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Ultimate	goal:	understand	these	phenomena	and	their	relation	in	quantum	systems	
	
Goal	of	talk:		
•  Develop	an	effective	field	theory	at	long	distances	and	at	late	times	for	each	process	
•  Study	their	interplay	
•  Relate	them	to	gravity	through	AdS/CFT	
	

Quantum	chaotic	dynamics	



Setup:	
	
•  Constituents:	lattice	QFT	(HEP),	spins/electrons	(CMT),	

atoms	(AMO),	qubits	(QI)	
	

•  Degrees	of	freedom	interacting	strongly	through	local	
chaotic	Hamiltonian.	
	

•  In	highly	excited	state,	out	of	equilibrium	at											,	
in	equilibrium	for 							.		
	

•  Foundational	question	in	statistical	physics.	Paradigm	shift	
from	ensembles	to	closed	systems.	Subject	to	intense	
current	activity	in	HEP,	CMT,	QI,	and	AMO	experiments.	

Quantum	chaotic	dynamics	
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Study	the	setup	using	holographic	duality:	
•  A	QFT	settling	to	thermal	equilibrium	is	dual	to	a	collapsing	

black	hole.		
•  No	small	parameters,	holography	is	indispensible	in	

understanding	real	time	quantum	dynamics.	
•  Entanglement	plays	a	crucial	role	in	thermalization.	

Geometric	prescription	for	computing	entanglement	entropy.	
[Ryu,	Takayanagi]	

•  Recent	breakthroughs	in	quantum	chaos	at	this	intersection.	
[Shenker,	Stanford;	Kitaev]	
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It	from	Qubit:	
•  Holography	teaches	about	quantum	gravity	through	strongly	

interacting	QFTs.	
•  Realization	that	entanglement	is	key	to	connectedness	of	

spacetime.		
•  “Gravity	is	the	hydrodynamics	of	entanglement”	

Relation	to	gravity	
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We	have	an	effective	theory	for	describing	conserved	densities.	
•  Hydrodynamics	applies	universally	for	all	chaotic	systems.	

Generalized	hydrodynamics	for	integrable	systems.	
•  Navier-Stokes	equations:	

	
	
	
	

	

Hydrodynamics	

Quantum	system	
with	many	

interacting	degrees	
of	freedom	

t

@tv + (v ·r)v � ⌫r2v = �rp
<latexit sha1_base64="kLO05LB7y2ezwMN49x1AaPWCznk=">AAACIXicbZBNSwMxEIazftb6VfXoJVgERVp2i6AXoeDFYwX7Ad1aZtO0DWazSzK7UIp/xYt/xYsHRXoT/4xpuwetDgSeeWeGybxBLIVB1/10lpZXVtfWcxv5za3tnd3C3n7DRIlmvM4iGelWAIZLoXgdBUreijWHMJC8GTxcT+vNlGsjInWHo5h3Qhgo0RcM0ErdwqUfg0YBsos0PaMnqc96EVJfQSDhlKYlXyVZdl+h6VVpzjTuFopu2Z0F/QteBkWSRa1bmPi9iCUhV8gkGNP23Bg74+l2Jvlj3k8Mj4E9wIC3LSoIuemMZxc+0mOr9Gg/0vYppDP158QYQmNGYWA7Q8ChWaxNxf9q7QT7l52xUHGCXLH5on4iKUZ0ahftCc0ZypEFYFrYv1I2BA0Mral5a4K3ePJfaFTKnuXb82K1ktmRI4fkiJwQj1yQKrkhNVInjDyRF/JG3p1n59X5cCbz1iUnmzkgv8L5+gbjWKIF</latexit><latexit sha1_base64="kLO05LB7y2ezwMN49x1AaPWCznk=">AAACIXicbZBNSwMxEIazftb6VfXoJVgERVp2i6AXoeDFYwX7Ad1aZtO0DWazSzK7UIp/xYt/xYsHRXoT/4xpuwetDgSeeWeGybxBLIVB1/10lpZXVtfWcxv5za3tnd3C3n7DRIlmvM4iGelWAIZLoXgdBUreijWHMJC8GTxcT+vNlGsjInWHo5h3Qhgo0RcM0ErdwqUfg0YBsos0PaMnqc96EVJfQSDhlKYlXyVZdl+h6VVpzjTuFopu2Z0F/QteBkWSRa1bmPi9iCUhV8gkGNP23Bg74+l2Jvlj3k8Mj4E9wIC3LSoIuemMZxc+0mOr9Gg/0vYppDP158QYQmNGYWA7Q8ChWaxNxf9q7QT7l52xUHGCXLH5on4iKUZ0ahftCc0ZypEFYFrYv1I2BA0Mral5a4K3ePJfaFTKnuXb82K1ktmRI4fkiJwQj1yQKrkhNVInjDyRF/JG3p1n59X5cCbz1iUnmzkgv8L5+gbjWKIF</latexit><latexit sha1_base64="kLO05LB7y2ezwMN49x1AaPWCznk=">AAACIXicbZBNSwMxEIazftb6VfXoJVgERVp2i6AXoeDFYwX7Ad1aZtO0DWazSzK7UIp/xYt/xYsHRXoT/4xpuwetDgSeeWeGybxBLIVB1/10lpZXVtfWcxv5za3tnd3C3n7DRIlmvM4iGelWAIZLoXgdBUreijWHMJC8GTxcT+vNlGsjInWHo5h3Qhgo0RcM0ErdwqUfg0YBsos0PaMnqc96EVJfQSDhlKYlXyVZdl+h6VVpzjTuFopu2Z0F/QteBkWSRa1bmPi9iCUhV8gkGNP23Bg74+l2Jvlj3k8Mj4E9wIC3LSoIuemMZxc+0mOr9Gg/0vYppDP158QYQmNGYWA7Q8ChWaxNxf9q7QT7l52xUHGCXLH5on4iKUZ0ahftCc0ZypEFYFrYv1I2BA0Mral5a4K3ePJfaFTKnuXb82K1ktmRI4fkiJwQj1yQKrkhNVInjDyRF/JG3p1n59X5cCbz1iUnmzkgv8L5+gbjWKIF</latexit><latexit sha1_base64="kLO05LB7y2ezwMN49x1AaPWCznk=">AAACIXicbZBNSwMxEIazftb6VfXoJVgERVp2i6AXoeDFYwX7Ad1aZtO0DWazSzK7UIp/xYt/xYsHRXoT/4xpuwetDgSeeWeGybxBLIVB1/10lpZXVtfWcxv5za3tnd3C3n7DRIlmvM4iGelWAIZLoXgdBUreijWHMJC8GTxcT+vNlGsjInWHo5h3Qhgo0RcM0ErdwqUfg0YBsos0PaMnqc96EVJfQSDhlKYlXyVZdl+h6VVpzjTuFopu2Z0F/QteBkWSRa1bmPi9iCUhV8gkGNP23Bg74+l2Jvlj3k8Mj4E9wIC3LSoIuemMZxc+0mOr9Gg/0vYppDP158QYQmNGYWA7Q8ChWaxNxf9q7QT7l52xUHGCXLH5on4iKUZ0ahftCc0ZypEFYFrYv1I2BA0Mral5a4K3ePJfaFTKnuXb82K1ktmRI4fkiJwQj1yQKrkhNVInjDyRF/JG3p1n59X5cCbz1iUnmzkgv8L5+gbjWKIF</latexit>



We	have	an	effective	theory	for	describing	conserved	densities.	
•  Hydrodynamics	applies	universally	for	all	chaotic	systems.	

Generalized	hydrodynamics	for	integrable	systems.	
•  Navier-Stokes	equations:	

	
	
	
	

	
•  Relativistic	hydro	from	hep-th	POV	is	an	EFT	based	on	

systematic	long	distance,	late	time	expansion.	Fluid	variables:	
	
	
For	conformal	fluids	one	transport	coefficient	at	first	order:	
	

•  Hydrodynamics	follows	from	the	conservation	of								.	Solution	
determines												out	of	equilibrium.		
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•  Fluid/gravity	constructs	black	holes	with	bumpy	horizons	

from	fluid	flows.	

•  Alternative	history:	String	theorists	discover	hydrodynamics	
by	studying	AdS	black	holes.	
	

•  Interested	in	more	data	than											:	entanglement	entropy,	
butterfly	effect,	etc.	

	
•  I	want	to	follow	the	“alternative	history”	path	to	discover	a	

hydrodynamic	effective	theory	of	entanglement	dynamics	
and	operator	growth.	

•  Hydrodynamics	applies	universally	for	all	chaotic	systems,	
and	there	is	evidence	for	the	universality	of	the	other	
effective	theories.		
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Quantum	thermalization	
•  Pure	state	with	nonzero	energy	density:		

Unitary	time	evolution:	
		

•  	 	 	 	 	 	 							 		cannot	mean	thermalization.		
	
								encodes	all	the	information	in											,	but	at	late	times	in	a	
very	nonlocal	way.	
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⇢A = TrĀ | i h |

⇢(t) ⌘ | (t)ih (t)| 6! e��H

Z

| (t)i = e�iHt| (0)i
| (0)i

| (0)i⇢(t)



Quantum	thermalization	
•  Pure	state	with	nonzero	energy	density:		

Unitary	time	evolution:	
		

•  	 	 	 	 	 	 											cannot	mean	thermalization.		
	
								encodes	all	the	information	in											,	but	at	late	times	in	a	
very	nonlocal	way.	
	

•  Consider	subsystems:	
In	a	local	system:	
Reduced	density	matrix:	
	

•  Thermalization:	
	
For	 								,	in	the	thermodynamic	limit	 	 			,	with				
determined	by	the	energy	density.	Entanglement	is	crucial	in	
making	this	possible.	
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Entanglement	entropy	is	a	good	diagnostic	of	thermalization,	
we	focus	on	this	quantity.	
•  Entanglement	entropy:	

	
•  In	ground	states	of	local	Hamiltonians	the	entropy	scales	

with	the	area:	

•  A	generic	state	in	the	Hilbert	space	shows	volume	scaling.	
	
	

SA = #
area(⌃)

�d�2
+ . . .

Entanglement	entropy	

A

Ā⌃

SA ⌘ �TrA ⇢A log ⇢A

SA = sth vol(A) + . . .
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Entanglement	entropy	is	a	good	diagnostic	of	thermalization,	
we	focus	on	this	quantity.	
•  Entanglement	entropy:	

	
•  In	ground	states	of	local	Hamiltonians	the	entropy	scales	

with	the	area:	

•  A	generic	state	in	the	Hilbert	space	shows	volume	scaling.	
	
	

•  Purest	setup	is	a	quench:	start	with	ground	state	of	a	local	
Hamiltonian,	change	the	Hamiltonian	suddenly,	and	let	the	
system	evolve.	(No	transport.)	
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Entanglement	entropy	is	a	good	diagnostic	of	thermalization,	
we	focus	on	this	quantity.	
•  Entanglement	entropy:	

	
•  In	ground	states	of	local	Hamiltonians	the	entropy	scales	

with	the	area:	

•  A	generic	state	in	the	Hilbert	space	shows	volume	scaling.	
	
	

•  Purest	setup	is	a	quench:	start	with	ground	state	of	a	local	
Hamiltonian,	change	the	Hamiltonian	suddenly,	and	let	the	
system	evolve.	(No	transport.)	

•  Instead	of	following	an	operator	(matrix),	we	follow	a	
number.	
	
	
	
	
Captures	the	essence	of	thermalization.	

SA = #
area(⌃)

�d�2
+ . . .

Entanglement	entropy	

A

Ā⌃

SA ⌘ �TrA ⇢A log ⇢A

SA = sth vol(A) + . . .
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In	cold	atom	experiments	we	can	realize	quenches	and	measure	the	entanglement	of	
subsystems.	[Kaufman	et	al.]	
•  The	state	of	the	total	system	is	pure.	

Entanglement	entropy	in	experiment	
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FIG. 3. Dynamics of entanglement entropy. Starting from a low-entanglement ground state, a global quantum quench
leads to the development of large-scale entanglement between all subsystems. We quench a six-site system from the Mott
insulating product state (J/U ⌧ 1) with one atom per site to the weakly interacting regime of J/U = 0.64 (J/(2⇡) = 66 Hz)
and measure the dynamics of the entanglement entropy. As it equilibrates, the system acquires local entropy while the
full system entropy remains constant and at a value given by measurement imperfections. The dynamics agree with exact
numerical simulations with no free parameters (solid lines). Error bars are the standard error of the mean (S.E.M.). For
the largest entropies encountered in the three-site system, the large number of populated microstates leads to a significant
statistical uncertainty in the entropy, which is reflected in the upper error bar extending to large entropies or being unbounded.
Further information about statistics is discussed in the Supplementary Materials [24]. Inset: slope of the early time dynamics,
extracted with a piecewise linear fit [24]. The dashed line is the mean of these measurements.

state value, about which there are small residual tempo-
ral fluctuations. The presence of residual fluctuations
are, in part, attributable to the finite-size of our system.
An exact numerical calculation of the dynamics with no
free parameters shows excellent agreement with our ex-
perimental measurements. Crucially, the data indicate
that while the subsystems acquire entropy in time (Fig-
ure 3,A-C), the full system entropy remains constant and
is small throughout the dynamics (Figure 3D). The high
purity of the full system allows us to conclude that the
dynamical increase in entropy in the subsystems origi-
nates in the propagation of entanglement between the
system’s constituents. The approximately linear rise at
early times (Figure 3 inset) is related to the spreading
of entanglement in the system within an e↵ective light
cone [2, 31, 32]. Furthermore, in analogy to the growth of
thermodynamic entropy in an equilibrating classical me-
chanical system, such as a gas in a closed container, we
observe the growth of local entropy in a closed quantum
mechanical system. In the quantum mechanical case,
however, the mechanism responsible for entropy is en-
tanglement, which is absent from a system modeled by
classical mechanics.

When a system thermalizes, we expect that the sat-
urated values of local observables should correspond to

the predictions of a statistical ensemble. By analogy, if
the entanglement entropy plays the role of thermal en-
tropy, then in a thermalized pure state we expect exten-
sive growth in the entanglement entropy with subsystem
volume. When the entanglement entropy in a quantum
state grows linearly with the size of the subsystem con-
sidered, it is known as a volume law. Ground-breaking
theoretical work using conformal field theory has shown
that indeed, at long times, a volume law is expected for
a quenched, infinite, continuous system, while only an
area law with a log correction is expected for the ground
state [2, 33, 34]. Characterizing the large amount of en-
tanglement associated with a volume law is particularly
challenging because it results in nearly every entry of the
density matrix having small, but importantly non-zero
magnitude.

Using the techniques outlined in this work, we show
measurements displaying a near volume law in the en-
tanglement entropy (Figure 4A). A linear growth with
volume in the entanglement entropy occurs when each
subsystem incoherently populates a number of states that
scales with the size of the subsystem Hilbert space. This
is because, for the Bose-Hubbard model, the Hilbert
space is approximately exponential in the lattice size,
which results in a linear growth in SA = �Log(Tr[⇢2A]).



In	cold	atom	experiments	we	can	realize	quenches	and	measure	the	entanglement	of	
subsystems.	[Kaufman	et	al.]	
•  The	state	of	the	total	system	is	pure.	
•  Sparsely	entangled	initial	state.	
•  Volume	law	saturation.	

Entanglement	entropy	in	experiment	
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FIG. 3. Dynamics of entanglement entropy. Starting from a low-entanglement ground state, a global quantum quench
leads to the development of large-scale entanglement between all subsystems. We quench a six-site system from the Mott
insulating product state (J/U ⌧ 1) with one atom per site to the weakly interacting regime of J/U = 0.64 (J/(2⇡) = 66 Hz)
and measure the dynamics of the entanglement entropy. As it equilibrates, the system acquires local entropy while the
full system entropy remains constant and at a value given by measurement imperfections. The dynamics agree with exact
numerical simulations with no free parameters (solid lines). Error bars are the standard error of the mean (S.E.M.). For
the largest entropies encountered in the three-site system, the large number of populated microstates leads to a significant
statistical uncertainty in the entropy, which is reflected in the upper error bar extending to large entropies or being unbounded.
Further information about statistics is discussed in the Supplementary Materials [24]. Inset: slope of the early time dynamics,
extracted with a piecewise linear fit [24]. The dashed line is the mean of these measurements.

state value, about which there are small residual tempo-
ral fluctuations. The presence of residual fluctuations
are, in part, attributable to the finite-size of our system.
An exact numerical calculation of the dynamics with no
free parameters shows excellent agreement with our ex-
perimental measurements. Crucially, the data indicate
that while the subsystems acquire entropy in time (Fig-
ure 3,A-C), the full system entropy remains constant and
is small throughout the dynamics (Figure 3D). The high
purity of the full system allows us to conclude that the
dynamical increase in entropy in the subsystems origi-
nates in the propagation of entanglement between the
system’s constituents. The approximately linear rise at
early times (Figure 3 inset) is related to the spreading
of entanglement in the system within an e↵ective light
cone [2, 31, 32]. Furthermore, in analogy to the growth of
thermodynamic entropy in an equilibrating classical me-
chanical system, such as a gas in a closed container, we
observe the growth of local entropy in a closed quantum
mechanical system. In the quantum mechanical case,
however, the mechanism responsible for entropy is en-
tanglement, which is absent from a system modeled by
classical mechanics.

When a system thermalizes, we expect that the sat-
urated values of local observables should correspond to

the predictions of a statistical ensemble. By analogy, if
the entanglement entropy plays the role of thermal en-
tropy, then in a thermalized pure state we expect exten-
sive growth in the entanglement entropy with subsystem
volume. When the entanglement entropy in a quantum
state grows linearly with the size of the subsystem con-
sidered, it is known as a volume law. Ground-breaking
theoretical work using conformal field theory has shown
that indeed, at long times, a volume law is expected for
a quenched, infinite, continuous system, while only an
area law with a log correction is expected for the ground
state [2, 33, 34]. Characterizing the large amount of en-
tanglement associated with a volume law is particularly
challenging because it results in nearly every entry of the
density matrix having small, but importantly non-zero
magnitude.

Using the techniques outlined in this work, we show
measurements displaying a near volume law in the en-
tanglement entropy (Figure 4A). A linear growth with
volume in the entanglement entropy occurs when each
subsystem incoherently populates a number of states that
scales with the size of the subsystem Hilbert space. This
is because, for the Bose-Hubbard model, the Hilbert
space is approximately exponential in the lattice size,
which results in a linear growth in SA = �Log(Tr[⇢2A]).



In	cold	atom	experiments	we	can	realize	quenches	and	measure	the	entanglement	of	
subsystems.	[Kaufman	et	al.]	
•  The	state	of	the	total	system	is	pure.	
•  Sparsely	entangled	initial	state.	
•  Volume	law	saturation.	
•  Linear	growth	at	early	times.		
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FIG. 3. Dynamics of entanglement entropy. Starting from a low-entanglement ground state, a global quantum quench
leads to the development of large-scale entanglement between all subsystems. We quench a six-site system from the Mott
insulating product state (J/U ⌧ 1) with one atom per site to the weakly interacting regime of J/U = 0.64 (J/(2⇡) = 66 Hz)
and measure the dynamics of the entanglement entropy. As it equilibrates, the system acquires local entropy while the
full system entropy remains constant and at a value given by measurement imperfections. The dynamics agree with exact
numerical simulations with no free parameters (solid lines). Error bars are the standard error of the mean (S.E.M.). For
the largest entropies encountered in the three-site system, the large number of populated microstates leads to a significant
statistical uncertainty in the entropy, which is reflected in the upper error bar extending to large entropies or being unbounded.
Further information about statistics is discussed in the Supplementary Materials [24]. Inset: slope of the early time dynamics,
extracted with a piecewise linear fit [24]. The dashed line is the mean of these measurements.

state value, about which there are small residual tempo-
ral fluctuations. The presence of residual fluctuations
are, in part, attributable to the finite-size of our system.
An exact numerical calculation of the dynamics with no
free parameters shows excellent agreement with our ex-
perimental measurements. Crucially, the data indicate
that while the subsystems acquire entropy in time (Fig-
ure 3,A-C), the full system entropy remains constant and
is small throughout the dynamics (Figure 3D). The high
purity of the full system allows us to conclude that the
dynamical increase in entropy in the subsystems origi-
nates in the propagation of entanglement between the
system’s constituents. The approximately linear rise at
early times (Figure 3 inset) is related to the spreading
of entanglement in the system within an e↵ective light
cone [2, 31, 32]. Furthermore, in analogy to the growth of
thermodynamic entropy in an equilibrating classical me-
chanical system, such as a gas in a closed container, we
observe the growth of local entropy in a closed quantum
mechanical system. In the quantum mechanical case,
however, the mechanism responsible for entropy is en-
tanglement, which is absent from a system modeled by
classical mechanics.

When a system thermalizes, we expect that the sat-
urated values of local observables should correspond to

the predictions of a statistical ensemble. By analogy, if
the entanglement entropy plays the role of thermal en-
tropy, then in a thermalized pure state we expect exten-
sive growth in the entanglement entropy with subsystem
volume. When the entanglement entropy in a quantum
state grows linearly with the size of the subsystem con-
sidered, it is known as a volume law. Ground-breaking
theoretical work using conformal field theory has shown
that indeed, at long times, a volume law is expected for
a quenched, infinite, continuous system, while only an
area law with a log correction is expected for the ground
state [2, 33, 34]. Characterizing the large amount of en-
tanglement associated with a volume law is particularly
challenging because it results in nearly every entry of the
density matrix having small, but importantly non-zero
magnitude.

Using the techniques outlined in this work, we show
measurements displaying a near volume law in the en-
tanglement entropy (Figure 4A). A linear growth with
volume in the entanglement entropy occurs when each
subsystem incoherently populates a number of states that
scales with the size of the subsystem Hilbert space. This
is because, for the Bose-Hubbard model, the Hilbert
space is approximately exponential in the lattice size,
which results in a linear growth in SA = �Log(Tr[⇢2A]).



Universality	classes	of	entropy	dynamics	

I	propose	that	there	are	two	universality	classes	of	entropy	dynamics	at	
long	distances	and	late	times	(in	translationally	invariant	systems).	
•  2d	integrable	models,	RCFTs,	d>2	free	theories	are	described	by	the	

quasiparticle	model.	
•  The	holographic	results	can	be	reformulated	in	terms	of	a	

membrane	theory,	which	then	can	be	adopted	to	any	chaotic	
system.	Applies	to	holographic	theories,	random	circuits,	evidence	
for	chaotic	spin	chains.	[Jonay	et	al.,	MM2]	

•  Is	there	something	in	between?	
•  Analogous	to	the	dichotomy	between	generalized	hydrodynamics	

applicable	to	integrable	systems	(giving	ballistic	transport)	and	
hydrodynamics	(describing	diffusive	transport).	



•  Qualitative	picture	of	entanglement	
entropy	at	time	t	of	a	region	of	
characteristic	size	R,																			.		
[Cardy,	Calabrese;	Hartman,	
Maldacena;	Liu,	Suh]	

	
	
	
	

Entropy	in	the	hydrodynamic	limit	

One-point	functions	
reach	thermal	value	at	
	 tloc ⇠ �

Saturation	takes					
similarly	to	 	 	 		

ts ⇠ R
h�(R)�(0)i

R, t � tloc
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Entropy	in	the	hydrodynamic	limit	
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(R = 300, RMax = 1200, NR = 1200, LMax = 300)

Quasiparticle Model
Numerical Data

0.2 0.4 0.6 0.8 1.0 1.2 1.4
t / R

-0.2

0.0

0.2

0.4

0.6

0.8

1.0

S(t) / S(∞)

ttloc ⌧ R tS ⇠ R

SA(t)

SA = vE sthA⌃ t+ . . .

SA = sth vol(A) + . . .
<latexit sha1_base64="uAAL94kDqAXOqt5s8LDC+hz/pTc=">AAACDnicbZC7SgNBFIZn4y3G26qlzWAIRJSwGwRthAQby4jmAtmwzE4myZDZCzNng2HJE9j4KjYWitha2/k2TpItNPGHgY//nMOZ83uR4Aos69vIrKyurW9kN3Nb2zu7e+b+QUOFsaSsTkMRypZHFBM8YHXgIFgrkoz4nmBNb3g9rTdHTCoeBvcwjljHJ/2A9zgloC3XLNy51SvlOsAeIIHBxDnDcx6FYlKsnpw63RCUa+atkjUTXgY7hTxKVXPNLz1HY58FQAVRqm1bEXQSIoFTwSY5J1YsInRI+qytMSA+U51kds4EF7TTxb1Q6hcAnrm/JxLiKzX2Pd3pExioxdrU/K/WjqF32Ul4EMXAAjpf1IsFhhBPs8FdLhkFMdZAqOT6r5gOiCQUdII5HYK9ePIyNMolW/Pteb5STuPIoiN0jIrIRheogm5QDdURRY/oGb2iN+PJeDHejY95a8ZIZw7RHxmfP9h4m+k=</latexit><latexit sha1_base64="uAAL94kDqAXOqt5s8LDC+hz/pTc=">AAACDnicbZC7SgNBFIZn4y3G26qlzWAIRJSwGwRthAQby4jmAtmwzE4myZDZCzNng2HJE9j4KjYWitha2/k2TpItNPGHgY//nMOZ83uR4Aos69vIrKyurW9kN3Nb2zu7e+b+QUOFsaSsTkMRypZHFBM8YHXgIFgrkoz4nmBNb3g9rTdHTCoeBvcwjljHJ/2A9zgloC3XLNy51SvlOsAeIIHBxDnDcx6FYlKsnpw63RCUa+atkjUTXgY7hTxKVXPNLz1HY58FQAVRqm1bEXQSIoFTwSY5J1YsInRI+qytMSA+U51kds4EF7TTxb1Q6hcAnrm/JxLiKzX2Pd3pExioxdrU/K/WjqF32Ul4EMXAAjpf1IsFhhBPs8FdLhkFMdZAqOT6r5gOiCQUdII5HYK9ePIyNMolW/Pteb5STuPIoiN0jIrIRheogm5QDdURRY/oGb2iN+PJeDHejY95a8ZIZw7RHxmfP9h4m+k=</latexit><latexit sha1_base64="uAAL94kDqAXOqt5s8LDC+hz/pTc=">AAACDnicbZC7SgNBFIZn4y3G26qlzWAIRJSwGwRthAQby4jmAtmwzE4myZDZCzNng2HJE9j4KjYWitha2/k2TpItNPGHgY//nMOZ83uR4Aos69vIrKyurW9kN3Nb2zu7e+b+QUOFsaSsTkMRypZHFBM8YHXgIFgrkoz4nmBNb3g9rTdHTCoeBvcwjljHJ/2A9zgloC3XLNy51SvlOsAeIIHBxDnDcx6FYlKsnpw63RCUa+atkjUTXgY7hTxKVXPNLz1HY58FQAVRqm1bEXQSIoFTwSY5J1YsInRI+qytMSA+U51kds4EF7TTxb1Q6hcAnrm/JxLiKzX2Pd3pExioxdrU/K/WjqF32Ul4EMXAAjpf1IsFhhBPs8FdLhkFMdZAqOT6r5gOiCQUdII5HYK9ePIyNMolW/Pteb5STuPIoiN0jIrIRheogm5QDdURRY/oGb2iN+PJeDHejY95a8ZIZw7RHxmfP9h4m+k=</latexit><latexit sha1_base64="uAAL94kDqAXOqt5s8LDC+hz/pTc=">AAACDnicbZC7SgNBFIZn4y3G26qlzWAIRJSwGwRthAQby4jmAtmwzE4myZDZCzNng2HJE9j4KjYWitha2/k2TpItNPGHgY//nMOZ83uR4Aos69vIrKyurW9kN3Nb2zu7e+b+QUOFsaSsTkMRypZHFBM8YHXgIFgrkoz4nmBNb3g9rTdHTCoeBvcwjljHJ/2A9zgloC3XLNy51SvlOsAeIIHBxDnDcx6FYlKsnpw63RCUa+atkjUTXgY7hTxKVXPNLz1HY58FQAVRqm1bEXQSIoFTwSY5J1YsInRI+qytMSA+U51kds4EF7TTxb1Q6hcAnrm/JxLiKzX2Pd3pExioxdrU/K/WjqF32Ul4EMXAAjpf1IsFhhBPs8FdLhkFMdZAqOT6r5gOiCQUdII5HYK9ePIyNMolW/Pteb5STuPIoiN0jIrIRheogm5QDdURRY/oGb2iN+PJeDHejY95a8ZIZw7RHxmfP9h4m+k=</latexit>

•  Qualitative	picture	of	entanglement	
entropy	at	time	t	of	a	region	of	
characteristic	size	R,																			.		
[Cardy,	Calabrese;	Hartman,	
Maldacena;	Liu,	Suh]	

•  EE	in	free	scalar	theory	for	a	disk,	dots	
are	data	points,	line	is	quasiparticle	
theory	[Cotler,	Hertzberg,	MM,	
Mueller]	

•  EE	in	holographic	theories	for	a	disk,	
data	collapse,	solid	line	is	membrane	
theory,	deviation	is	controlled	by	1/R	
[MM1]	

	
	
	
	

R, t � tloc
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AdS/CFT	and	entanglement	entropy	
AdS/CFT	is	an	exact	equivalence	between	QG	theories	in	AdSd+1	spacetimes	and	CFTd’s.	
•  E.g.	 	 	Super	Yang-Mills	theory		 				Type	IIB	string	theory	on		

	
•  Strongly	coupled	CFT	(hard) 	 	 				Semiclassical	gravity	(easy)	

	
•  Entanglement	entropy	of 	 	 	 				Area	of	extremal	surface	ending	on						[Ryu,	

	 	 	 	 	 	 	 	 				Takayanagi;	Hubeny,	Rangamani,	Takayanagi]	
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•  Quench,	thermalization	 	 	 	 				Black	hole	formation	from	collapse	
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Can	reformulate	holographic	surface	extremization	in	d+1	dimensions	as	membrane	
minimization	in	d	dimensions	in	the	limit																						.	[MM2]			
•  Detailed	understanding	of	HRT	surfaces.	The	surface	has		

three	parts:	[MM1]		
1.  Outside	the	horizon	part	gives	(divergent)	area	law.	
2.  Behind	the	horizon	region.	
3.  Behind	the	shell	part	gives	entropy	in	the	vacuum.	

Membrane	theory	of	entanglement	dynamics	

R, t � tloc
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Can	reformulate	holographic	surface	extremization	in	d+1	dimensions	as	membrane	
minimization	in	d	dimensions	in	the	limit																						.	[MM2]			
•  Detailed	understanding	of	HRT	surfaces.	The	surface	has		

three	parts:	[MM1]		
1.  Outside	the	horizon	part	gives	(divergent)	area	law.	
2.   Behind	the	horizon	region.	
3.  Behind	the	shell	part	gives	entropy	in	the	vacuum.	

•  Only	the	2.	part	contributes	to	the	extensive	part	of	the	entropy.	
	
	

Membrane	theory	of	entanglement	dynamics	
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Can	reformulate	holographic	surface	extremization	in	d+1	dimensions	as	membrane	
minimization	in	d	dimensions	in	the	limit																						.	[MM2]			
•  Only	the	2.	part	contributes	to	the	extensive	part	of	the	entropy.	

	
	

•  Scaling	limit:	
Area	functional	independent	of	the	derivatives	of	z.	Solve	algebraic	EOM,	plug	back	
into	action	to	derive	membrane	theory.	
	

Membrane	theory	of	entanglement	dynamics	
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Can	reformulate	holographic	surface	extremization	in	d+1	dimensions	as	membrane	
minimization	in	d	dimensions	in	the	limit																						.	[MM2]			
•  Only	the	2.	part	contributes	to	the	extensive	part	of	the	entropy.	

	
	

•  Scaling	limit:	
Area	functional	independent	of	the	derivatives	of	z.	Solve	algebraic	EOM,	plug	back	
into	action	to	derive	membrane	theory.	
	

Membrane	theory	of	entanglement	dynamics	
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Can	reformulate	holographic	surface	extremization	in	d+1	dimensions	as	membrane	
minimization	in	d	dimensions	in	the	limit																						.	[MM2]			
•  Only	the	2.	part	contributes	to	the	extensive	part	of	the	entropy.	

	
	

•  Scaling	limit:	
Area	functional	independent	of	the	derivatives	of	z.	Solve	algebraic	EOM,	plug	back	
into	action	to	derive	membrane	theory.	
	

Membrane	theory	of	entanglement	dynamics	
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<latexit sha1_base64="hVnnfVXanpiN2l4aaYeiCNDK2YY="></latexit>

xµ ! Rxµ , z ! z
<latexit sha1_base64="XGYLeTgx2lIII9WChUbp2UBTEno=">AAACD3icbVA7T8MwGHR4lvIKMLJYVCCGqkoKEoyVWBgLog+pCZXjOK1V54EfiDbqP2Dhr7AwgBArKxv/BjfNAC0nWTrffZ/sOy9hVEjL+jYWFpeWV1YLa8X1jc2tbXNntylixTFp4JjFvO0hQRiNSENSyUg74QSFHiMtb3Ax8Vv3hAsaRzdymBA3RL2IBhQjqaWuefRw64QKOjKG19Apw/xaLkPnTiEfjjJr1DVLVsXKAOeJnZMSyFHvml+OH2MVkkhihoTo2FYi3RRxSTEj46KjBEkQHqAe6WgaoZAIN83yjOGhVnwYxFyfSMJM/b2RolCIYejpyRDJvpj1JuJ/XkfJ4NxNaZQoSSI8fShQDOqIk3KgTznBkg01QZhT/VeI+4gjLHWFRV2CPRt5njSrFfukUr06LdWqeR0FsA8OwDGwwRmogUtQBw2AwSN4Bq/gzXgyXox342M6umDkO3vgD4zPH5CDmmo=</latexit>
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Vaidya	quench	

t

Horizon					boundary	

Shell	

A

⇠<latexit sha1_base64="WZgFE+41YtnhtwqayZ0KdePNfOA=">AAAB63icbZBNSwMxEIZn/az1q+rRS7AInspuEfRY8OKxgv2AdinZdLYNTbJLkhVK6V/w4kERr/4hb/4bs+0etPWFwMM7M2TmjVLBjfX9b29jc2t7Z7e0V94/ODw6rpyctk2SaYYtlohEdyNqUHCFLcutwG6qkcpIYCea3OX1zhNqwxP1aKcphpKOFI85oza3+obLQaXq1/yFyDoEBVShUHNQ+eoPE5ZJVJYJakwv8FMbzqi2nAmcl/uZwZSyCR1hz6GiEk04W+w6J5fOGZI40e4pSxbu74kZlcZMZeQ6JbVjs1rLzf9qvczGt+GMqzSzqNjyozgTxCYkP5wMuUZmxdQBZZq7XQkbU02ZdfGUXQjB6snr0K7XAscP19VGvYijBOdwAVcQwA004B6a0AIGY3iGV3jzpPfivXsfy9YNr5g5gz/yPn8AGuGONw==</latexit><latexit sha1_base64="WZgFE+41YtnhtwqayZ0KdePNfOA=">AAAB63icbZBNSwMxEIZn/az1q+rRS7AInspuEfRY8OKxgv2AdinZdLYNTbJLkhVK6V/w4kERr/4hb/4bs+0etPWFwMM7M2TmjVLBjfX9b29jc2t7Z7e0V94/ODw6rpyctk2SaYYtlohEdyNqUHCFLcutwG6qkcpIYCea3OX1zhNqwxP1aKcphpKOFI85oza3+obLQaXq1/yFyDoEBVShUHNQ+eoPE5ZJVJYJakwv8FMbzqi2nAmcl/uZwZSyCR1hz6GiEk04W+w6J5fOGZI40e4pSxbu74kZlcZMZeQ6JbVjs1rLzf9qvczGt+GMqzSzqNjyozgTxCYkP5wMuUZmxdQBZZq7XQkbU02ZdfGUXQjB6snr0K7XAscP19VGvYijBOdwAVcQwA004B6a0AIGY3iGV3jzpPfivXsfy9YNr5g5gz/yPn8AGuGONw==</latexit><latexit sha1_base64="WZgFE+41YtnhtwqayZ0KdePNfOA=">AAAB63icbZBNSwMxEIZn/az1q+rRS7AInspuEfRY8OKxgv2AdinZdLYNTbJLkhVK6V/w4kERr/4hb/4bs+0etPWFwMM7M2TmjVLBjfX9b29jc2t7Z7e0V94/ODw6rpyctk2SaYYtlohEdyNqUHCFLcutwG6qkcpIYCea3OX1zhNqwxP1aKcphpKOFI85oza3+obLQaXq1/yFyDoEBVShUHNQ+eoPE5ZJVJYJakwv8FMbzqi2nAmcl/uZwZSyCR1hz6GiEk04W+w6J5fOGZI40e4pSxbu74kZlcZMZeQ6JbVjs1rLzf9qvczGt+GMqzSzqNjyozgTxCYkP5wMuUZmxdQBZZq7XQkbU02ZdfGUXQjB6snr0K7XAscP19VGvYijBOdwAVcQwA004B6a0AIGY3iGV3jzpPfivXsfy9YNr5g5gz/yPn8AGuGONw==</latexit><latexit sha1_base64="WZgFE+41YtnhtwqayZ0KdePNfOA=">AAAB63icbZBNSwMxEIZn/az1q+rRS7AInspuEfRY8OKxgv2AdinZdLYNTbJLkhVK6V/w4kERr/4hb/4bs+0etPWFwMM7M2TmjVLBjfX9b29jc2t7Z7e0V94/ODw6rpyctk2SaYYtlohEdyNqUHCFLcutwG6qkcpIYCea3OX1zhNqwxP1aKcphpKOFI85oza3+obLQaXq1/yFyDoEBVShUHNQ+eoPE5ZJVJYJakwv8FMbzqi2nAmcl/uZwZSyCR1hz6GiEk04W+w6J5fOGZI40e4pSxbu74kZlcZMZeQ6JbVjs1rLzf9qvczGt+GMqzSzqNjyozgTxCYkP5wMuUZmxdQBZZq7XQkbU02ZdfGUXQjB6snr0K7XAscP19VGvYijBOdwAVcQwA004B6a0AIGY3iGV3jzpPfivXsfy9YNr5g5gz/yPn8AGuGONw==</latexit>



Can	reformulate	holographic	surface	extremization	in	d+1	dimensions	as	membrane	
minimization	in	d	dimensions	in	the	limit																						.	[MM2]			
•  Membrane	theory:	

	
	
	
Membrane	is	projection	of	HRT	to	boundary	along		
constant	infalling	time.	It	is	independent	of	quench	details.	

Membrane	theory	of	entanglement	dynamics	

R, t � tloc
<latexit sha1_base64="DozjK4a63HhBCE9j0QaQCHUWsuU=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuJCSFEGXBTcuq9gLNCFMppN06OTCzIkYQn0VNy4UceuDuPNtnLZZaOsPAx//OYdz5vdTwRVY1rdRWVvf2Nyqbtd2dvf2D8zDo55KMklZlyYikQOfKCZ4zLrAQbBBKhmJfMH6/uR6Vu8/MKl4Et9DnjI3ImHMA04JaMsz63fn4IQhBs8B9giFSOjUMxtW05oLr4JdQgOV6njmlzNKaBaxGKggSg1tKwW3IBI4FWxaczLFUkInJGRDjTGJmHKL+fFTfKqdEQ4SqV8MeO7+nihIpFQe+bozIjBWy7WZ+V9tmEFw5RY8TjNgMV0sCjKBIcGzJPCIS0ZB5BoIlVzfiumYSEJB51XTIdjLX16FXqtpa769aLRbZRxVdIxO0Bmy0SVqoxvUQV1EUY6e0St6M56MF+Pd+Fi0Voxypo7+yPj8AbHnlL8=</latexit><latexit sha1_base64="DozjK4a63HhBCE9j0QaQCHUWsuU=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuJCSFEGXBTcuq9gLNCFMppN06OTCzIkYQn0VNy4UceuDuPNtnLZZaOsPAx//OYdz5vdTwRVY1rdRWVvf2Nyqbtd2dvf2D8zDo55KMklZlyYikQOfKCZ4zLrAQbBBKhmJfMH6/uR6Vu8/MKl4Et9DnjI3ImHMA04JaMsz63fn4IQhBs8B9giFSOjUMxtW05oLr4JdQgOV6njmlzNKaBaxGKggSg1tKwW3IBI4FWxaczLFUkInJGRDjTGJmHKL+fFTfKqdEQ4SqV8MeO7+nihIpFQe+bozIjBWy7WZ+V9tmEFw5RY8TjNgMV0sCjKBIcGzJPCIS0ZB5BoIlVzfiumYSEJB51XTIdjLX16FXqtpa769aLRbZRxVdIxO0Bmy0SVqoxvUQV1EUY6e0St6M56MF+Pd+Fi0Voxypo7+yPj8AbHnlL8=</latexit><latexit sha1_base64="DozjK4a63HhBCE9j0QaQCHUWsuU=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuJCSFEGXBTcuq9gLNCFMppN06OTCzIkYQn0VNy4UceuDuPNtnLZZaOsPAx//OYdz5vdTwRVY1rdRWVvf2Nyqbtd2dvf2D8zDo55KMklZlyYikQOfKCZ4zLrAQbBBKhmJfMH6/uR6Vu8/MKl4Et9DnjI3ImHMA04JaMsz63fn4IQhBs8B9giFSOjUMxtW05oLr4JdQgOV6njmlzNKaBaxGKggSg1tKwW3IBI4FWxaczLFUkInJGRDjTGJmHKL+fFTfKqdEQ4SqV8MeO7+nihIpFQe+bozIjBWy7WZ+V9tmEFw5RY8TjNgMV0sCjKBIcGzJPCIS0ZB5BoIlVzfiumYSEJB51XTIdjLX16FXqtpa769aLRbZRxVdIxO0Bmy0SVqoxvUQV1EUY6e0St6M56MF+Pd+Fi0Voxypo7+yPj8AbHnlL8=</latexit><latexit sha1_base64="DozjK4a63HhBCE9j0QaQCHUWsuU=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuJCSFEGXBTcuq9gLNCFMppN06OTCzIkYQn0VNy4UceuDuPNtnLZZaOsPAx//OYdz5vdTwRVY1rdRWVvf2Nyqbtd2dvf2D8zDo55KMklZlyYikQOfKCZ4zLrAQbBBKhmJfMH6/uR6Vu8/MKl4Et9DnjI3ImHMA04JaMsz63fn4IQhBs8B9giFSOjUMxtW05oLr4JdQgOV6njmlzNKaBaxGKggSg1tKwW3IBI4FWxaczLFUkInJGRDjTGJmHKL+fFTfKqdEQ4SqV8MeO7+nihIpFQe+bozIjBWy7WZ+V9tmEFw5RY8TjNgMV0sCjKBIcGzJPCIS0ZB5BoIlVzfiumYSEJB51XTIdjLX16FXqtpa769aLRbZRxVdIxO0Bmy0SVqoxvUQV1EUY6e0St6M56MF+Pd+Fi0Voxypo7+yPj8AbHnlL8=</latexit>
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Horizon					boundary	

Shell	

A

⇠<latexit sha1_base64="WZgFE+41YtnhtwqayZ0KdePNfOA=">AAAB63icbZBNSwMxEIZn/az1q+rRS7AInspuEfRY8OKxgv2AdinZdLYNTbJLkhVK6V/w4kERr/4hb/4bs+0etPWFwMM7M2TmjVLBjfX9b29jc2t7Z7e0V94/ODw6rpyctk2SaYYtlohEdyNqUHCFLcutwG6qkcpIYCea3OX1zhNqwxP1aKcphpKOFI85oza3+obLQaXq1/yFyDoEBVShUHNQ+eoPE5ZJVJYJakwv8FMbzqi2nAmcl/uZwZSyCR1hz6GiEk04W+w6J5fOGZI40e4pSxbu74kZlcZMZeQ6JbVjs1rLzf9qvczGt+GMqzSzqNjyozgTxCYkP5wMuUZmxdQBZZq7XQkbU02ZdfGUXQjB6snr0K7XAscP19VGvYijBOdwAVcQwA004B6a0AIGY3iGV3jzpPfivXsfy9YNr5g5gz/yPn8AGuGONw==</latexit><latexit sha1_base64="WZgFE+41YtnhtwqayZ0KdePNfOA=">AAAB63icbZBNSwMxEIZn/az1q+rRS7AInspuEfRY8OKxgv2AdinZdLYNTbJLkhVK6V/w4kERr/4hb/4bs+0etPWFwMM7M2TmjVLBjfX9b29jc2t7Z7e0V94/ODw6rpyctk2SaYYtlohEdyNqUHCFLcutwG6qkcpIYCea3OX1zhNqwxP1aKcphpKOFI85oza3+obLQaXq1/yFyDoEBVShUHNQ+eoPE5ZJVJYJakwv8FMbzqi2nAmcl/uZwZSyCR1hz6GiEk04W+w6J5fOGZI40e4pSxbu74kZlcZMZeQ6JbVjs1rLzf9qvczGt+GMqzSzqNjyozgTxCYkP5wMuUZmxdQBZZq7XQkbU02ZdfGUXQjB6snr0K7XAscP19VGvYijBOdwAVcQwA004B6a0AIGY3iGV3jzpPfivXsfy9YNr5g5gz/yPn8AGuGONw==</latexit><latexit sha1_base64="WZgFE+41YtnhtwqayZ0KdePNfOA=">AAAB63icbZBNSwMxEIZn/az1q+rRS7AInspuEfRY8OKxgv2AdinZdLYNTbJLkhVK6V/w4kERr/4hb/4bs+0etPWFwMM7M2TmjVLBjfX9b29jc2t7Z7e0V94/ODw6rpyctk2SaYYtlohEdyNqUHCFLcutwG6qkcpIYCea3OX1zhNqwxP1aKcphpKOFI85oza3+obLQaXq1/yFyDoEBVShUHNQ+eoPE5ZJVJYJakwv8FMbzqi2nAmcl/uZwZSyCR1hz6GiEk04W+w6J5fOGZI40e4pSxbu74kZlcZMZeQ6JbVjs1rLzf9qvczGt+GMqzSzqNjyozgTxCYkP5wMuUZmxdQBZZq7XQkbU02ZdfGUXQjB6snr0K7XAscP19VGvYijBOdwAVcQwA004B6a0AIGY3iGV3jzpPfivXsfy9YNr5g5gz/yPn8AGuGONw==</latexit><latexit sha1_base64="WZgFE+41YtnhtwqayZ0KdePNfOA=">AAAB63icbZBNSwMxEIZn/az1q+rRS7AInspuEfRY8OKxgv2AdinZdLYNTbJLkhVK6V/w4kERr/4hb/4bs+0etPWFwMM7M2TmjVLBjfX9b29jc2t7Z7e0V94/ODw6rpyctk2SaYYtlohEdyNqUHCFLcutwG6qkcpIYCea3OX1zhNqwxP1aKcphpKOFI85oza3+obLQaXq1/yFyDoEBVShUHNQ+eoPE5ZJVJYJakwv8FMbzqi2nAmcl/uZwZSyCR1hz6GiEk04W+w6J5fOGZI40e4pSxbu74kZlcZMZeQ6JbVjs1rLzf9qvczGt+GMqzSzqNjyozgTxCYkP5wMuUZmxdQBZZq7XQkbU02ZdfGUXQjB6snr0K7XAscP19VGvYijBOdwAVcQwA004B6a0AIGY3iGV3jzpPfivXsfy9YNr5g5gz/yPn8AGuGONw==</latexit>

v =
(n · t̂)q

1 + (n · t̂)2
<latexit sha1_base64="SyORD8HnpmOpoUX5hsaqS41gW8Q="></latexit><latexit sha1_base64="SyORD8HnpmOpoUX5hsaqS41gW8Q="></latexit><latexit sha1_base64="SyORD8HnpmOpoUX5hsaqS41gW8Q="></latexit><latexit sha1_base64="SyORD8HnpmOpoUX5hsaqS41gW8Q="></latexit>



Can	reformulate	holographic	surface	extremization	in	d+1	dimensions	as	membrane	
minimization	in	d	dimensions	in	the	limit																						.	[MM2]			
•  Membrane	theory:	

	
	
	
Membrane	is	projection	of	HRT	to	boundary	along		
constant	infalling	time.	It	is	independent	of	quench	details.	

•  Using	the	NEC,	can	prove	the	following	properties	of 						.	
									can	be	thought	of	as	a	transport	coefficient.	
	

Membrane	theory	of	entanglement	dynamics	

R, t � tloc
<latexit sha1_base64="DozjK4a63HhBCE9j0QaQCHUWsuU=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuJCSFEGXBTcuq9gLNCFMppN06OTCzIkYQn0VNy4UceuDuPNtnLZZaOsPAx//OYdz5vdTwRVY1rdRWVvf2Nyqbtd2dvf2D8zDo55KMklZlyYikQOfKCZ4zLrAQbBBKhmJfMH6/uR6Vu8/MKl4Et9DnjI3ImHMA04JaMsz63fn4IQhBs8B9giFSOjUMxtW05oLr4JdQgOV6njmlzNKaBaxGKggSg1tKwW3IBI4FWxaczLFUkInJGRDjTGJmHKL+fFTfKqdEQ4SqV8MeO7+nihIpFQe+bozIjBWy7WZ+V9tmEFw5RY8TjNgMV0sCjKBIcGzJPCIS0ZB5BoIlVzfiumYSEJB51XTIdjLX16FXqtpa769aLRbZRxVdIxO0Bmy0SVqoxvUQV1EUY6e0St6M56MF+Pd+Fi0Voxypo7+yPj8AbHnlL8=</latexit><latexit sha1_base64="DozjK4a63HhBCE9j0QaQCHUWsuU=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuJCSFEGXBTcuq9gLNCFMppN06OTCzIkYQn0VNy4UceuDuPNtnLZZaOsPAx//OYdz5vdTwRVY1rdRWVvf2Nyqbtd2dvf2D8zDo55KMklZlyYikQOfKCZ4zLrAQbBBKhmJfMH6/uR6Vu8/MKl4Et9DnjI3ImHMA04JaMsz63fn4IQhBs8B9giFSOjUMxtW05oLr4JdQgOV6njmlzNKaBaxGKggSg1tKwW3IBI4FWxaczLFUkInJGRDjTGJmHKL+fFTfKqdEQ4SqV8MeO7+nihIpFQe+bozIjBWy7WZ+V9tmEFw5RY8TjNgMV0sCjKBIcGzJPCIS0ZB5BoIlVzfiumYSEJB51XTIdjLX16FXqtpa769aLRbZRxVdIxO0Bmy0SVqoxvUQV1EUY6e0St6M56MF+Pd+Fi0Voxypo7+yPj8AbHnlL8=</latexit><latexit sha1_base64="DozjK4a63HhBCE9j0QaQCHUWsuU=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuJCSFEGXBTcuq9gLNCFMppN06OTCzIkYQn0VNy4UceuDuPNtnLZZaOsPAx//OYdz5vdTwRVY1rdRWVvf2Nyqbtd2dvf2D8zDo55KMklZlyYikQOfKCZ4zLrAQbBBKhmJfMH6/uR6Vu8/MKl4Et9DnjI3ImHMA04JaMsz63fn4IQhBs8B9giFSOjUMxtW05oLr4JdQgOV6njmlzNKaBaxGKggSg1tKwW3IBI4FWxaczLFUkInJGRDjTGJmHKL+fFTfKqdEQ4SqV8MeO7+nihIpFQe+bozIjBWy7WZ+V9tmEFw5RY8TjNgMV0sCjKBIcGzJPCIS0ZB5BoIlVzfiumYSEJB51XTIdjLX16FXqtpa769aLRbZRxVdIxO0Bmy0SVqoxvUQV1EUY6e0St6M56MF+Pd+Fi0Voxypo7+yPj8AbHnlL8=</latexit><latexit sha1_base64="DozjK4a63HhBCE9j0QaQCHUWsuU=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuJCSFEGXBTcuq9gLNCFMppN06OTCzIkYQn0VNy4UceuDuPNtnLZZaOsPAx//OYdz5vdTwRVY1rdRWVvf2Nyqbtd2dvf2D8zDo55KMklZlyYikQOfKCZ4zLrAQbBBKhmJfMH6/uR6Vu8/MKl4Et9DnjI3ImHMA04JaMsz63fn4IQhBs8B9giFSOjUMxtW05oLr4JdQgOV6njmlzNKaBaxGKggSg1tKwW3IBI4FWxaczLFUkInJGRDjTGJmHKL+fFTfKqdEQ4SqV8MeO7+nihIpFQe+bozIjBWy7WZ+V9tmEFw5RY8TjNgMV0sCjKBIcGzJPCIS0ZB5BoIlVzfiumYSEJB51XTIdjLX16FXqtpa769aLRbZRxVdIxO0Bmy0SVqoxvUQV1EUY6e0St6M56MF+Pd+Fi0Voxypo7+yPj8AbHnlL8=</latexit>
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Can	reformulate	holographic	surface	extremization	in	d+1	dimensions	as	membrane	
minimization	in	d	dimensions	in	the	limit																						.	[MM2]			
•  Membrane	theory:	

	
	
	
Membrane	is	projection	of	HRT	to	boundary	along		
constant	infalling	time.	It	is	independent	of	quench	details.	

•  Using	the	NEC,	can	prove	the	following	properties	of 						.	
									can	be	thought	of	as	a	transport	coefficient.	
	
	
	

Membrane	theory	of	entanglement	dynamics	
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The	same	description	of	entanglement	dynamics	arises	in	CMT.	
•  Random	quantum	circuit	model	for	the	evolving	wave	function.	
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The	same	description	of	entanglement	dynamics	arises	in	CMT.	
•  Random	quantum	circuit	model	for	the	evolving	wave	function.	

	
	
	
	

•  Minimal	cut	computes	the	entropy.	[Nahum,	Ruhman,	Vijay,	Haah]	
	
	
	
	
	
	
		
	
Minimal	membrane	phenomenology	of	entropy	dynamics.	[Jonay,	Huse,	Nahum]		
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The	same	description	of	entanglement	dynamics	arises	in	CMT.	
•  Random	quantum	circuit	model	for	the	evolving	wave	function.	

	
	
	
	

•  Minimal	cut	computes	the	entropy.	[Nahum,	Ruhman,	Vijay,	Haah]	
	
	
	
	
	
	
		
	
Minimal	membrane	phenomenology	of	entropy	dynamics.	[Jonay,	Huse,	Nahum]		

•  Evidence	in	chaotic	spin	chains.	
•  Remarkable	unification	of	CMT	and	HEP	approaches:	Membrane	description	of	EE	

growth	in	quenches.	
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EE	growth	for	spherical	regions	in	the	hydrodynamic	limit	is	analytically	solvable.	[MM1;	MM2]	
•  Representative	membrane	shapes.	
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EE	growth	for	spherical	regions	in	the	hydrodynamic	limit	is	analytically	solvable.	[MM1;	MM2]	
•  Representative	membrane	shapes.	

	
	
	
	
•  Comparing	numerical	results	for	finite						and	membrane	theory	predictions:	
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The	membrane	theory	is	robust,	can	be	generalized	away	from	quenches.	[MM,	Virrueta]		
•  Fluid/gravity	black	brane	dual	to	an	inhomogenous	state	in	local	thermal	equilibrium.	

To	subleading	order,	we	get	the	membrane	coupled	to	hydrodynamics:	
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The	membrane	theory	is	robust,	can	be	generalized	away	from	quenches.	[MM,	Virrueta]		
•  Fluid/gravity	black	brane	dual	to	an	inhomogenous	state	in	local	thermal	equilibrium.	

To	subleading	order,	we	get	the	membrane	coupled	to	hydrodynamics:	

	
	
	
	
•  Adaptable	to	other	setups,	can	incorporate											and										corrections	without	change	

in	the	structure	of	the	membrane	theory.	 			corrections	would	be	most	interesting.	
•  New	language	opens	a	rich	arena	of	applications	in	holographic	EE.	

Ø  Informs	tensor	network	approaches	to	bulk	reconstruction.	[Swingle,	Harlow	et	al.]	
Ø  “Entropy	cone”	inequalities	generalized	to	time	dependent	settings.	[Hayden,	

Headrick,	Maloney;	Bao	et	al.;	Bao,	MM]	
Ø  Bit	threads	reformulation.	[Freedman,	Headrick;	Agon,	MM]	
Ø  Numerical	explorations,	black	holes	(often)	saturate	entanglement	entropy	the	

fastest.	[MM,	van	der	Schee]	
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The	membrane	theory	is	robust,	can	be	generalized	away	from	quenches.	[MM,	Virrueta]		
•  Fluid/gravity	black	brane	dual	to	an	inhomogenous	state	in	local	thermal	equilibrium.	

To	subleading	order,	we	get	the	membrane	coupled	to	hydrodynamics:	

	
	
	
	
•  Adaptable	to	other	setups,	can	incorporate											and										corrections	without	change	

in	the	structure	of	the	membrane	theory.	 			corrections	would	be	most	interesting.	
•  New	language	opens	a	rich	arena	of	applications	in	holographic	EE.	

Ø  Informs	tensor	network	approaches	to	bulk	reconstruction.	[Swingle,	Harlow	et	al.]	
Ø  “Entropy	cone”	inequalities	generalized	to	time	dependent	settings.	[Hayden,	

Headrick,	Maloney;	Bao	et	al.;	Bao,	MM]	
Ø  Bit	threads	reformulation.	[Freedman,	Headrick;	Agon,	MM]	
Ø  Numerical	explorations,	black	holes	(often)	saturate	entanglement	entropy	the	

fastest.	[MM,	van	der	Schee]	
•  Membrane	theory	is	versatile,	has	connections	to	operator	growth	and	

hydrodynamics,	and	has	all	the	features	to	be	a	universal	theory.		

Extensions	
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Features	of	the	thermalization:	
•  Conserved	densities	described	by	hydro.	
•  State	of	the	entire	system	cannot	become	thermal.	

Small	subsystem	thermalize	by	becoming	entangled	
with	the	rest	of	the	system.	
	
Captures	the	essence	of	thermalization.	
	

Goal:	Find	effective	theory	(akin	to	hydro)	of	
entanglement	dynamics.	
•  Insight	into	thermalization	in	isolated	chaotic	

quantum	systems.	
•  Alternative	history	method:	Discovered	membrane	

theory	by	studying	AdS	black	holes,	has	structure	
applicable	to	all	chaotic	theories.	

•  In	the	future	conduct	further	tests,	give	general	
derivation.	Elucidate	connections	to	other	
manifestations	of	chaotic	dynamics.		

	

Summary	

t
AA

⌃ ⌃

t

SA(t) ! S(eq)
A (�) = sth(�) vol(A)
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Transport	
• 	Hydro	as	an	EFT	
• 	Holography	for	real	time	dynamics	

Thermalization	
• 	Entanglement	entropy	as	a	probe	
• 	Membrane	theory	is	the	EFT	

Outline	

Butterfly	effect	
• 	Butterfly	effect,	operator	growth	and	OTOC		
• 	Refinement	of	the	chaos	bound	
• 	Towards	an	EFT	

Summary	and	open	questions	



Butterfly	effect	in	many-body	systems:	[Larkin,	Ovchinnikov;	Shenker,	Stanford;	Kitaev]	
•  In	classical	physics	butterfly	effect	is	sensitivity	to	initial	data:	

	
	

•  Quantum	many-body	context:	simple	operators	(few-body)	evolve	into	complex	ones	
(many-body),	one	particle	can	have	effect	later	in	entire	system.	

Butterfly	effect,	operator	growth	and	OTOC	

�q(t) = �q0 e
�L t
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(many-body),	one	particle	can	have	effect	later	in	entire	system.	

•  	Chaotic	spin	chain:	
	
	

•  	Time	evolution	of	operators:	
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Butterfly	effect	in	many-body	systems:	[Larkin,	Ovchinnikov;	Shenker,	Stanford;	Kitaev]	
•  In	classical	physics	butterfly	effect	is	sensitivity	to	initial	data:	

	
	

•  Quantum	many-body	context:	simple	operators	(few-body)	evolve	into	complex	ones	
(many-body),	one	particle	can	have	effect	later	in	entire	system.	
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<latexit sha1_base64="Rohyty/MJJr7iLTOVkYE5lBZEis=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBA8hZkoJrkFvHhMwDwgWcLsZDYZM/tgZjYQlnyBFw+KePWTvPk3ziYRVLSgoajqprvLi6XQBuMPZ219Y3NrO7eT393bPzgsHB23dZQoxlsskpHqelRzKULeMsJI3o0Vp4Eneceb3GR+Z8qVFlF4Z2YxdwM6CoUvGDVWak4HhSIuYYwJISgjpHKNLanVqmVSRSSzLIqwQmNQeO8PI5YEPDRMUq17BMfGTakygkk+z/cTzWPKJnTEe5aGNODaTReHztG5VYbIj5St0KCF+n0ipYHWs8CznQE1Y/3by8S/vF5i/KqbijBODA/ZcpGfSGQilH2NhkJxZuTMEsqUsLciNqaKMmOzydsQvj5F/5N2uUQuS+XmVbFeXsWRg1M4gwsgUIE63EIDWsCAwwM8wbNz7zw6L87rsnXNWc2cwA84b58stI0k</latexit>



Effective	size	of	an	operator	in	a	thermal	state:	
•  In	all	examples	we	have:	

	
	
	
where											is	the	leading	Regge	trajectory	(pomeron).	
	

•  For 	 	 			,	evaluate	using	saddle	point:	
	
	
	
	
	
	

Chaotic	operator	growth	

C(t, x) ⇡ #

N2

Z
d⌫

exp [(j(⌫)� 1) t� (i⌫ + d/2� 1)x]

sin
⇣

⇡j(⌫)
2

⌘

<latexit sha1_base64="Wbs75fnkdupruJppdN/mkjZPHCQ="></latexit>

� ⌧ t ⌧ tscr
<latexit sha1_base64="wqKDxpbprYMqISljLpWayzlJZig=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDAbBKuxGQcuAjWUE84DsssxObpIhsw9m7ophSWPjr9hYKGLrP9j5N04ehSYemOFwzr3MnBOmUmh0nG+rsLK6tr5R3Cxtbe/s7tn7B02dZIpDgycyUe2QaZAihgYKlNBOFbAolNAKh9cTv3UPSoskvsNRCn7E+rHoCc7QSIF9TL0QkFFPSorTK/AQHjDXXI0Du+xUnCnoMnHnpEzmqAf2l9dNeBZBjFwyrTuuk6KfM4WCSxiXvExDyviQ9aFjaMwi0H4+TTGmp0bp0l6izImRTtXfGzmLtB5FoZmMGA70ojcR//M6Gfau/FzEaYYQ89lDvcxETeikEtoVCjjKkSGMK2H+SvmAKcbRFFcyJbiLkZdJs1pxzyvV24tyrTqvo0iOyAk5Iy65JDVyQ+qkQTh5JM/klbxZT9aL9W59zEYL1nznkPyB9fkDB76YPw==</latexit>

Rindler chaos in CFT
f ∼ ∫ dνg (ν)e[ j(ν)−1−(iν+ d/2−1)v]T

g (ν) ⊃ 1
sin πj(ν)

2

Pole at j = 2 or ν = − i
d
2

(place of the stress tensor)

j(⌫)
<latexit sha1_base64="0BU5SxO1ghb2GtlzG6GrU/Ib1RY=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0mqoMeCF48V7Ae0oWy2m3btZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1gJOE+xEdKhEKRtFKbfJY6an0ol8qu1V3DrJKvJyUIUejX/rqDWKWRlwhk9SYrucm6GdUo2CST4u91PCEsjEd8q6likbc+Nn83Ck5t8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzH4nA6E5QzmxhDIt7K2EjaimDG1CRRuCt/zyKmnVqt5ltXZ/Va7X8jgKcApnUAEPrqEOd9CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+APn8wc/yI7O</latexit>



Effective	size	of	an	operator	in	a	thermal	state:	
•  In	all	examples	we	have:	

	
	
	
where											is	the	leading	Regge	trajectory	(pomeron).	
	

•  For 	 	 			,	evaluate	using	saddle	point:	
	
	
	
	
	
	

•  For														,											is	the	Legendre	transform	of										.	
For																stress	tensor	dominates,	and	chaos	is	maximal.	
	

•  How	do	we	write	a	pomeron	EFT?	
How	is	it	related	to	the	Schwarzian	EFT	of	the	SYK	model?	
[Kitaev,	Suh]	
What	happens	around 	 	?	[von	Keyserlingk	et	al.;	
Xu,	Swingle]	

Chaotic	operator	growth	

v* v

λ(v)

vB
<latexit sha1_base64="OjjWmxKmM3UYEHC68kK6MwQqbPg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLupFBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWju5nfGnNtRKyecJJwP6IDJULBKFrpcdy77ZXKbsWdg6wSLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjk02I3NTyhbEQHvGOpohE3fjY/dUrOrdInYaxtKSRz9fdERiNjJlFgOyOKQ7PszcT/vE6K4Y2fCZWkyBVbLApTSTAms79JX2jOUE4soUwLeythQ6opQ5tO0YbgLb+8SprVindZqT5clWvVPI4CnMIZXIAH11CDe6hDAxgM4Ble4c2Rzovz7nwsWtecfOYE/sD5/AEe5o2j</latexit>

C(t, x) ⇡ #

N2

Z
d⌫

exp [(j(⌫)� 1) t� (i⌫ + d/2� 1)x]

sin
⇣

⇡j(⌫)
2

⌘

<latexit sha1_base64="Wbs75fnkdupruJppdN/mkjZPHCQ="></latexit>

� ⌧ t ⌧ tscr
<latexit sha1_base64="wqKDxpbprYMqISljLpWayzlJZig=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDAbBKuxGQcuAjWUE84DsssxObpIhsw9m7ophSWPjr9hYKGLrP9j5N04ehSYemOFwzr3MnBOmUmh0nG+rsLK6tr5R3Cxtbe/s7tn7B02dZIpDgycyUe2QaZAihgYKlNBOFbAolNAKh9cTv3UPSoskvsNRCn7E+rHoCc7QSIF9TL0QkFFPSorTK/AQHjDXXI0Du+xUnCnoMnHnpEzmqAf2l9dNeBZBjFwyrTuuk6KfM4WCSxiXvExDyviQ9aFjaMwi0H4+TTGmp0bp0l6izImRTtXfGzmLtB5FoZmMGA70ojcR//M6Gfau/FzEaYYQ89lDvcxETeikEtoVCjjKkSGMK2H+SvmAKcbRFFcyJbiLkZdJs1pxzyvV24tyrTqvo0iOyAk5Iy65JDVyQ+qkQTh5JM/klbxZT9aL9W59zEYL1nznkPyB9fkDB76YPw==</latexit>

Rindler chaos in CFT
f ∼ ∫ dνg (ν)e[ j(ν)−1−(iν+ d/2−1)v]T

g (ν) ⊃ 1
sin πj(ν)

2

Pole at j = 2 or ν = − i
d
2

(place of the stress tensor)

j(⌫)
<latexit sha1_base64="0BU5SxO1ghb2GtlzG6GrU/Ib1RY=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0mqoMeCF48V7Ae0oWy2m3btZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1gJOE+xEdKhEKRtFKbfJY6an0ol8qu1V3DrJKvJyUIUejX/rqDWKWRlwhk9SYrucm6GdUo2CST4u91PCEsjEd8q6likbc+Nn83Ck5t8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzH4nA6E5QzmxhDIt7K2EjaimDG1CRRuCt/zyKmnVqt5ltXZ/Va7X8jgKcApnUAEPrqEOd9CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+APn8wc/yI7O</latexit>

v < v⇤
<latexit sha1_base64="V24TLWEQ16FpI6zw8i4E3VgCNmg=">AAAB7XicbVA9SwNBEJ2LXzF+nVraLAZBLMJdFLSwCNhYRjAfkBxhb7OXrNnbPXb3AuHIf7CxUMTW/2Pnv3GTXKGJDwYe780wMy9MONPG876dwtr6xuZWcbu0s7u3f+AeHjW1TBWhDSK5VO0Qa8qZoA3DDKftRFEch5y2wtHdzG+NqdJMikczSWgQ44FgESPYWKk5vh33LlDPLXsVbw60SvyclCFHved+dfuSpDEVhnCsdcf3EhNkWBlGOJ2WuqmmCSYjPKAdSwWOqQ6y+bVTdGaVPoqksiUMmqu/JzIcaz2JQ9sZYzPUy95M/M/rpCa6CTImktRQQRaLopQjI9HsddRnihLDJ5Zgopi9FZEhVpgYG1DJhuAvv7xKmtWKf1mpPlyVa9U8jiKcwCmcgw/XUIN7qEMDCDzBM7zCmyOdF+fd+Vi0Fpx85hj+wPn8AavYjns=</latexit>

�(v)
<latexit sha1_base64="rb8n8d+MY9PUA6ZPOlI5N/XXUq8=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBItQN2WmCrosuHFZwT6wHUomk2lDM8mQZApl6F+4caGIW//GnX9j2s5CWw8EDuecS+49QcKZNq777RQ2Nre2d4q7pb39g8Oj8vFJW8tUEdoikkvVDbCmnAnaMsxw2k0UxXHAaScY3839zoQqzaR4NNOE+jEeChYxgo2VnvrcRkNcnVwOyhW35i6A1omXkwrkaA7KX/1QkjSmwhCOte55bmL8DCvDCKezUj/VNMFkjIe0Z6nAMdV+tth4hi6sEqJIKvuEQQv190SGY62ncWCTMTYjverNxf+8XmqiWz9jIkkNFWT5UZRyZCSan49CpigxfGoJJorZXREZYYWJsSWVbAne6snrpF2veVe1+sN1pVHP6yjCGZxDFTy4gQbcQxNaQEDAM7zCm6OdF+fd+VhGC04+cwp/4Hz+AN7BkFY=</latexit>

j(⌫)
<latexit sha1_base64="0BU5SxO1ghb2GtlzG6GrU/Ib1RY=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0mqoMeCF48V7Ae0oWy2m3btZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1gJOE+xEdKhEKRtFKbfJY6an0ol8qu1V3DrJKvJyUIUejX/rqDWKWRlwhk9SYrucm6GdUo2CST4u91PCEsjEd8q6likbc+Nn83Ck5t8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzH4nA6E5QzmxhDIt7K2EjaimDG1CRRuCt/zyKmnVqt5ltXZ/Va7X8jgKcApnUAEPrqEOd9CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+APn8wc/yI7O</latexit>

v � v⇤
<latexit sha1_base64="eNBme0P8hK4mufhuAY0BYv71NKg=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMgHsJuFPQY8OIxgnlgsoTZSW8yZHZ2nZkNhJC/8OJBEa/+jTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PGjpOFcM6i0WsWgHVKLjEuuFGYCtRSKNAYDMY3s785giV5rF8MOME/Yj2JQ85o8ZKj6NOH5/IqHtBusWSW3bnIKvEy0gJMtS6xa9OL2ZphNIwQbVue25i/AlVhjOB00In1ZhQNqR9bFsqaYTan8wvnpIzq/RIGCtb0pC5+ntiQiOtx1FgOyNqBnrZm4n/ee3UhDf+hMskNSjZYlGYCmJiMnuf9LhCZsTYEsoUt7cSNqCKMmNDKtgQvOWXV0mjUvYuy5X7q1K1ksWRhxM4hXPw4BqqcAc1qAMDCc/wCm+Odl6cd+dj0Zpzsplj+APn8weM6ZAg</latexit>

t ⇠ tscr
<latexit sha1_base64="2wXf5VsYR3JTfLUpAf6/CgYtbCk=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwVJIq6LHgxWMF+wFNCJvtpl26m4TdibSE/BUvHhTx6h/x5r9x2+agrQ8GHu/NMDMvTAXX4Djf1sbm1vbObmWvun9weHRsn9S6OskUZR2aiET1Q6KZ4DHrAAfB+qliRIaC9cLJ3dzvPTGleRI/wixlviSjmEecEjBSYNfA01xiCDxgU8g1VUVg152GswBeJ25J6qhEO7C/vGFCM8lioIJoPXCdFPycKOBUsKLqZZqlhE7IiA0MjYlk2s8Xtxf4wihDHCXKVAx4of6eyInUeiZD0ykJjPWqNxf/8wYZRLd+zuM0AxbT5aIoExgSPA8CD7liFMTMEEIVN7diOiaKUDBxVU0I7urL66TbbLhXjebDdb3VLOOooDN0ji6Ri25QC92jNuogiqboGb2iN6uwXqx362PZumGVM6foD6zPH5f9lMA=</latexit>



Hints	at	deep	relation	between	operator	growth	and	EE	dynamics:	
•  							is	special	point	in	both												and											,	but	relation	between	the	

two	“transport	coefficients”	beyond	this	is	unknown.	(							also	makes	
appearance	in	pole-skipping.	[Grozdanov	et	al.])	
	
	

	

Interplay	with	entanglement	dynamics	

v* v

λ(v)

vB
<latexit sha1_base64="OjjWmxKmM3UYEHC68kK6MwQqbPg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLupFBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWju5nfGnNtRKyecJJwP6IDJULBKFrpcdy77ZXKbsWdg6wSLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjk02I3NTyhbEQHvGOpohE3fjY/dUrOrdInYaxtKSRz9fdERiNjJlFgOyOKQ7PszcT/vE6K4Y2fCZWkyBVbLApTSTAms79JX2jOUE4soUwLeythQ6opQ5tO0YbgLb+8SprVindZqT5clWvVPI4CnMIZXIAH11CDe6hDAxgM4Ble4c2Rzovz7nwsWtecfOYE/sD5/AEe5o2j</latexit>

vB
<latexit sha1_base64="OjjWmxKmM3UYEHC68kK6MwQqbPg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLupFBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWju5nfGnNtRKyecJJwP6IDJULBKFrpcdy77ZXKbsWdg6wSLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjk02I3NTyhbEQHvGOpohE3fjY/dUrOrdInYaxtKSRz9fdERiNjJlFgOyOKQ7PszcT/vE6K4Y2fCZWkyBVbLApTSTAms79JX2jOUE4soUwLeythQ6opQ5tO0YbgLb+8SprVindZqT5clWvVPI4CnMIZXIAH11CDe6hDAxgM4Ble4c2Rzovz7nwsWtecfOYE/sD5/AEe5o2j</latexit>

�(v)
<latexit sha1_base64="rb8n8d+MY9PUA6ZPOlI5N/XXUq8=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBItQN2WmCrosuHFZwT6wHUomk2lDM8mQZApl6F+4caGIW//GnX9j2s5CWw8EDuecS+49QcKZNq777RQ2Nre2d4q7pb39g8Oj8vFJW8tUEdoikkvVDbCmnAnaMsxw2k0UxXHAaScY3839zoQqzaR4NNOE+jEeChYxgo2VnvrcRkNcnVwOyhW35i6A1omXkwrkaA7KX/1QkjSmwhCOte55bmL8DCvDCKezUj/VNMFkjIe0Z6nAMdV+tth4hi6sEqJIKvuEQQv190SGY62ncWCTMTYjverNxf+8XmqiWz9jIkkNFWT5UZRyZCSan49CpigxfGoJJorZXREZYYWJsSWVbAne6snrpF2veVe1+sN1pVHP6yjCGZxDFTy4gQbcQxNaQEDAM7zCm6OdF+fd+VhGC04+cwp/4Hz+AN7BkFY=</latexit>

E(v)
<latexit sha1_base64="G95YnfFVgw/moE0znSOFkUqaOmM=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2W3CnosiOCxgv2A7VKyabYNzSZLMlsoS3+GFw+KePXXePPfmLZ70NYHA4/3ZpiZFyaCG3Ddb6ewsbm1vVPcLe3tHxwelY9P2kalmrIWVULpbkgME1yyFnAQrJtoRuJQsE44vpv7nQnThiv5BNOEBTEZSh5xSsBKftajROD7WXVy2S9X3Jq7AF4nXk4qKEezX/7qDRRNYyaBCmKM77kJBBnRwKlgs1IvNSwhdEyGzLdUkpiZIFucPMMXVhngSGlbEvBC/T2RkdiYaRzazpjAyKx6c/E/z08hug0yLpMUmKTLRVEqMCg8/x8PuGYUxNQSQjW3t2I6IppQsCmVbAje6svrpF2veVe1+uN1pVHP4yiiM3SOqshDN6iBHlATtRBFCj2jV/TmgPPivDsfy9aCk8+coj9wPn8ASYSQjA==</latexit>

vB
<latexit sha1_base64="OjjWmxKmM3UYEHC68kK6MwQqbPg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLupFBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWju5nfGnNtRKyecJJwP6IDJULBKFrpcdy77ZXKbsWdg6wSLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjk02I3NTyhbEQHvGOpohE3fjY/dUrOrdInYaxtKSRz9fdERiNjJlFgOyOKQ7PszcT/vE6K4Y2fCZWkyBVbLApTSTAms79JX2jOUE4soUwLeythQ6opQ5tO0YbgLb+8SprVindZqT5clWvVPI4CnMIZXIAH11CDe6hDAxgM4Ble4c2Rzovz7nwsWtecfOYE/sD5/AEe5o2j</latexit>
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Hints	at	deep	relation	between	operator	growth	and	EE	dynamics:	
•  							is	special	point	in	both												and											,	but	relation	between	the	

two	“transport	coefficients”	beyond	this	is	unknown.	(							also	makes	
appearance	in	pole-skipping.	[Grozdanov	et	al.])	
	
	

•  Size	of	operator	from	entanglement	wedge	reconstruction:		
[MM,	Stanford]	
	
	
	
	
	
	
Gives	an	explanation	of	the	relation:	
	

	

Interplay	with	entanglement	dynamics	

v* v

λ(v)

vB
<latexit sha1_base64="OjjWmxKmM3UYEHC68kK6MwQqbPg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLupFBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWju5nfGnNtRKyecJJwP6IDJULBKFrpcdy77ZXKbsWdg6wSLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjk02I3NTyhbEQHvGOpohE3fjY/dUrOrdInYaxtKSRz9fdERiNjJlFgOyOKQ7PszcT/vE6K4Y2fCZWkyBVbLApTSTAms79JX2jOUE4soUwLeythQ6opQ5tO0YbgLb+8SprVindZqT5clWvVPI4CnMIZXIAH11CDe6hDAxgM4Ble4c2Rzovz7nwsWtecfOYE/sD5/AEe5o2j</latexit>

vB
<latexit sha1_base64="OjjWmxKmM3UYEHC68kK6MwQqbPg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLupFBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWju5nfGnNtRKyecJJwP6IDJULBKFrpcdy77ZXKbsWdg6wSLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjk02I3NTyhbEQHvGOpohE3fjY/dUrOrdInYaxtKSRz9fdERiNjJlFgOyOKQ7PszcT/vE6K4Y2fCZWkyBVbLApTSTAms79JX2jOUE4soUwLeythQ6opQ5tO0YbgLb+8SprVindZqT5clWvVPI4CnMIZXIAH11CDe6hDAxgM4Ble4c2Rzovz7nwsWtecfOYE/sD5/AEe5o2j</latexit>

�(v)
<latexit sha1_base64="rb8n8d+MY9PUA6ZPOlI5N/XXUq8=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBItQN2WmCrosuHFZwT6wHUomk2lDM8mQZApl6F+4caGIW//GnX9j2s5CWw8EDuecS+49QcKZNq777RQ2Nre2d4q7pb39g8Oj8vFJW8tUEdoikkvVDbCmnAnaMsxw2k0UxXHAaScY3839zoQqzaR4NNOE+jEeChYxgo2VnvrcRkNcnVwOyhW35i6A1omXkwrkaA7KX/1QkjSmwhCOte55bmL8DCvDCKezUj/VNMFkjIe0Z6nAMdV+tth4hi6sEqJIKvuEQQv190SGY62ncWCTMTYjverNxf+8XmqiWz9jIkkNFWT5UZRyZCSan49CpigxfGoJJorZXREZYYWJsSWVbAne6snrpF2veVe1+sN1pVHP6yjCGZxDFTy4gQbcQxNaQEDAM7zCm6OdF+fd+VhGC04+cwp/4Hz+AN7BkFY=</latexit>

E(v)
<latexit sha1_base64="G95YnfFVgw/moE0znSOFkUqaOmM=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2W3CnosiOCxgv2A7VKyabYNzSZLMlsoS3+GFw+KePXXePPfmLZ70NYHA4/3ZpiZFyaCG3Ddb6ewsbm1vVPcLe3tHxwelY9P2kalmrIWVULpbkgME1yyFnAQrJtoRuJQsE44vpv7nQnThiv5BNOEBTEZSh5xSsBKftajROD7WXVy2S9X3Jq7AF4nXk4qKEezX/7qDRRNYyaBCmKM77kJBBnRwKlgs1IvNSwhdEyGzLdUkpiZIFucPMMXVhngSGlbEvBC/T2RkdiYaRzazpjAyKx6c/E/z08hug0yLpMUmKTLRVEqMCg8/x8PuGYUxNQSQjW3t2I6IppQsCmVbAje6svrpF2veVe1+uN1pVHP4yiiM3SOqshDN6iBHlATtRBFCj2jV/TmgPPivDsfy9aCk8+coj9wPn8ASYSQjA==</latexit>

vB
<latexit sha1_base64="OjjWmxKmM3UYEHC68kK6MwQqbPg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLupFBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWju5nfGnNtRKyecJJwP6IDJULBKFrpcdy77ZXKbsWdg6wSLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjk02I3NTyhbEQHvGOpohE3fjY/dUrOrdInYaxtKSRz9fdERiNjJlFgOyOKQ7PszcT/vE6K4Y2fCZWkyBVbLApTSTAms79JX2jOUE4soUwLeythQ6opQ5tO0YbgLb+8SprVindZqT5clWvVPI4CnMIZXIAH11CDe6hDAxgM4Ble4c2Rzovz7nwsWtecfOYE/sD5/AEe5o2j</latexit>

v
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R

vB
<latexit sha1_base64="zjUSKW7FbfC3pV31ufVa9q52QFE=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KkkRdCMU3bisjz6gLWEynbRDJ5MwM6mUmE9x40IRt36JO//GaZuFth64cDjnXu69x485U9pxvq2V1bX1jc3CVnF7Z3dv3y4dNFWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57Tlj66nfmtMpWKReNCTmPZCPBAsYARrI3l2SXv3l91AYpLeZenYu8o8u+xUnBnQMnFzUoYcdc/+6vYjkoRUaMKxUh3XiXUvxVIzwmlW7CaKxpiM8IB2DBU4pKqXzk7P0IlR+iiIpCmh0Uz9PZHiUKlJ6JvOEOuhWvSm4n9eJ9HBRS9lIk40FWS+KEg40hGa5oD6TFKi+cQQTCQztyIyxCYHbdIqmhDcxZeXSbNacZ2Ke3tWrlXzOApwBMdwCi6cQw1uoA4NIPAIz/AKb9aT9WK9Wx/z1hUrnzmEP7A+fwBQYpP5</latexit><latexit sha1_base64="zjUSKW7FbfC3pV31ufVa9q52QFE=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KkkRdCMU3bisjz6gLWEynbRDJ5MwM6mUmE9x40IRt36JO//GaZuFth64cDjnXu69x485U9pxvq2V1bX1jc3CVnF7Z3dv3y4dNFWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57Tlj66nfmtMpWKReNCTmPZCPBAsYARrI3l2SXv3l91AYpLeZenYu8o8u+xUnBnQMnFzUoYcdc/+6vYjkoRUaMKxUh3XiXUvxVIzwmlW7CaKxpiM8IB2DBU4pKqXzk7P0IlR+iiIpCmh0Uz9PZHiUKlJ6JvOEOuhWvSm4n9eJ9HBRS9lIk40FWS+KEg40hGa5oD6TFKi+cQQTCQztyIyxCYHbdIqmhDcxZeXSbNacZ2Ke3tWrlXzOApwBMdwCi6cQw1uoA4NIPAIz/AKb9aT9WK9Wx/z1hUrnzmEP7A+fwBQYpP5</latexit><latexit sha1_base64="zjUSKW7FbfC3pV31ufVa9q52QFE=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KkkRdCMU3bisjz6gLWEynbRDJ5MwM6mUmE9x40IRt36JO//GaZuFth64cDjnXu69x485U9pxvq2V1bX1jc3CVnF7Z3dv3y4dNFWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57Tlj66nfmtMpWKReNCTmPZCPBAsYARrI3l2SXv3l91AYpLeZenYu8o8u+xUnBnQMnFzUoYcdc/+6vYjkoRUaMKxUh3XiXUvxVIzwmlW7CaKxpiM8IB2DBU4pKqXzk7P0IlR+iiIpCmh0Uz9PZHiUKlJ6JvOEOuhWvSm4n9eJ9HBRS9lIk40FWS+KEg40hGa5oD6TFKi+cQQTCQztyIyxCYHbdIqmhDcxZeXSbNacZ2Ke3tWrlXzOApwBMdwCi6cQw1uoA4NIPAIz/AKb9aT9WK9Wx/z1hUrnzmEP7A+fwBQYpP5</latexit><latexit sha1_base64="zjUSKW7FbfC3pV31ufVa9q52QFE=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KkkRdCMU3bisjz6gLWEynbRDJ5MwM6mUmE9x40IRt36JO//GaZuFth64cDjnXu69x485U9pxvq2V1bX1jc3CVnF7Z3dv3y4dNFWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57Tlj66nfmtMpWKReNCTmPZCPBAsYARrI3l2SXv3l91AYpLeZenYu8o8u+xUnBnQMnFzUoYcdc/+6vYjkoRUaMKxUh3XiXUvxVIzwmlW7CaKxpiM8IB2DBU4pKqXzk7P0IlR+iiIpCmh0Uz9PZHiUKlJ6JvOEOuhWvSm4n9eJ9HBRS9lIk40FWS+KEg40hGa5oD6TFKi+cQQTCQztyIyxCYHbdIqmhDcxZeXSbNacZ2Ke3tWrlXzOApwBMdwCi6cQw1uoA4NIPAIz/AKb9aT9WK9Wx/z1hUrnzmEP7A+fwBQYpP5</latexit>

R[W (t)]
<latexit sha1_base64="4AoP5kXQXrlf/bklcygbY4ecvYU=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tFqJeSFEGPBS8eq9imkIay2W7apZsPdidCCf0RXjwo4tXf481/47bNQVtfWHh4Z4adeYNUCo22/W2VNja3tnfKu5W9/YPDo+rxSVcnmWK8wxKZqF5ANZci5h0UKHkvVZxGgeRuMLmd190nrrRI4kecptyP6CgWoWAUjeU+eG4dL/1BtWY37IXIOjgF1KBQe1D96g8TlkU8Riap1p5jp+jnVKFgks8q/UzzlLIJHXHPYEwjrv18se6MXBhnSMJEmRcjWbi/J3IaaT2NAtMZURzr1drc/K/mZRje+LmI0wx5zJYfhZkkmJD57WQoFGcopwYoU8LsStiYKsrQJFQxITirJ69Dt9lwDN9f1VrNIo4ynME51MGBa2jBHbShAwwm8Ayv8Gal1ov1bn0sW0tWMXMKf2R9/gBRbY7W</latexit><latexit sha1_base64="4AoP5kXQXrlf/bklcygbY4ecvYU=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tFqJeSFEGPBS8eq9imkIay2W7apZsPdidCCf0RXjwo4tXf481/47bNQVtfWHh4Z4adeYNUCo22/W2VNja3tnfKu5W9/YPDo+rxSVcnmWK8wxKZqF5ANZci5h0UKHkvVZxGgeRuMLmd190nrrRI4kecptyP6CgWoWAUjeU+eG4dL/1BtWY37IXIOjgF1KBQe1D96g8TlkU8Riap1p5jp+jnVKFgks8q/UzzlLIJHXHPYEwjrv18se6MXBhnSMJEmRcjWbi/J3IaaT2NAtMZURzr1drc/K/mZRje+LmI0wx5zJYfhZkkmJD57WQoFGcopwYoU8LsStiYKsrQJFQxITirJ69Dt9lwDN9f1VrNIo4ynME51MGBa2jBHbShAwwm8Ayv8Gal1ov1bn0sW0tWMXMKf2R9/gBRbY7W</latexit><latexit sha1_base64="4AoP5kXQXrlf/bklcygbY4ecvYU=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tFqJeSFEGPBS8eq9imkIay2W7apZsPdidCCf0RXjwo4tXf481/47bNQVtfWHh4Z4adeYNUCo22/W2VNja3tnfKu5W9/YPDo+rxSVcnmWK8wxKZqF5ANZci5h0UKHkvVZxGgeRuMLmd190nrrRI4kecptyP6CgWoWAUjeU+eG4dL/1BtWY37IXIOjgF1KBQe1D96g8TlkU8Riap1p5jp+jnVKFgks8q/UzzlLIJHXHPYEwjrv18se6MXBhnSMJEmRcjWbi/J3IaaT2NAtMZURzr1drc/K/mZRje+LmI0wx5zJYfhZkkmJD57WQoFGcopwYoU8LsStiYKsrQJFQxITirJ69Dt9lwDN9f1VrNIo4ynME51MGBa2jBHbShAwwm8Ayv8Gal1ov1bn0sW0tWMXMKf2R9/gBRbY7W</latexit><latexit sha1_base64="4AoP5kXQXrlf/bklcygbY4ecvYU=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tFqJeSFEGPBS8eq9imkIay2W7apZsPdidCCf0RXjwo4tXf481/47bNQVtfWHh4Z4adeYNUCo22/W2VNja3tnfKu5W9/YPDo+rxSVcnmWK8wxKZqF5ANZci5h0UKHkvVZxGgeRuMLmd190nrrRI4kecptyP6CgWoWAUjeU+eG4dL/1BtWY37IXIOjgF1KBQe1D96g8TlkU8Riap1p5jp+jnVKFgks8q/UzzlLIJHXHPYEwjrv18se6MXBhnSMJEmRcjWbi/J3IaaT2NAtMZURzr1drc/K/mZRje+LmI0wx5zJYfhZkkmJD57WQoFGcopwYoU8LsStiYKsrQJFQxITirJ69Dt9lwDN9f1VrNIo4ynME51MGBa2jBHbShAwwm8Ayv8Gal1ov1bn0sW0tWMXMKf2R9/gBRbY7W</latexit>

R[W (t)]
<latexit sha1_base64="4AoP5kXQXrlf/bklcygbY4ecvYU=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tFqJeSFEGPBS8eq9imkIay2W7apZsPdidCCf0RXjwo4tXf481/47bNQVtfWHh4Z4adeYNUCo22/W2VNja3tnfKu5W9/YPDo+rxSVcnmWK8wxKZqF5ANZci5h0UKHkvVZxGgeRuMLmd190nrrRI4kecptyP6CgWoWAUjeU+eG4dL/1BtWY37IXIOjgF1KBQe1D96g8TlkU8Riap1p5jp+jnVKFgks8q/UzzlLIJHXHPYEwjrv18se6MXBhnSMJEmRcjWbi/J3IaaT2NAtMZURzr1drc/K/mZRje+LmI0wx5zJYfhZkkmJD57WQoFGcopwYoU8LsStiYKsrQJFQxITirJ69Dt9lwDN9f1VrNIo4ynME51MGBa2jBHbShAwwm8Ayv8Gal1ov1bn0sW0tWMXMKf2R9/gBRbY7W</latexit><latexit sha1_base64="4AoP5kXQXrlf/bklcygbY4ecvYU=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tFqJeSFEGPBS8eq9imkIay2W7apZsPdidCCf0RXjwo4tXf481/47bNQVtfWHh4Z4adeYNUCo22/W2VNja3tnfKu5W9/YPDo+rxSVcnmWK8wxKZqF5ANZci5h0UKHkvVZxGgeRuMLmd190nrrRI4kecptyP6CgWoWAUjeU+eG4dL/1BtWY37IXIOjgF1KBQe1D96g8TlkU8Riap1p5jp+jnVKFgks8q/UzzlLIJHXHPYEwjrv18se6MXBhnSMJEmRcjWbi/J3IaaT2NAtMZURzr1drc/K/mZRje+LmI0wx5zJYfhZkkmJD57WQoFGcopwYoU8LsStiYKsrQJFQxITirJ69Dt9lwDN9f1VrNIo4ynME51MGBa2jBHbShAwwm8Ayv8Gal1ov1bn0sW0tWMXMKf2R9/gBRbY7W</latexit><latexit sha1_base64="4AoP5kXQXrlf/bklcygbY4ecvYU=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tFqJeSFEGPBS8eq9imkIay2W7apZsPdidCCf0RXjwo4tXf481/47bNQVtfWHh4Z4adeYNUCo22/W2VNja3tnfKu5W9/YPDo+rxSVcnmWK8wxKZqF5ANZci5h0UKHkvVZxGgeRuMLmd190nrrRI4kecptyP6CgWoWAUjeU+eG4dL/1BtWY37IXIOjgF1KBQe1D96g8TlkU8Riap1p5jp+jnVKFgks8q/UzzlLIJHXHPYEwjrv18se6MXBhnSMJEmRcjWbi/J3IaaT2NAtMZURzr1drc/K/mZRje+LmI0wx5zJYfhZkkmJD57WQoFGcopwYoU8LsStiYKsrQJFQxITirJ69Dt9lwDN9f1VrNIo4ynME51MGBa2jBHbShAwwm8Ayv8Gal1ov1bn0sW0tWMXMKf2R9/gBRbY7W</latexit><latexit sha1_base64="4AoP5kXQXrlf/bklcygbY4ecvYU=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tFqJeSFEGPBS8eq9imkIay2W7apZsPdidCCf0RXjwo4tXf481/47bNQVtfWHh4Z4adeYNUCo22/W2VNja3tnfKu5W9/YPDo+rxSVcnmWK8wxKZqF5ANZci5h0UKHkvVZxGgeRuMLmd190nrrRI4kecptyP6CgWoWAUjeU+eG4dL/1BtWY37IXIOjgF1KBQe1D96g8TlkU8Riap1p5jp+jnVKFgks8q/UzzlLIJHXHPYEwjrv18se6MXBhnSMJEmRcjWbi/J3IaaT2NAtMZURzr1drc/K/mZRje+LmI0wx5zJYfhZkkmJD57WQoFGcopwYoU8LsStiYKsrQJFQxITirJ69Dt9lwDN9f1VrNIo4ynME51MGBa2jBHbShAwwm8Ayv8Gal1ov1bn0sW0tWMXMKf2R9/gBRbY7W</latexit>

R[W (t)]
<latexit sha1_base64="4AoP5kXQXrlf/bklcygbY4ecvYU=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tFqJeSFEGPBS8eq9imkIay2W7apZsPdidCCf0RXjwo4tXf481/47bNQVtfWHh4Z4adeYNUCo22/W2VNja3tnfKu5W9/YPDo+rxSVcnmWK8wxKZqF5ANZci5h0UKHkvVZxGgeRuMLmd190nrrRI4kecptyP6CgWoWAUjeU+eG4dL/1BtWY37IXIOjgF1KBQe1D96g8TlkU8Riap1p5jp+jnVKFgks8q/UzzlLIJHXHPYEwjrv18se6MXBhnSMJEmRcjWbi/J3IaaT2NAtMZURzr1drc/K/mZRje+LmI0wx5zJYfhZkkmJD57WQoFGcopwYoU8LsStiYKsrQJFQxITirJ69Dt9lwDN9f1VrNIo4ynME51MGBa2jBHbShAwwm8Ayv8Gal1ov1bn0sW0tWMXMKf2R9/gBRbY7W</latexit><latexit sha1_base64="4AoP5kXQXrlf/bklcygbY4ecvYU=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tFqJeSFEGPBS8eq9imkIay2W7apZsPdidCCf0RXjwo4tXf481/47bNQVtfWHh4Z4adeYNUCo22/W2VNja3tnfKu5W9/YPDo+rxSVcnmWK8wxKZqF5ANZci5h0UKHkvVZxGgeRuMLmd190nrrRI4kecptyP6CgWoWAUjeU+eG4dL/1BtWY37IXIOjgF1KBQe1D96g8TlkU8Riap1p5jp+jnVKFgks8q/UzzlLIJHXHPYEwjrv18se6MXBhnSMJEmRcjWbi/J3IaaT2NAtMZURzr1drc/K/mZRje+LmI0wx5zJYfhZkkmJD57WQoFGcopwYoU8LsStiYKsrQJFQxITirJ69Dt9lwDN9f1VrNIo4ynME51MGBa2jBHbShAwwm8Ayv8Gal1ov1bn0sW0tWMXMKf2R9/gBRbY7W</latexit><latexit sha1_base64="4AoP5kXQXrlf/bklcygbY4ecvYU=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tFqJeSFEGPBS8eq9imkIay2W7apZsPdidCCf0RXjwo4tXf481/47bNQVtfWHh4Z4adeYNUCo22/W2VNja3tnfKu5W9/YPDo+rxSVcnmWK8wxKZqF5ANZci5h0UKHkvVZxGgeRuMLmd190nrrRI4kecptyP6CgWoWAUjeU+eG4dL/1BtWY37IXIOjgF1KBQe1D96g8TlkU8Riap1p5jp+jnVKFgks8q/UzzlLIJHXHPYEwjrv18se6MXBhnSMJEmRcjWbi/J3IaaT2NAtMZURzr1drc/K/mZRje+LmI0wx5zJYfhZkkmJD57WQoFGcopwYoU8LsStiYKsrQJFQxITirJ69Dt9lwDN9f1VrNIo4ynME51MGBa2jBHbShAwwm8Ayv8Gal1ov1bn0sW0tWMXMKf2R9/gBRbY7W</latexit><latexit sha1_base64="4AoP5kXQXrlf/bklcygbY4ecvYU=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tFqJeSFEGPBS8eq9imkIay2W7apZsPdidCCf0RXjwo4tXf481/47bNQVtfWHh4Z4adeYNUCo22/W2VNja3tnfKu5W9/YPDo+rxSVcnmWK8wxKZqF5ANZci5h0UKHkvVZxGgeRuMLmd190nrrRI4kecptyP6CgWoWAUjeU+eG4dL/1BtWY37IXIOjgF1KBQe1D96g8TlkU8Riap1p5jp+jnVKFgks8q/UzzlLIJHXHPYEwjrv18se6MXBhnSMJEmRcjWbi/J3IaaT2NAtMZURzr1drc/K/mZRje+LmI0wx5zJYfhZkkmJD57WQoFGcopwYoU8LsStiYKsrQJFQxITirJ69Dt9lwDN9f1VrNIo4ynME51MGBa2jBHbShAwwm8Ayv8Gal1ov1bn0sW0tWMXMKf2R9/gBRbY7W</latexit>



Hints	at	deep	relation	between	operator	growth	and	EE	dynamics:	
•  							is	special	point	in	both												and											,	but	relation	between	the	

two	“transport	coefficients”	beyond	this	is	unknown.	(							also	makes	
appearance	in	pole-skipping.	[Grozdanov	et	al.])	
	
	

•  Size	of	operator	from	entanglement	wedge	reconstruction:		
[MM,	Stanford]	
	
	
	
	
	
	
Gives	an	explanation	of	the	relation:	
	

•  Can	use	the	emergent	light	cone	to	put	tight	bounds	on	the	entropy.	
The	membrane	theory	obeys	these	bounds.	[MM,	Stanford;	Jonay,	
Huse,	Nahum]	

	

Interplay	with	entanglement	dynamics	

v* v

λ(v)

vB
<latexit sha1_base64="OjjWmxKmM3UYEHC68kK6MwQqbPg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLupFBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWju5nfGnNtRKyecJJwP6IDJULBKFrpcdy77ZXKbsWdg6wSLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjk02I3NTyhbEQHvGOpohE3fjY/dUrOrdInYaxtKSRz9fdERiNjJlFgOyOKQ7PszcT/vE6K4Y2fCZWkyBVbLApTSTAms79JX2jOUE4soUwLeythQ6opQ5tO0YbgLb+8SprVindZqT5clWvVPI4CnMIZXIAH11CDe6hDAxgM4Ble4c2Rzovz7nwsWtecfOYE/sD5/AEe5o2j</latexit>

vB
<latexit sha1_base64="OjjWmxKmM3UYEHC68kK6MwQqbPg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLupFBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWju5nfGnNtRKyecJJwP6IDJULBKFrpcdy77ZXKbsWdg6wSLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjk02I3NTyhbEQHvGOpohE3fjY/dUrOrdInYaxtKSRz9fdERiNjJlFgOyOKQ7PszcT/vE6K4Y2fCZWkyBVbLApTSTAms79JX2jOUE4soUwLeythQ6opQ5tO0YbgLb+8SprVindZqT5clWvVPI4CnMIZXIAH11CDe6hDAxgM4Ble4c2Rzovz7nwsWtecfOYE/sD5/AEe5o2j</latexit>

�(v)
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Transport	
• 	Hydro	as	an	EFT	
• 	Holography	for	real	time	dynamics	

Thermalization	
• 	Entanglement	entropy	as	a	probe	
• 	Membrane	theory	is	the	EFT	

Outline	

Butterfly	effect	
• 	Butterfly	effect,	operator	growth	and	OTOC		
• 	Refinement	of	the	chaos	bound	
• 	Towards	an	EFT	

Summary	and	open	questions	



Summary	
Phenomena	associated	with	chaotic	dynamics:	
•  Hydrodynamics	is	the	EFT	for	transport,	serves	as	target	



Summary	
Phenomena	associated	with	chaotic	dynamics:	
•  Hydrodynamics	is	the	EFT	for	transport,	serves	as	target	
•  Universality	classes	of	thermalization:		

Quasiparticle	model	vs	Membrane	theory	
•  Derived	the	membrane	theory	of	entanglement	dynamics	

from	holography,	evidence	for	universality,	rich	applications	
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FIG. 3. Dynamics of entanglement entropy. Starting from a low-entanglement ground state, a global quantum quench
leads to the development of large-scale entanglement between all subsystems. We quench a six-site system from the Mott
insulating product state (J/U ⌧ 1) with one atom per site to the weakly interacting regime of J/U = 0.64 (J/(2⇡) = 66 Hz)
and measure the dynamics of the entanglement entropy. As it equilibrates, the system acquires local entropy while the
full system entropy remains constant and at a value given by measurement imperfections. The dynamics agree with exact
numerical simulations with no free parameters (solid lines). Error bars are the standard error of the mean (S.E.M.). For
the largest entropies encountered in the three-site system, the large number of populated microstates leads to a significant
statistical uncertainty in the entropy, which is reflected in the upper error bar extending to large entropies or being unbounded.
Further information about statistics is discussed in the Supplementary Materials [24]. Inset: slope of the early time dynamics,
extracted with a piecewise linear fit [24]. The dashed line is the mean of these measurements.

state value, about which there are small residual tempo-
ral fluctuations. The presence of residual fluctuations
are, in part, attributable to the finite-size of our system.
An exact numerical calculation of the dynamics with no
free parameters shows excellent agreement with our ex-
perimental measurements. Crucially, the data indicate
that while the subsystems acquire entropy in time (Fig-
ure 3,A-C), the full system entropy remains constant and
is small throughout the dynamics (Figure 3D). The high
purity of the full system allows us to conclude that the
dynamical increase in entropy in the subsystems origi-
nates in the propagation of entanglement between the
system’s constituents. The approximately linear rise at
early times (Figure 3 inset) is related to the spreading
of entanglement in the system within an e↵ective light
cone [2, 31, 32]. Furthermore, in analogy to the growth of
thermodynamic entropy in an equilibrating classical me-
chanical system, such as a gas in a closed container, we
observe the growth of local entropy in a closed quantum
mechanical system. In the quantum mechanical case,
however, the mechanism responsible for entropy is en-
tanglement, which is absent from a system modeled by
classical mechanics.

When a system thermalizes, we expect that the sat-
urated values of local observables should correspond to

the predictions of a statistical ensemble. By analogy, if
the entanglement entropy plays the role of thermal en-
tropy, then in a thermalized pure state we expect exten-
sive growth in the entanglement entropy with subsystem
volume. When the entanglement entropy in a quantum
state grows linearly with the size of the subsystem con-
sidered, it is known as a volume law. Ground-breaking
theoretical work using conformal field theory has shown
that indeed, at long times, a volume law is expected for
a quenched, infinite, continuous system, while only an
area law with a log correction is expected for the ground
state [2, 33, 34]. Characterizing the large amount of en-
tanglement associated with a volume law is particularly
challenging because it results in nearly every entry of the
density matrix having small, but importantly non-zero
magnitude.

Using the techniques outlined in this work, we show
measurements displaying a near volume law in the en-
tanglement entropy (Figure 4A). A linear growth with
volume in the entanglement entropy occurs when each
subsystem incoherently populates a number of states that
scales with the size of the subsystem Hilbert space. This
is because, for the Bose-Hubbard model, the Hilbert
space is approximately exponential in the lattice size,
which results in a linear growth in SA = �Log(Tr[⇢2A]).
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Summary	
Phenomena	associated	with	chaotic	dynamics:	
•  Hydrodynamics	is	the	EFT	for	transport,	serves	as	target	
•  Universality	classes	of	thermalization:		

Quasiparticle	model	vs	Membrane	theory	
•  Derived	the	membrane	theory	of	entanglement	dynamics	

from	holography,	evidence	for	universality,	rich	applications	
	
	
	
	
	

•  Operator	growth	probed	by	OTOC,	refined	bound	on	chaos	
	
	
	
	
	

4

0

1

2

3

4

R
en

yi
 e

nt
ro

py
: S

A

0 5 10 15 20
0

1

2

3

4

Time (ms)

R
en

yi
 e

nt
ro

py
: S

A

0 5 10 15 20
Time (ms)

1 2 3
0
0.5
1
1.5

Subsystem size

Sl
op

e 
(m

s-1
)

 

 A

B

C

D

FIG. 3. Dynamics of entanglement entropy. Starting from a low-entanglement ground state, a global quantum quench
leads to the development of large-scale entanglement between all subsystems. We quench a six-site system from the Mott
insulating product state (J/U ⌧ 1) with one atom per site to the weakly interacting regime of J/U = 0.64 (J/(2⇡) = 66 Hz)
and measure the dynamics of the entanglement entropy. As it equilibrates, the system acquires local entropy while the
full system entropy remains constant and at a value given by measurement imperfections. The dynamics agree with exact
numerical simulations with no free parameters (solid lines). Error bars are the standard error of the mean (S.E.M.). For
the largest entropies encountered in the three-site system, the large number of populated microstates leads to a significant
statistical uncertainty in the entropy, which is reflected in the upper error bar extending to large entropies or being unbounded.
Further information about statistics is discussed in the Supplementary Materials [24]. Inset: slope of the early time dynamics,
extracted with a piecewise linear fit [24]. The dashed line is the mean of these measurements.

state value, about which there are small residual tempo-
ral fluctuations. The presence of residual fluctuations
are, in part, attributable to the finite-size of our system.
An exact numerical calculation of the dynamics with no
free parameters shows excellent agreement with our ex-
perimental measurements. Crucially, the data indicate
that while the subsystems acquire entropy in time (Fig-
ure 3,A-C), the full system entropy remains constant and
is small throughout the dynamics (Figure 3D). The high
purity of the full system allows us to conclude that the
dynamical increase in entropy in the subsystems origi-
nates in the propagation of entanglement between the
system’s constituents. The approximately linear rise at
early times (Figure 3 inset) is related to the spreading
of entanglement in the system within an e↵ective light
cone [2, 31, 32]. Furthermore, in analogy to the growth of
thermodynamic entropy in an equilibrating classical me-
chanical system, such as a gas in a closed container, we
observe the growth of local entropy in a closed quantum
mechanical system. In the quantum mechanical case,
however, the mechanism responsible for entropy is en-
tanglement, which is absent from a system modeled by
classical mechanics.

When a system thermalizes, we expect that the sat-
urated values of local observables should correspond to

the predictions of a statistical ensemble. By analogy, if
the entanglement entropy plays the role of thermal en-
tropy, then in a thermalized pure state we expect exten-
sive growth in the entanglement entropy with subsystem
volume. When the entanglement entropy in a quantum
state grows linearly with the size of the subsystem con-
sidered, it is known as a volume law. Ground-breaking
theoretical work using conformal field theory has shown
that indeed, at long times, a volume law is expected for
a quenched, infinite, continuous system, while only an
area law with a log correction is expected for the ground
state [2, 33, 34]. Characterizing the large amount of en-
tanglement associated with a volume law is particularly
challenging because it results in nearly every entry of the
density matrix having small, but importantly non-zero
magnitude.

Using the techniques outlined in this work, we show
measurements displaying a near volume law in the en-
tanglement entropy (Figure 4A). A linear growth with
volume in the entanglement entropy occurs when each
subsystem incoherently populates a number of states that
scales with the size of the subsystem Hilbert space. This
is because, for the Bose-Hubbard model, the Hilbert
space is approximately exponential in the lattice size,
which results in a linear growth in SA = �Log(Tr[⇢2A]).
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Summary	
Phenomena	associated	with	chaotic	dynamics:	
•  Hydrodynamics	is	the	EFT	for	transport,	serves	as	target	
•  Universality	classes	of	thermalization:		

Quasiparticle	model	vs	Membrane	theory	
•  Derived	the	membrane	theory	of	entanglement	dynamics	

from	holography,	evidence	for	universality,	rich	applications	
	
	
	
	
	

•  Operator	growth	probed	by	OTOC,	refined	bound	on	chaos	
	
	
	
	
	

•  Uncovered	interplay	between	these	phenomena:	
Ø  Data	of	EE	dynamics	to	chaotic	correlators,	membrane	

theory	obeys	general	bounds,	entanglement	wedge	
argument	

Ø  Membrane	couples	to	hydrodynamics	
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FIG. 3. Dynamics of entanglement entropy. Starting from a low-entanglement ground state, a global quantum quench
leads to the development of large-scale entanglement between all subsystems. We quench a six-site system from the Mott
insulating product state (J/U ⌧ 1) with one atom per site to the weakly interacting regime of J/U = 0.64 (J/(2⇡) = 66 Hz)
and measure the dynamics of the entanglement entropy. As it equilibrates, the system acquires local entropy while the
full system entropy remains constant and at a value given by measurement imperfections. The dynamics agree with exact
numerical simulations with no free parameters (solid lines). Error bars are the standard error of the mean (S.E.M.). For
the largest entropies encountered in the three-site system, the large number of populated microstates leads to a significant
statistical uncertainty in the entropy, which is reflected in the upper error bar extending to large entropies or being unbounded.
Further information about statistics is discussed in the Supplementary Materials [24]. Inset: slope of the early time dynamics,
extracted with a piecewise linear fit [24]. The dashed line is the mean of these measurements.

state value, about which there are small residual tempo-
ral fluctuations. The presence of residual fluctuations
are, in part, attributable to the finite-size of our system.
An exact numerical calculation of the dynamics with no
free parameters shows excellent agreement with our ex-
perimental measurements. Crucially, the data indicate
that while the subsystems acquire entropy in time (Fig-
ure 3,A-C), the full system entropy remains constant and
is small throughout the dynamics (Figure 3D). The high
purity of the full system allows us to conclude that the
dynamical increase in entropy in the subsystems origi-
nates in the propagation of entanglement between the
system’s constituents. The approximately linear rise at
early times (Figure 3 inset) is related to the spreading
of entanglement in the system within an e↵ective light
cone [2, 31, 32]. Furthermore, in analogy to the growth of
thermodynamic entropy in an equilibrating classical me-
chanical system, such as a gas in a closed container, we
observe the growth of local entropy in a closed quantum
mechanical system. In the quantum mechanical case,
however, the mechanism responsible for entropy is en-
tanglement, which is absent from a system modeled by
classical mechanics.

When a system thermalizes, we expect that the sat-
urated values of local observables should correspond to

the predictions of a statistical ensemble. By analogy, if
the entanglement entropy plays the role of thermal en-
tropy, then in a thermalized pure state we expect exten-
sive growth in the entanglement entropy with subsystem
volume. When the entanglement entropy in a quantum
state grows linearly with the size of the subsystem con-
sidered, it is known as a volume law. Ground-breaking
theoretical work using conformal field theory has shown
that indeed, at long times, a volume law is expected for
a quenched, infinite, continuous system, while only an
area law with a log correction is expected for the ground
state [2, 33, 34]. Characterizing the large amount of en-
tanglement associated with a volume law is particularly
challenging because it results in nearly every entry of the
density matrix having small, but importantly non-zero
magnitude.

Using the techniques outlined in this work, we show
measurements displaying a near volume law in the en-
tanglement entropy (Figure 4A). A linear growth with
volume in the entanglement entropy occurs when each
subsystem incoherently populates a number of states that
scales with the size of the subsystem Hilbert space. This
is because, for the Bose-Hubbard model, the Hilbert
space is approximately exponential in the lattice size,
which results in a linear growth in SA = �Log(Tr[⇢2A]).
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Open	questions	and	some	hints	
•  What	does	the	membrane	theory	imply	for	holographic	RG?	

Hint:	The	metric	inside	the	horizon	does	not	seems	to	be	organized	by	scale.	
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Hint:	The	metric	inside	the	horizon	does	not	seems	to	be	organized	by	scale.	
	
	
	
	
	

•  Implications	for	tensor	network	approaches?		
“Gravity	is	the	hydrodynamics	of	entanglement”?	
Hint:	Found	a	quantitative	tensor	network-like	description,	after	partially	solving	the	EOMs.	
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Hint:	The	metric	inside	the	horizon	does	not	seems	to	be	organized	by	scale.	
	
	
	
	
	

•  Implications	for	tensor	network	approaches?		
“Gravity	is	the	hydrodynamics	of	entanglement”?	
Hint:	Found	a	quantitative	tensor	network-like	description,	after	partially	solving	the	EOMs.	
	
	
	
	
	
	
	

•  Meaning	of	saturation	of	refined	chaos	bound?	
Hint:	Boosting	enhances	chaos,	stringy	near-extremal	rotating	BHs	likely	give	near-maximal	
growth,	Schwarzian	universality.		
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Calabrese-Cardy	model:	energy	injection	from	quench	creates	a	finite	density	of	EPR	pairs,	
subsequently	travel	freely	at	the	speed	of	light	isotropically.		
•  Leads	to	linear	growth	with		 	 	in	2d. 	 	 	 		
	
•  Higher	dimensions:	entanglement	spreading	depends	

on	entanglement	pattern	on	the	light	cone												.	
Contribution	from	each	light	cone	has	to	be	added.	
[Casini,	Liu,	MM]		
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FIG. 7. Space-time picture illustrating how the entanglement between an interval A and the
rest of the system, due to oppositely moving coherent quasiparticles, grows linearly and then
saturates. The case where the particles move only along the light cones is shown here for clarity.

momentum p produced at x is therefore at x + v(p)t at time t, ignoring scattering effects.
Now consider these quasiparticles as they reach either A or B at time t. The field at

some point x′ ∈ A will be entangled with that at a point x′′ ∈ B if a pair of entangled
particles emitted from a point x arrive simultaneously at x′ and x′′ (see Fig. 7).

The entanglement entropy between x′ and x′′ is proportional to the length of the interval
in x for which this can be satisfied. Thus the total entanglement entropy is

SA(t) ≈
∫

x′∈A

dx′

∫

x′′∈B

dx′′

∫ ∞
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(

x′ − x − v(p′)t
)

δ
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)

.

(4.1)
Now specialize to the case where A is an interval of length ℓ. The total entanglement

is twice that between A and the real axis to the right of A, which corresponds to taking
p′ < 0, p′′ > 0 in the above. The integrations over the coordinates then give max

(

(v(−p′) +
v(p′′))t, ℓ

)

, so that

SA(t) ≈ 2t
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∫ ∞

0
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FIG. 7. Space-time picture illustrating how the entanglement between an interval A and the
rest of the system, due to oppositely moving coherent quasiparticles, grows linearly and then
saturates. The case where the particles move only along the light cones is shown here for clarity.

momentum p produced at x is therefore at x + v(p)t at time t, ignoring scattering effects.
Now consider these quasiparticles as they reach either A or B at time t. The field at

some point x′ ∈ A will be entangled with that at a point x′′ ∈ B if a pair of entangled
particles emitted from a point x arrive simultaneously at x′ and x′′ (see Fig. 7).

The entanglement entropy between x′ and x′′ is proportional to the length of the interval
in x for which this can be satisfied. Thus the total entanglement entropy is

SA(t) ≈
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(4.1)
Now specialize to the case where A is an interval of length ℓ. The total entanglement

is twice that between A and the real axis to the right of A, which corresponds to taking
p′ < 0, p′′ > 0 in the above. The integrations over the coordinates then give max
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, so that
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FIG. 7. Space-time picture illustrating how the entanglement between an interval A and the
rest of the system, due to oppositely moving coherent quasiparticles, grows linearly and then
saturates. The case where the particles move only along the light cones is shown here for clarity.

momentum p produced at x is therefore at x + v(p)t at time t, ignoring scattering effects.
Now consider these quasiparticles as they reach either A or B at time t. The field at

some point x′ ∈ A will be entangled with that at a point x′′ ∈ B if a pair of entangled
particles emitted from a point x arrive simultaneously at x′ and x′′ (see Fig. 7).

The entanglement entropy between x′ and x′′ is proportional to the length of the interval
in x for which this can be satisfied. Thus the total entanglement entropy is

SA(t) ≈
∫

x′∈A

dx′

∫

x′′∈B

dx′′
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∫

f(p′, p′′)dp′dp′′δ
(

x′ − x − v(p′)t
)

δ
(
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)

.

(4.1)
Now specialize to the case where A is an interval of length ℓ. The total entanglement

is twice that between A and the real axis to the right of A, which corresponds to taking
p′ < 0, p′′ > 0 in the above. The integrations over the coordinates then give max

(

(v(−p′) +
v(p′′))t, ℓ

)

, so that

SA(t) ≈ 2t

∫ 0
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0
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Calabrese-Cardy	model:	energy	injection	from	quench	creates	a	finite	density	of	EPR	pairs,	
subsequently	travel	freely	at	the	speed	of	light	isotropically.		
•  Leads	to	linear	growth	with		 	 	in	2d. 	 	 	 		
	
•  Higher	dimensions:	entanglement	spreading	depends	

on	entanglement	pattern	on	the	light	cone												.	
Contribution	from	each	light	cone	has	to	be	added.	
[Casini,	Liu,	MM]		

	
Bound	on	the	entanglement	speed	from	SSA:	
	

Slower	than	holography.	
•  In	strongly	coupled	systems,	entanglement	grows	

faster	than	what’s	possible	for	free	particles	streaming	
at	the	speed	of	light!	

•  Consider	the	effect	of	interactions:	tensor	network	picture	
emerging	from	scattering	particles	is	natural.		
[Hartman,	Maldacena;	Casini,	Liu,	MM]	
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FIG. 7. Space-time picture illustrating how the entanglement between an interval A and the
rest of the system, due to oppositely moving coherent quasiparticles, grows linearly and then
saturates. The case where the particles move only along the light cones is shown here for clarity.

momentum p produced at x is therefore at x + v(p)t at time t, ignoring scattering effects.
Now consider these quasiparticles as they reach either A or B at time t. The field at

some point x′ ∈ A will be entangled with that at a point x′′ ∈ B if a pair of entangled
particles emitted from a point x arrive simultaneously at x′ and x′′ (see Fig. 7).

The entanglement entropy between x′ and x′′ is proportional to the length of the interval
in x for which this can be satisfied. Thus the total entanglement entropy is

SA(t) ≈
∫
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(4.1)
Now specialize to the case where A is an interval of length ℓ. The total entanglement

is twice that between A and the real axis to the right of A, which corresponds to taking
p′ < 0, p′′ > 0 in the above. The integrations over the coordinates then give max
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(v(−p′) +
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, so that
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Free	field	theory	and	the	quasiparticle	model	
In	a	free	theory	for	Gaussian	states	we	can	
use	the	correlation	matrix	to	compute	EE.	
•  Time	evolution	of	a	Gaussian	initial	

state	is	Gaussian	(with	time	dependent	
complex	kernel).	
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state	is	Gaussian	(with	time	dependent	
complex	kernel).	

•  Correlation	matrix	determines	all	
correlation	functions	due	to	Wick’s	
theorem:	
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•  Numerical	results	for	3d	boundary	state	
quench	for	scalar	field.	[Cotler,	
Hertzberg,	MM,	Mueller]	
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The	analogy	between	minimal	cuts	and	the	RT	surface	computing	entanglement	entropy	
has	inspired	toy	models	of	holography.	
•  AdS/MERA	analogy	[Swingle]	
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Fig. 14.2 A cartoon for a MERA tensor network illustrating the general idea of applying
disentanglers to remove short distance entanglement and thence applying the isometries/coarse-
grainers to block spins

and the first step of coarse-graining brings us to the chain at u D !1 , etc. If we start
with a spin chain with n spins, after ju j steps of coarse-graining, the number of spins
becomes pu n. Therefore after logp n steps, we reduce down to a single spin. This is
essentially the quantum version of Kadanoff blocking.

Taking into account only the coarse-graining, however, fails to result in a good
approximation of the correct ground state for quantum critical theories in ds D 1 .
The situation simply gets worse in higher dimensions. To see why, let us estimate
how much data we need to retain after n steps of coarse-graining. For a non-critical
system in one spatial dimension ds D 1 , we know that entropySA remains bounded
by a finite value, independent of the size of the subsystem as in (14.1.4). We may
then roughly take ! to be given by the maximal value of the entanglement entropy
and get a good approximation. For a critical system in ds D 1 , we have the famous
logarithmic scaling SA " c

3
log `A, so the bond dimension would be required to

go as .`A/
c
3 . This amounts to ! # e! c

6 ju j log p after ju j steps, which renders the
approximation useless. In higher dimensions, one can use the area law scaling of
entanglement entropy to see that there is a super-exponential growth in the number
of coarse-graining steps.

To resolve this issue, MERA employs another operation called the disentangler.
The idea is to remove the entanglement between neighbouring blocks as one
proceeds upwards in the coarse-graining transformation. To do so, one has to act
with a unitary transformation on neighbouring blocks to remove the entanglement
present. Rather than act on all the blocks, one chooses to act with a unitary
transformation on the two neighbour sites at the edges of their respective blocks.
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•  Time	dependent	generalization	is	elusive.	I	found	a	quantitative	tensor	network-like	
description,	after	partially	solving	the	equations	of	motion.	
	
	
	
	
	
	
	
	
	
	
Realization	of	slogan:	“Gravity	is	the	hydrodynamics	of	entanglement”	
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Entanglement	entropy	in	static	holographic	states	obeys	inequalities,	that	are	not	true	in	
general	in	QM.	
•  The	best	known	one	is	the	monogamy	of	mutual	information.	[Hayden,	Headrick,	

Maloney]	It	can	be	proven	using	the	same	steps	as	in	the	proof	of	SSA.	
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Entanglement	entropy	in	static	holographic	states	obeys	inequalities,	that	are	not	true	in	
general	in	QM.	
•  The	best	known	one	is	the	monogamy	of	mutual	information.	[Hayden,	Headrick,	

Maloney]	It	can	be	proven	using	the	same	steps	as	in	the	proof	of	SSA.	

	
	
	
	
	
	
	
•  The	inclusion-exclusion	proof	method	can	be	used	to	derive	many-party	inequalities.	

[Bao	et	al.]	Holography	is	not	essential,	only	need	that	the	entropy	is	proportional	to	a	
partionable	geometric	minimization	problem.	
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Entanglement	entropy	in	static	holographic	states	obeys	inequalities,	that	are	not	true	in	
general	in	QM.	
•  The	best	known	one	is	the	monogamy	of	mutual	information.	[Hayden,	Headrick,	

Maloney]	It	can	be	proven	using	the	same	steps	as	in	the	proof	of	SSA.	

	
	
	
	
	
	
	
•  The	inclusion-exclusion	proof	method	can	be	used	to	derive	many-party	inequalities.	

[Bao	et	al.]	Holography	is	not	essential,	only	need	that	the	entropy	is	proportional	to	a	
partionable	geometric	minimization	problem.	

•  HRT	is	an	extremization	of	codimension-2	surface,	no	proof	(or	counterexample)	is	
known	for	many-party	inequalities.	Inclusion-exclusion	applies	to	the	membrane	
theory,	hence	proof	for	time	dependent	states	(large	regions,	late	times).	[Bao,	MM]		
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The	Ryu-Takayanagi	prescription	can	be	reformulated	in	the	language	of	bit	threads.	
[Freedman,	Headrick]	
•  Maximize		

	
Constraints:	
	

•  Covariant	generalization	to	HRT	[Headrick,	Hubeny]	
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•  Covariant	generalization	to	HRT	[Headrick,	Hubeny]	

•  Membrane	theory	can	also	be	similarly	reformulated	without	reference	to	holography.	
Only	one	constraint	changes	[Agon,	MM]	
	
	
													is	the	Legendre	transform	of											:		
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The	Ryu-Takayanagi	prescription	can	be	reformulated	in	the	language	of	bit	threads.	
[Freedman,	Headrick]	
•  Maximize		

	
Constraints:	
	

•  Covariant	generalization	to	HRT	[Headrick,	Hubeny]	

•  Membrane	theory	can	also	be	similarly	reformulated	without	reference	to	holography.	
Only	one	constraint	changes	[Agon,	MM]	
	
	
													is	the	Legendre	transform	of											:		
	

•  The	map	that	reconstructs	the	HRT	surface	from	the	minimal	membrane	can	be	used	
to	push	the	membrane	theory	bit	thread	into	the	bulk.	

•  Membrane	theory	is	versatile,	has	connections	to	operator	growth	and	
hydrodynamics,	and	has	all	the	features	to	be	a	universal	theory.		
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Entanglement	entropy	obeys	inequalities,	natural	to	consider	bounds	in	the	quench	setup.		
•  		 				can	be	proven	using	Lorentz	invariance	and	the	SSA	inequality,	[Casini,	Liu,	

MM]	or	the	monotonicity	of	relative	entropy.	[Afkhami-Jeddi,	Hartman]	

Bounds	

vE  1



Entanglement	entropy	obeys	inequalities,	natural	to	consider	bounds	in	the	quench	setup.		
•  		 				can	be	proven	using	Lorentz	invariance	and	the	SSA	inequality,	[Casini,	Liu,	
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•  Monotonicity	of	(thermal)	relative	entropy	for	
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cones	at	finite	temperature	in	chaotic	systems:	
	
	
Gives	bound	for	all	times.	Can	be	combined		
with	another	proposed	inequality.	[MM,	Stanford]		
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subsystems	combined	with	emergent						light		
cones	at	finite	temperature	in	chaotic	systems:	
	
	
Gives	bound	for	all	times.	Can	be	combined		
with	another	proposed	inequality.	[MM,	Stanford]		

•  Consequences:	
	
	
In	holography,	for	spheres	saturation	is	often	as	fast	as	possible.	[Liu,	Suh;	MM,	
Stanford;	MM1]		
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Entanglement	entropy	obeys	inequalities,	natural	to	consider	bounds	in	the	quench	setup.		
•  		 				can	be	proven	using	Lorentz	invariance	and	the	SSA	inequality,	[Casini,	Liu,	

MM]	or	the	monotonicity	of	relative	entropy.	[Afkhami-Jeddi,	Hartman]	
•  Monotonicity	of	(thermal)	relative	entropy	for	

subsystems	combined	with	emergent						light		
cones	at	finite	temperature	in	chaotic	systems:	
	
	
Gives	bound	for	all	times.	Can	be	combined		
with	another	proposed	inequality.	[MM,	Stanford]		

•  Consequences:	
	
	
In	holography,	for	spheres	saturation	is	often	as	fast	as	possible.	[Liu,	Suh;	MM,	
Stanford;	MM1]		

•  Membrane	theory	proof:	there	exists	a	maximal	membrane	tension	compatible	with	
the	general	properties	discussed	before.	
	
	
The	resulting	minimal	membrane	is	a	combination	of	a	cylinder	and	the	cone	
saturating	the	combined	inequalities.	[MM2]	
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