters αj on F∗q by:

αj(g
(q+1)k) = ζ(q+1)kj, j ∈ Z/(q − 1)Z.

Note that these index sets may yield some characters multiple times, and we handle them
appropriately in our implementation.

Our Program

We implemented a SageMath program to automatically identify potential counterexamples
to the Converse Theorem. The parameters used here are ℓ = 2 and q = 49.

Theta Groupings Size θ1|F∗
q
= θ2|F∗

q
Size

{1,7,43,49} 4 {1,7,43,49} 4
{2,11,14,23} 4 {2,11,14,23} 4
{3,21,54,72} 4 {3,21,54,72} 4
{4,22,28,46} 4 {4,22,28,46} 4
{5,20,35,65} 4 {5,20,35,65} 4
{6,33,42,69} 4 {6,33,42,69} 4

Table 1: Partial program output of counterexample groupings (with and without restriction)

Each row shows a set of θ that yield identical Gauss sums for all α. The left two columns
display these groupings without imposing any restrictions. The right two columns show
groupings under the additional constraint that θ1|F∗

q
= θ2|F∗

q
, as required by the classical

Converse Theorem.
The presence of a grouping of size m > 2 under this restriction indicates a failure of the
theorem in the (ℓ, q) = (2, 49) setting.

Conjecture Investigation

ℓ q Size
2 3 1
2 7 1
2 11 2
2 13 2
2 19 2
2 23 2

Table 2: CSV used to find counterexam-
ples not following proposed form

ℓ q Size
2 5 3
2 9 5
2 17 9
2 257 1
3 7 4
3 19 10

Table 2: CSV used to find a pair in the
proposed form that is not a counterex-
ample

To produce a counterexample to the Converse Theorem, it suffices to find a θ-grouping
of size m > 2. The theorem states that if two characters θ1 and θ2 yield the same Gauss
sum, then they must either be equal or satisfy θ1 = θ

q
2. Consequently, each equivalence

class under this relation contains at most two distinct characters.
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