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Evidence for dark matter…

…exists over a diversity of scales and physical systems 

Large-scale structure Galaxy clusters 
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Figure 1.1: (Left) The measured rotation curves for the Milky Way compiled in
Ref. [16], and theoretical expectations from bulge- and disk-like components (blue and
green lines, respectively) inferred from baryonic matter [16], as well as an additional
dark matter component from a spherical, isothermal halo (red line). The rotation
curve for the baryonic-only component (disk + bulge) is shown as the dashed yellow
line, and the total rotation curve including the dark halo is shown as the solid yellow
line. The dark halo component is required to match the observed data at larger radii
r & 15 kpc. (Right) The Planck TT spectrum [20] along with the best-fit theoretical
predictions (solid blue line, computed with CAMB [21]), as well as predictions for a
slightly altered cosmology with ⇠10% less non-baryonic (dark) matter (dashed blue
line) where striking di↵erences from the observed spectrum can be seen.

existence of dark matter, including observations of the distribution of galaxies on large

scales [22], weak [23] and strong lensing [24, 25] of background galaxies by foreground

structure, and observations of merging clusters [26].

1.2 (Particle) Nature of Dark Matter

Although there exists a great deal of evidence for the existence of dark matter, its

nature largely remains a mystery. These days, it is often implicitly assumed that

when people are talking about detecting dark matter, say at a Xenon direct detection

experiment or in gamma-ray data, they are referring to a dark matter particle. As
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curve for the baryonic-only component (disk + bulge) is shown as the dashed yellow
line, and the total rotation curve including the dark halo is shown as the solid yellow
line. The dark halo component is required to match the observed data at larger radii
r & 15 kpc. (Right) The Planck TT spectrum [20] along with the best-fit theoretical
predictions (solid blue line, computed with CAMB [21]), as well as predictions for a
slightly altered cosmology with ⇠10% less non-baryonic (dark) matter (dashed blue
line) where striking di↵erences from the observed spectrum can be seen.
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Pinning down dark matter microphysics…Introduction 3
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Figure 1. Dark matter may have non-gravitational interactions, which can be probed by four complementary
approaches� direct detection, indirect detection, particle colliders, and astrophysical probes. The lines connect the
experimental approaches with the categories of particles that they most stringently probe �additional lines can be drawn
in specific model scenarios�. Figure taken from the Snowmass CF� Report �Bauer et al., �����.

Model Probe Parameter Value

Warm Dark Matter Halo Mass Particle Mass m ⇠ 18 keV
Self-Interacting Dark Matter Halo Profile Cross Section �SIDM/m� ⇠ 0.1–10 cm2

/ g
Baryon-Scattering Dark Matter Halo Mass Cross Section � ⇠ 10�30 cm2

Axion-Like Particles Energy Loss Coupling Strength g�e ⇠ 10�13

Fuzzy Dark Matter Halo Mass Particle Mass m ⇠ 10�20 eV
Primordial Black Holes Compact Objects Object Mass M > 10�4M�

Weakly Interacting Massive Particles Indirect Detection Cross Section h�vi ⇠ 10�27 cm3
/ s

Light Relics Large-Scale Structure Relativistic Species Ne� ⇠ 0.1

Table 1-1. Probes of fundamental dark matter physics with LSST. Classes of dark matter models are listed in Column
�, and the primary observational probe that is sensitive to each model is listed in Column �. The corresponding dark
matter parameters are listed in Column �, and estimates of LSST’s senstivity to each parameter are listed in Column �.

LSST D��� M�����

Snowmass CF4 report (Bauer et al, 2015)
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…through macroscopic effects
Underlying particle physics can be manifest by understanding macroscopic 

distribution of dark matter on small scales

Introduction 3
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approaches� direct detection, indirect detection, particle colliders, and astrophysical probes. The lines connect the
experimental approaches with the categories of particles that they most stringently probe �additional lines can be drawn
in specific model scenarios�. Figure taken from the Snowmass CF� Report �Bauer et al., �����.
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Table 1-1. Probes of fundamental dark matter physics with LSST. Classes of dark matter models are listed in Column
�, and the primary observational probe that is sensitive to each model is listed in Column �. The corresponding dark
matter parameters are listed in Column �, and estimates of LSST’s senstivity to each parameter are listed in Column �.

LSST D��� M�����

Microphysics from Macrophysics
(Subhalo mass function, 

subhalo profiles…)
(Self-interactions,  
scalar field DM…)

LSST Dark Matter White Paper  (Drlica-Wagner et al, 2019)
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FIG. 5. Shown is the halo mass function from our simulations
and our fits to that data. The thick lines are the data from
each simulation, as listed in the legend. The thin lines are the
CDM data multiplied by our fitting factor, which is given in
Eq. (5.5).
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FIG. 6. Shown is the halo mass function for the CDM model
and several WDM particle masses, as given in the legend. The
mass functions are normalized to the CDM mass functions at
large masses. Our WDMmass functions include a suppression
for small M and a small scale cut-o↵.

m � Mfs and goes to zero when m ⌧ Mfs to provide a
continuous cut-o↵. Our WDM mass function is then

dnW

dM
=

✓
M

2

M2 +M
2

fs

◆10
3 ✓

1 +
Mf

M

◆�⌘
dnC

dM
. (5.8)

The full mass function for our CDM and WDM models
is shown in Fig. 6. The e↵ect of just the change to the
mass function on the nonlinear matter power spectrum is
shown in Fig. 7. The decrease in small mass halos results
in the suppression of the power spectrum at small scales.
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FIG. 7. The percent di↵erence between the nonlinear matter
power spectrum for the CDM model and several WDM parti-
cle masses, as listed in the legend, is plotted versus wavenum-
ber k. In this graph, the only di↵erence between the CDM
and WDM models is the change to the mass function, as given
in Eq.s (5.8). The decrease in small mass halos results in the
suppression of the power spectrum at small scales.

VI. HALO DENSITY PROFILE

A. Cold Dark Matter

A general halo density profile is given by Ref. [43]:

⇢ (r | M) =
⇢s

⇣
r

rs

⌘� h
1 +

⇣
r

rs

⌘↵i(���)/↵
. (6.1)

For CDM, we employ the Navarro, Frenk and White
(NFW) profile [44], which has ↵ = 1, � = 3 and � = 1.
The radius rs is the radius at which the density function
has a logarithmic slope of �2. For a spherically symmet-
ric density profile, the mass of the halo is

M ⌘
Z

Rvir

0

dr4⇡r2⇢ (r | M) , (6.2)

for the virial radius Rvir. For the NFW profile, the in-
tegral has an analytic solution, which specifies the value
of ⇢s:

M = 4⇡⇢sr
3

s

✓
ln (1 + c)� c

1 + c

◆
. (6.3)

The concentration c is defined as c ⌘ Rvir/rs. When
calculating the nonlinear matter power spectrum, we use
the Fourier transform of the density profile,

u (k | M) =

Z
Rvir

0

dr4⇡r2
sin (kr)

kr

⇢ (r | M)

M
. (6.4)

Dunstan et al [1109.6291] 
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Gravitational probes of dark Galactic substructure
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Figure 1. (Left) Moments of the stellar phase-space distribution (at z = 0 kpc), perturbed by a passing DM subhalo at the
origin. The subhalo is described by a Plummer sphere with Msh = 2⇥107 M�, rs ⇡ 0.72 kpc, and is traveling in the x̂ direction
with vsh = 200 km/s. The background phase-space distribution is described by a Maxwell–Boltzmann distribution (see (5))
with v0 = 100 km/s. (Middle) Same as left, but selecting only stars that are co-moving with the subhalo with vx > 150 km/s.
(Right) The stellar-wakes likelihood profile, defined in (8), as a function of the assumed subhalo mass. We show results for
a simulation with the same background and subhalo parameters as in the left panel (black solid) and for a background-only
simulation without a subhalo (blue dashed). The corresponding uncertainties, described in the text, are shown in gray/light
blue, respectively, for a distance of 5 kpc from the center of the ROI to Earth. The unperturbed stellar number density is
n0 = 5⇥ 103 kpc�3, and we use an ROI with radius R = 3 kpc (dashed green in the left panel). For the simulation including a
subhalo, the likelihood profile peaks at the correct subhalo mass, marked by a vertical dotted blue line. For the background-only
simulation, we find good agreement with analytic results based on the Asimov data set (red), see (15).

on simulated stellar populations, including projected ob-
servational uncertainties, and we will discuss potential
applications.

Perturbed stellar phase-space.—We assume that
a local stellar population is in kinetic equilibrium such
that, within the region of interest (ROI) where we will
perform the analysis, its phase-space distribution may be
described by a homogeneous, time-independent distribu-
tion f0(v), with v the stellar velocities. The number den-
sity is given by n0 =

R
d3v f0(v). The gravitational po-

tential of a passing subhalo induces an out-of-equilibrium
perturbation to the phase-space distribution, which we
write as

f(x,v, t) = f0(v) + f1(x,v, t) . (1)

In general, the phase-space distribution is a solution to
the collisionless Boltzmann equation

@f

@t
+ v · rxf � rx� · rvf = 0 , (2)

where � is the gravitational potential generated by the
subhalo. By substituting (1) into (2), we may derive the

equations of motion for f1. We choose to do so perturba-
tively, expanding to leading order in Newton’s constant
G. In this approximation, the term rx� · rvf1, which
would be of order G2, can be dropped [26]:

@f1
@t

+ v · rxf1 = rx� · rvf0 . (3)

We will work, for now, in the subhalo rest frame, where
� is time-independent and thus the velocity distribution
f1 is static. In [26] it was shown, by first going to Fourier
space for the variable x, that the solution to (3) is given
by

f1(x,v) =

Z 1

0

du

u2
ry�(y) · rvf0(v)

����
y=x�v/u

. (4)

Throughout this work, we take f0(v) to be a boosted
Maxwell-Boltzmann distribution of the form

f0(v) =
n0

⇡3/2v3
0

e�(v+vsh)
2/v2

0 , (5)

in the subhalo rest frame. Here, v0 is the velocity dis-
persion and vsh is the boost of the subhalo with respect
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Figure 1. (Top) Likely members of the GD-1 stellar stream, cleanly selected using Gaia proper motions and PanSTARRS
photometry, reveal two significant gaps located at �1 ⇡ �20� and �1 ⇡ �40�, and dubbed G-20 and G-40, respectively. There
is a long, thin spur extending for ⇡ 10� from the G-40 gap. (Bottom) An idealized model of GD-1, whose progenitor disrupted
at �1 ⇡ �20� to produce the G-20 gap, and which has been perturbed by a compact, massive object to produce the G-40 gap.
The orbital structure of stars closest to the passing perturber is distorted into a loop of stars that after 0.5Gyr appears as an
underdensity coinciding with the observed gap, and extends out of the stream similar to the observed spur.

To highlight the complex structure of the GD-1
stream, we present the distribution of likely stream
members at the top of Figure 1. As a first step in find-
ing likely members, we followed Price-Whelan & Bonaca
(2018) in selecting stars consistent with an old and
metal-poor population at a distance of 8 kpc, and mov-
ing retrograde with respect to the Galactic disk, with
proper motions in the GD-1 reference frame (µ�1 , µ�2) ⇡
(�7, 0) mas yr�1. The spatial distribution of these stars
in the �2 direction (i.e. perpendicular to the stream) is
modeled as a combination of a constant background, a
stream component at the location of the main stream
track, and one additional Gaussian component on ei-
ther side of the main stream to capture stream features
beyond the main track. We solved for the normaliza-
tion, position and width of every component by explor-
ing the parameter space with an ensemble MCMC sam-
pler (Foreman-Mackey et al. 2013). We used 256 walkers
that ran for a total of 1280 steps, and kept the final 256
steps to generate posterior samples in these parameters.
The above procedure is a full-stream generalization of
the calculation in (Price-Whelan & Bonaca 2018) that
quantified the fraction of stars in the additional compo-
nents at the locations of the spur and the blob. Finally,
we define a stream membership probability, pmem, as
the joint probability of a star belonging either to the
main stream or the additional feature, evaluate these
probabilities using MCMC samples and apply them to
every star. The upper panel of Figure 1 shows stars with

pmem > 0.5, with larger and darker points representing
stars with a higher membership probability.
Most likely GD-1 members trace a thin stream, whose

width varies between � ⇡ 100 and 300. As noted by
Price-Whelan & Bonaca (2018), the stellar density along
the stream is not uniform, and there are two signifi-
cant underdensities, or gaps, located at �1 ⇡ �40� and
�1 ⇡ �20�, which we refer to as G-40 and G-20, respec-
tively. The main focus of this work are structures related
to the G-40 gap, so if not specified, the gap refers to G-
40. The additional, feature components are above the
background density in the spur region, �1 ⇡ �35�, and
the blob region, �1 ⇡ �15�, and consistent with zero
along the rest of the stream. In the following section we
present a model of GD-1 that simultaneously explains
the gap in the stream and the spur extending from the
stream.

3. MODELING THE PERTURBED GD-1 STREAM

3.1. Setup and the fiducial model

Unlike the observed GD-1, a globular cluster disrupt-
ing on the GD-1 orbit in a simple — analytic and smooth
— galaxy creates a stream that is also smooth (Price-
Whelan & Bonaca 2018). This model follows stars as
they leave the progenitor, and accounts for their epicylic
motion relative to the progenitor’s orbit (Küpper et al.
2008, 2010; Fardal et al. 2015). The resulting pattern
of over- and underdensities is much more uniform than
the observed stream, so the full extent of density varia-

Phase-space perturbation of Milky Way stars Phase-space perturbation of cold stellar steams 
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Figure 6. Comparison of inferred mass and scale radius of the GD-1 perturber (following a Hernquist profile, light gray shaded
region) to the known dwarf galaxies (squares), globular clusters (triangles), and molecular clouds in the outer disk (circles). For
dwarf galaxies and globular clusters we show the total mass and half-light radius, while for molecular clouds we show total mass
and total size. Molecular clouds are too di↵use to have caused features in the GD-1 stream, while orbital properties rule out
globular clusters and dwarf galaxies. The dark shaded region is showing masses and scale radii of dark matter subhalos (following
an NFW profile) and the expected 3� scatter (the inner and outer dotted lines denote the 1� and 2� scatter, respectively).
GD-1 perturber is on the dense, or high-concentration, end of dark matter subhalos.

the Galactic bulge (Kurtev et al. 2008; Bonatto & Bica
2008), and are therefore unlikely GD-1 perturbers. Out
of 49 dwarf galaxies present in the up-to-date catalog of
McConnachie (2012), only 24 objects have their orbits
determined. In summary, present data rule out all lumi-
nous satellites with known orbits as GD-1 perturbers,
but follow-up spectroscopy is required to test the re-
maining 25 satellites.
As it orbits the Galaxy, GD-1 crosses the disk at

timescales comparable to the inferred time of pertur-
bation (the lightest line in Figure 5 is the distance from
the Galactic plane). While strong disk shocking can fa-
cilitate disruption of a di↵use globular cluster (Dehnen
et al. 2004), GD-1 disk crossings are between 13 kpc and
23 kpc from the Galactic center, where the disk density
is too low to significantly impact the stream, or produce
sharp features such as the gap and the spur. Still, gi-
ant molecular clouds (GMCs) that are orbiting in the
disk plane can perturb cold stellar streams (Amorisco
et al. 2016). To test whether GMCs are viable can-
didates for the GD-1 perturber, in Figure 6 we com-
pare the inferred mass and size of the GD-1 perturber
(gray shaded region) to known objects in the Milky Way,
including molecular clouds. Dwarf galaxies are shown
as light squares (McConnachie 2012), globular clusters

as medium triangles (Baumgardt & Hilker 2018), and
outer-disk molecular clouds (beyond 10 kpc) as dark cir-
cles (Miville-Deschênes et al. 2017). This comparison is
rather conceptual as di↵erent classes of objects have dif-
ferent density profiles: for the GD-1 perturber we show
the mass and scale radius assuming a Hernquist profile,
for dwarf galaxies and globular clusters we show the to-
tal dynamical mass and half-light radius, and the total
(high) mass and full size for molecular clouds. Keeping
these caveats in mind, the most massive globular clus-
ters and the most compact dwarf galaxies have masses
and sizes comparable to the preferred values of the GD-
1 perturber, but GMCs are in general too di↵use (at a
given mass, their sizes are at least an order of magni-
tude larger than expected of the GD-1 perturber). To
additionally test for extremely dense, yet undiscovered
class of GMCs, we also created GD-1 models perturbed
by a 107 M� point mass moving on a circular disk or-
bit for the three most recent disk crossing times. These
configurations result in a spur that is below the stream
at �2 < 0, rather than above at �2 > 0 as observed in
GD-1. Based on their low central density and their ex-
pected orbits, we conclude that GMCs are unlikely to
have perturbed GD-1. A dense GMC orbiting outside of
the Milky Way disk at large Galactocentric radii is still

Bonaca et al [1811.03631] 

Buschmann et al [1711.03554] 
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FIG. 3. Subhalo mass function in the mass range 106�109M�
reconstructed from the analysis of the perturbations induced
on the GD-1 and Pal 5 streams. Red data points show the ob-
served classical Milky Way satellites. The blue downward ar-
row and data points show the 68% upper bound, and the mea-
surement and 68% error, respectively, in 3 mass bins below the
scale of dwarfs, as obtained in paper I. The shaded area show
the CDM mass function taking into account the baryonic dis-
ruption of the subhalos. The orange lines show the predicted
mass function for thermal WDM candidates of di↵erent mass,
taking into account the expected subhalo depletion due to
baryonic disruption for the low-mass (M < 109M�) measure-
ments from the inner Milky Way.

stream.
Constraints on warm dark matter from stellar

streams and dwarf galaxy counts. In Paper I, we
obtained an measurement of the subhalo mass function
in the mass range 106 � 109M� using a joint analysis of
the GD-1 and Pal 5 streams using the modeling described
above. In Fig. 3, we show the 68% upper bound (down-
ward arrow) for the lowest mass bin of 106 �107M�, and
the measurement and 68% error for the next two bins
(error bars). The inferred mass function is found to be
consistent with the CDM mass function taking into ac-
count the baryonic disruption of the subhalos (shaded
area). To extend the observed range of the subhalo mass
function, we added measurements from the counts of clas-

Range ↵ prior Prior on 1/mWDM 95% lower bound on mWDM

[�3,�1] flat 1.9 keV

[�1.95,�1.85] flat 4.9 keV

[�1.95,�1.85] log 6.3 keV

TABLE I. Constraint on the mass of a thermal WDM candi-
date arising from the comparison of the predicted mass func-
tion with the one inferred from the analysis of GD-1 and Pal
5 perturbations and from the counts of classical Milky Way
satellites.

sical Milky Way satellites [43, 44], shown as the red mea-
surements in Fig. 3. A comparison with the predicted
mass function of di↵erent thermal WDM candidates (or-
ange lines, which take into account the expected sub-
halo depletion by ⇡ 80 % due to baryonic disruption for
the low-mass, M < 109M� measurements from the inner
Milky Way) allows us to set a stringent lower limit on
the particle mass mWDM (see Tab. I). Assuming a flat
prior on the log slope of the mass function ↵ in the range
[�1.95,�1.85], uninformative priors on the amplitude of
the mass function and the amount of subhalo disruption
by the baryonic disk, and a log prior on mWDM, analo-
gous to those adopted in the recent analysis of quadruple-
image strong gravitational lenses of Ref. [45], we obtain
a 95% lower bound on the mass of the WDM particle
mWDM > 6.3 keV.

Conclusions. In Paper I, we found evidence for den-
sity perturbations on angular scales larger than 10� in
the observed linear density of the GD-1 stream, and we
showed that a population of ‘vanilla’ CDM subhalos are
necessary and su�cient to explain those perturbations.
Here, we have studied the impact of these findings on
particle DM models. A comparison of the power spec-
trum arising from mock simulations of streams in pres-
ence of WDM subhalos allowed us to set a 95% lower
limit of mWDM > 4.6 keV on the particle mass of ther-
mal WDM candidates. A joint analysis of the GD-1 and
Pal 5 streams and Milky Way dwarf satellite counts gives
mWDM > 6.3 keV. A similar analysis can be applied to
any DM candidates that leads to a suppression of the sub-
halo mass function on scales below the masses of dwarf
galaxies; expressed in terms of the half-mode mass Mhm,
our constraint is Mhm < 4.3⇥107 M� at 95% confidence.
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FIG. 1. Proper motion (top row) and proper motion acceleration (bottom row) induced by a simulated realization of sub-
halos using the CDM-inspired fiducial configuration. Galactic longitude (left column) and Galactic latitude (right column)
components are shown on a HEALPIX grid with resolution nside=128. �

II. FORMALISM AND WARM-UP

Our goal is to compute the two-point correlation func-
tion of lens-induced velocities and accelerations due to a
population of Galactic subhalos. In this section, we pro-
vide an overview of this formalism, leaving details of the
derivations to App. A. We then apply this formalism to a
few simple subhalo populations to build intuition for how
the signal characteristics are a↵ected by the properties of
the underlying substructure population.

A. Vector power spectrum formalism

Lens-induced proper motions and accelerations

In the thin-lens regime, the angular deflection �✓ of a
source at angular diameter distance Ds due to a lens at
angular diameter distance Dl is (see e.g., V18)

�✓ = �

✓
1 �

Dl

Ds

◆
4GNM(b)

b
b̂ (1)

where b is the physical impact parameter between the
source and lens, and M(b) is the enclosed mass function
of the spherically-symmetric lens within a cylinder of ra-

dius b, M (b) = 2⇡
R +1

�1
dx

R b
0 db

0
b
0
⇢
�p

x2 + b02
�
. As dis-

cussed in V18, the induced deflections are typically too
small to be disentangled from naturally-occurring and
systematic variations in the angular number density of
sources, either individually or collectively.

Time-domain e↵ects o↵er more promise. Since dark
matter substructure has a characteristic velocity disper-
sion, an e↵ective lens velocity vl ⌘ db/dt induces an
apparent velocity on the luminous sources. This angular
velocity correction µ ⌘ �✓̇ can be written as

µ(b) = 4GN

⇢
M(b)

b2

h
2b̂(b̂ · vl) � vl

i
�

M
0(b)

b
b̂(b̂ · vl)

�
.

(2)

We will often use the angular separation � ⌘ b/Dl =
✓l �✓s between celestial positions of the lens and source,
✓l and ✓s, respectively. In Eq. (2) above, we have ignored
a (1�Dl/Ds) geometric factor in the limit of large source
distance Ds relative to the line-of-sight distance Dl to the
lens. Equation (2) represents a dipole pattern centered
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Figure 1. Astrometric weak lensing geometry. A lens l comprised of an extended, spherically
symmetric mass distribution at a line-of-sight distance Dl bends the light path (dark yellow) of a
background source i (yellow four-pointed star) at an impact parameter bil (light blue) and distance
Di. The deflection angle �✓il is proportional to 1/bil as well as the mass M(bil) enclosed inside the
cylinder with radius equal to bil. The lensing deflection evolves nonlinearly in time because the impact
parameter bil changes due to the peculiar velocities of the lens (vl), observer (v�), and source (vi).
We ignore velocity components along the line of sight (that is, Dl and Di are fixed), but it should be
understood that �✓il, bil, vl, v�, and vi are 2D vectors perpendicular to the line of sight.

detectable astrometric lensing events of individual background sources, unless they are ex-
tremely cuspy at their centers, in which case they can give rise to observable signals akin to
those produced by compact objects [39]. Recent simulations of minihalos, however, disfavor
such steep inner density profiles [40]. The question remains: are there techniques that do
not rely on the dramatic lensing signatures from point-like objects and ultra-cuspy halos, but
instead, can tease out the subtle lensing effects from more dilute subhalos?

In this paper, we introduce several methods that leverage the high statistics of current
and planned astrometric surveys, potentially enabling the discovery of extended nonluminous
structures inside the Milky Way. Our methods might even reveal the presence of massive
planets far beyond the Kuiper Belt in our own Solar System, through the correlated lensing
effect they produce as they transit past many background stars. In section 2, we give an
executive summary of the basic physical effects and a preview of one of our main results,
as well as recommendations for the data products and observational strategies of ongoing
and future astrometric missions. In section 3, we review the properties of the lens targets
that we aim to detect. Section 4 introduces new classes of signal observables. Their noise
contributions from instrumental as well as intrinsic origins are discussed in section 5. Section 6
contains our sensitivity projections for the lens targets of section 3. We conclude with our
future outlook in section 7. Readers primarily interested in the search for outer Solar System
planets may skip many parts of the main text, and follow only sections 2, 3.4, 4.1, 5.1, 6.3,
and 7 for a self-contained analysis.

2 Summary

We will investigate how high-statistics, time-domain astrometry can yield insights into the
structure of dark matter in the Milky Way. Before presenting our detailed study in later
sections, we condense the basic intuition of the physics and our analysis methods here.

– 3 –

Intervening mass causes a shift in the apparent position of background light

Van Tilburg et al, 2018⃗Δθ =
2
Dl

⃗∇θ ∫ dz ΨG( ⃗r)
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II. FORMALISM AND WARM-UP

Our goal is to compute the two-point correlation func-
tion of lens-induced velocities and accelerations due to a
population of Galactic subhalos. In this section, we pro-
vide an overview of this formalism, leaving details of the
derivations to App. A. We then apply this formalism to a
few simple subhalo populations to build intuition for how
the signal characteristics are a↵ected by the properties of
the underlying substructure population.

A. Vector power spectrum formalism

Lens-induced proper motions and accelerations

In the thin-lens regime, the angular deflection �✓ of a
source at angular diameter distance Ds due to a lens at
angular diameter distance Dl is (see e.g., V18)

�✓ = �

✓
1 �

Dl

Ds

◆
4GNM(b)

b
b̂ (1)

where b is the physical impact parameter between the
source and lens, and M(b) is the enclosed mass function
of the spherically-symmetric lens within a cylinder of ra-

dius b, M (b) = 2⇡
R +1

�1
dx

R b
0 db

0
b
0
⇢
�p

x2 + b02
�
. As dis-

cussed in V18, the induced deflections are typically too
small to be disentangled from naturally-occurring and
systematic variations in the angular number density of
sources, either individually or collectively.

Time-domain e↵ects o↵er more promise. Since dark
matter substructure has a characteristic velocity disper-
sion, an e↵ective lens velocity vl ⌘ db/dt induces an
apparent velocity on the luminous sources. This angular
velocity correction µ ⌘ �✓̇ can be written as

µ(b) = 4GN

⇢
M(b)

b2

h
2b̂(b̂ · vl) � vl

i
�

M
0(b)

b
b̂(b̂ · vl)

�
.

(2)

We will often use the angular separation � ⌘ b/Dl =
✓l �✓s between celestial positions of the lens and source,
✓l and ✓s, respectively. In Eq. (2) above, we have ignored
a (1�Dl/Ds) geometric factor in the limit of large source
distance Ds relative to the line-of-sight distance Dl to the
lens. Equation (2) represents a dipole pattern centered
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Figure 1. Astrometric weak lensing geometry. A lens l comprised of an extended, spherically
symmetric mass distribution at a line-of-sight distance Dl bends the light path (dark yellow) of a
background source i (yellow four-pointed star) at an impact parameter bil (light blue) and distance
Di. The deflection angle �✓il is proportional to 1/bil as well as the mass M(bil) enclosed inside the
cylinder with radius equal to bil. The lensing deflection evolves nonlinearly in time because the impact
parameter bil changes due to the peculiar velocities of the lens (vl), observer (v�), and source (vi).
We ignore velocity components along the line of sight (that is, Dl and Di are fixed), but it should be
understood that �✓il, bil, vl, v�, and vi are 2D vectors perpendicular to the line of sight.

detectable astrometric lensing events of individual background sources, unless they are ex-
tremely cuspy at their centers, in which case they can give rise to observable signals akin to
those produced by compact objects [39]. Recent simulations of minihalos, however, disfavor
such steep inner density profiles [40]. The question remains: are there techniques that do
not rely on the dramatic lensing signatures from point-like objects and ultra-cuspy halos, but
instead, can tease out the subtle lensing effects from more dilute subhalos?

In this paper, we introduce several methods that leverage the high statistics of current
and planned astrometric surveys, potentially enabling the discovery of extended nonluminous
structures inside the Milky Way. Our methods might even reveal the presence of massive
planets far beyond the Kuiper Belt in our own Solar System, through the correlated lensing
effect they produce as they transit past many background stars. In section 2, we give an
executive summary of the basic physical effects and a preview of one of our main results,
as well as recommendations for the data products and observational strategies of ongoing
and future astrometric missions. In section 3, we review the properties of the lens targets
that we aim to detect. Section 4 introduces new classes of signal observables. Their noise
contributions from instrumental as well as intrinsic origins are discussed in section 5. Section 6
contains our sensitivity projections for the lens targets of section 3. We conclude with our
future outlook in section 7. Readers primarily interested in the search for outer Solar System
planets may skip many parts of the main text, and follow only sections 2, 3.4, 4.1, 5.1, 6.3,
and 7 for a self-contained analysis.

2 Summary

We will investigate how high-statistics, time-domain astrometry can yield insights into the
structure of dark matter in the Milky Way. Before presenting our detailed study in later
sections, we condense the basic intuition of the physics and our analysis methods here.

– 3 –
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Problem: true position of background sources unknown
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This paper is organized as follows. In Sec. II we in-
troduce the subhalo-induced proper motion and acceler-
ation power spectrum formalism, illustrating the signal
characteristics with example power spectra due to a sin-
gle subhalo. Section III B extends this formalism to a
population of Galactic subhalos, illustrated for a fiducial
⇤CDM-inspired configuration and validated with simu-
lations. In Sec. ?? we present forecasts on various moti-
vated substructure configurations achievable with future
astrometric surveys. In Sec. IV we describe various han-
dles that can be used to distinguish a putative true signal
from instrumental and other sources of noise in a power
spectrum measurement. We conclude in Sec. V.

II. FORMALISM AND WARM-UP

A. Power spectrum formalism

The angular velocity correction µ of a luminous source
with an impact parameter b to a spherically symmetric
lens with an enclosed mass function M(b) can be written
as

µ(b) = 4G

⇢
M(b)

b2

h
2b̂(b̂ · vl) � vl

i
�

M 0(b)

b
b̂(b̂ · vl)

�
.

(1)

We will often use the angular separation � = b/Dl =
✓l �✓i between celestial positions of the lens and source,
✓l and ✓i, respectively. In the above, we have ignored a
(1 � Dl/Di) geometric factor in the limit of very large
source distance Di relative to the line-of-sight distance
Dl to the lens. The e↵ective lens velocity is defined as
vl = d

dtb.
Define vector spherical harmonics (VSH)

 `m =
r✓Y`mp
l(l + 1)

; �`m = r̂ ⇥ `m (2)

in spherical coordinates {r, ✓, �} with ✓ and � Galactic
colatitude and longitude respectively (sometimes com-
bined in the 2D vector ✓ = {✓,�} with correspond-
ing angular gradient r✓), and r the radial, line-of-sight
direction. The above VSH are normalized such that
they are orthonormal on the sphere

R
d⌦V`m · V`0m0 =

�V0V�`0`�m0m with V =  ,�, and form a complete basis
for a vector field on the celestial sphere. For example,
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This paper is organized as follows. In Sec. II we in-
troduce the subhalo-induced proper motion and acceler-
ation power spectrum formalism, illustrating the signal
characteristics with example power spectra due to a sin-
gle subhalo. Section III B extends this formalism to a
population of Galactic subhalos, illustrated for a fiducial
⇤CDM-inspired configuration and validated with simu-
lations. In Sec. ?? we present forecasts on various moti-
vated substructure configurations achievable with future
astrometric surveys. In Sec. IV we describe various han-
dles that can be used to distinguish a putative true signal
from instrumental and other sources of noise in a power
spectrum measurement. We conclude in Sec. V.

II. FORMALISM AND WARM-UP

A. Power spectrum formalism

The angular velocity correction µ of a luminous source
with an impact parameter b to a spherically symmetric
lens with an enclosed mass function M(b) can be written
as

µ(b) = 4G

⇢
M(b)

b2

h
2b̂(b̂ · vl) � vl

i
�

M 0(b)

b
b̂(b̂ · vl)

�
.

(1)

We will often use the angular separation � = b/Dl =
✓l �✓i between celestial positions of the lens and source,
✓l and ✓i, respectively. In the above, we have ignored a
(1 � Dl/Di) geometric factor in the limit of very large
source distance Di relative to the line-of-sight distance
Dl to the lens. The e↵ective lens velocity is defined as
vl = d

dtb.
Define vector spherical harmonics (VSH)

 `m =
r✓Y`mp
l(l + 1)

; �`m = r̂ ⇥ `m (2)

in spherical coordinates {r, ✓, �} with ✓ and � Galactic
colatitude and longitude respectively (sometimes com-
bined in the 2D vector ✓ = {✓,�} with correspond-
ing angular gradient r✓), and r the radial, line-of-sight
direction. The above VSH are normalized such that
they are orthonormal on the sphere

R
d⌦V`m · V`0m0 =

�V0V�`0`�m0m with V =  ,�, and form a complete basis
for a vector field on the celestial sphere. For example,
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Blips and outlier motions

Mono-blip

Compact lenses can induce dramatic variations in source positions

Multi-blip Outlier velocities/accelerations

Observables systematically studied in  
Van Tilburg, Taki, Weiner, “Halometry from Astrometry”, [1804.01991]
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Extended lenses

Problem: extended lenses strongly suppress lensing effects

Potential solution: study correlated motions

�✓̇il ⇠
4GNM(bil)vil

b2il
⇠ 10�3 µas y�1

✓
M(bil)

106 M�

◆✓
102 pc

bil

◆2
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Induced velocity dipole pattern
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Correlated lens-induced motions: local templates

Can use templates for expected induced motions to 
look for substructure lenses in dense source regions

Prospects studied in  
Van Tilburg, Taki, Weiner,  

“Halometry from Astrometry”, JCAP [1804.01991]
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Correlated lens-induced motions: local templates

Can use templates for expected induced motions to 
look for substructure lenses in dense source regions

Prospects studied in  
Van Tilburg, Taki, Weiner,  

“Halometry from Astrometry”, JCAP [1804.01991]

+

Velocity templates LMC field of view

      Mondino        Taki       Van Tilburg    Weiner

Ongoing analysis
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Global, correlated lens-induced motions

Alternatively, can look for global patterns in induced motion of 
sources due to a population of lenses

One tool to do this: angular correlation functions
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Statistics for analyzing large-scale structure

A cross-correlation study of the Fermi-LAT γ-ray diffuse extragalactic signal 9

Figure 7. The number count map of SDSS DR6 quasar catalogue in Galac-
tic coordinates with the resolution Nside = 64.

3.4.1 SDSS DR6 QSO

We use the SDSS DR6 quasar catalog released by Richards et al.
(2009) (hereafter DR6-QSO). This catalog contains about Nq ≈ 106

quasars with photometric redshifts between 0.065 and 6.075, cov-
ering almost all of the northern hemisphere of the Galaxy plus three
narrow stripes in the southern, for a total area of 8417 deg2 (∼ 20%
of the area of the whole sky). The DR6-QSO data set extends previ-
ous similar SDSS data sets with ∼ 95% efficiency (Richards et al.
2004; Myers et al. 2006). The main differences are due to the fact
that DR6-QSO probes QSOs at higher redshift and also contains
putative QSOs flagged as to have ultra violet excess (UVX objects).
We refer the reader to Richards et al. (2009) for a very detailed de-
scription of the object selection with the non-parametric Bayesian
classification kernel density estimator (NBC-KDE) algorithm.

We rely on the electronically published table that contains
only objects with the “good” flag with values within the range [0,6].
The higher the value, the more probable for the object to be a real
QSO (Richards et al. 2009). We only consider the quasar candi-
dates selected via the UV-excess-only criteria “uvxts=1”, i.e. ob-
jects clearly showing a UV excess which should be a signature of a
QSO spectrum. We are left with Nq ≈ 6×105 quasars. In Fig. 7 we
show the number counts map of the SDSS DR6 quasar catalogue
in Galactic coordinates.

In order to determine the mask of the actual sky coverage
of the DR6 survey, we generate a random sample with a suffi-
ciently large number of galaxies using the DR6 database to ensure
roughly uniform sampling on the SDSS CasJobs website. Follow-
ing Xia et al. (2009), besides the pixel geometry mask, we also add
the foreground mask by cutting the pixels with the g-band Galactic
extinction Ag ≡ 3.793×E(B−V )> 0.18 to account for reddening
that is the main systematic effect.

The redshift distribution function dN/dz of the DR6-QSO
sample is approximated by the function:

dN
dz

(z) =
β

Γ(m+1
β )

zm

zm+1
0

exp

[

−
(

z
z0

)β
]

, (12)

where three free parameters are m = 2.00, β= 2.20, and z0 = 1.62
(Xia et al. 2009). We choose a constant bias bS = 2.3 as found by
Giannantonio et al. (2008); Xia et al. (2009) to calculate the theo-
retical prediction from the best-fit WMAP model adopted in this
work.

3.4.2 2MASS

We use the 2 Micron All-Sky Survey (2MASS) extended source
catalogue (Jarrett et al. 2000), which contains ∼ 770000 galax-

Figure 8. The number count map of 2MASS extended source catalogue in
Galactic coordinates with the resolution Nside = 64.

Figure 9. The number count map of NVSS radio sources in Galactic coor-
dinates with the resolution Nside = 64.

ies with mean redshift ⟨z⟩ ≈ 0.072, as shown in Fig. 8. We se-
lect galaxies according to their Ks-band isophotal magnitude K20,
measured inside a circular isophote with surface brightness of 20
mag/arcsec2. These magnitudes are corrected for Galactic extinc-
tion using the infrared reddening maps: K′

20 = K20 − Ak, where
the extinction Ak = 0.367× (B−V ). In our analysis, we use the
flux cut 12.0 < K′

20 < 14.0. We only include objects with a uni-
form detection threshold (use−src = 1), and remove known arti-
facts (cc−flag ≠ a and cc−flag ≠ z). Furthermore, we exclude areas
of the sky with high reddening using the infrared reddening maps
by Schlegel et al. (1998), discarding pixels with Ak > 0.05, which
leaves approximately 67% of the sky unmasked.

In this case, the free parameters of the redshift distribution in
Eq. 12 are m = 1.90, β= 1.75, and z0 = 0.07 (Giannantonio et al.
2008), while as constant bias we use bS = 1.4 as found by
Rassat et al. (2007).

3.4.3 NVSS

The NRAO VLA Sky Survey (NVSS) (Condon et al. 1998) offers
the most extensive sky coverage (82% of the sky to a completeness
limit of about 3 mJy at 1.4 GHz) and contains 1.8× 106 sources.
Here, we include in our analysis only NVSS sources brighter than
10 mJy, since the surface density distribution of fainter sources suf-
fers from declination-dependent fluctuations (Blake & Wall 2002).
We also exclude the strip at |b|< 5◦, where the catalog may be sub-
stantially affected by Galactic emissions. The NVSS source surface
density at this threshold is 16.9 deg−2.

The redshift distribution at this flux limit has been recently
determined by Brookes et al. (2008). Their sample, complete to a
flux density of 7.2 mJy, comprises 110 sources with S ! 10 mJy,

c⃝ 0000 RAS, MNRAS 000, 000–000

A lot of cosmology boils down to looking for patterns at different scales…

Planck CMB Fermi gamma-rays 2MASS galaxies

The 2-point function has been one of the most important tool for studying large-scale structure
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Angular Power Spectra 101

A scalar field        on a sphere can be expressed as a linear superposition of 
spherical harmonics        
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ℓ mencodes angular scale encodes orientation

Yℓm( ̂n)T( ̂n)
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Shape of power spectrum contains a wealth 
of information about underlying physics
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The spherical harmonic coefficient can be determined through a convolution

Angular Power Spectra 101

Planck Collaboration: Cosmological parameters
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Fig. 1. Planck 2018 temperature power spectrum. At multipoles ` � 30 we show the frequency-coadded temperature spectrum
computed from the Plik cross-half-mission likelihood, with foreground and other nuisance parameters fixed to a best fit assuming
the base-⇤CDM cosmology. In the multipole range 2  `  29, we plot the power spectrum estimates from the Commander
component-separation algorithm, computed over 86 % of the sky. The base-⇤CDM theoretical spectrum best fit to the Planck

TT,TE,EE+lowE+lensing likelihoods is plotted in light blue in the upper panel. Residuals with respect to this model are shown in
the lower panel. The error bars show ±1� diagonal uncertainties, including cosmic variance (approximated as Gaussian) and not
including uncertainties in the foreground model at ` � 30. Note that the vertical scale changes at ` = 30, where the horizontal axis
switches from logarithmic to linear.

the best-fit temperature data alone, assuming the base-⇤CDM
model, adding the beam-leakage model and fixing the Galactic
dust amplitudes to the central values of the priors obtained from
using the 353-GHz maps. This is clearly a model-dependent pro-
cedure, but given that we fit over a restricted range of multipoles,
where the TT spectra are measured to cosmic variance, the re-
sulting polarization calibrations are insensitive to small changes
in the underlying cosmological model.

In principle, the polarization e�ciencies found by fitting the
T E spectra should be consistent with those obtained from EE.
However, the polarization e�ciency at 143 ⇥ 143, c

EE

143, derived
from the EE spectrum is about 2� lower than that derived from
T E (where the � is the uncertainty of the T E estimate, of the
order of 0.02). This di↵erence may be a statistical fluctuation or
it could be a sign of residual systematics that project onto cali-
bration parameters di↵erently in EE and T E. We have investi-
gated ways of correcting for e↵ective polarization e�ciencies:
adopting the estimates from EE (which are about a factor of
2 more precise than T E) for both the T E and EE spectra (we
call this the “map-based” approach); or applying independent

estimates from T E and EE (the “spectrum-based” approach). In
the baseline Plik likelihood we use the map-based approach,
with the polarization e�ciencies fixed to the e�ciencies ob-
tained from the fits on EE:

⇣
c

EE

100

⌘
EE fit

= 1.021;
⇣
c

EE

143

⌘
EE fit

=

0.966; and
⇣
c

EE

217

⌘
EE fit

= 1.040. The CamSpec likelihood, de-
scribed in the next section, uses spectrum-based e↵ective polar-
ization e�ciency corrections, leaving an overall temperature-to-
polarization calibration free to vary within a specified prior.

The use of spectrum-based polarization e�ciency estimates
(which essentially di↵ers by applying to EE the e�ciencies
given above, and to T E the e�ciencies obtained fitting the T E

spectra,
⇣
c

EE

100

⌘
TE fit

= 1.04,
⇣
c

EE

143

⌘
TE fit

= 1.0, and
⇣
c

EE

217

⌘
TE fit

=

1.02), also has a small, but non-negligible impact on cosmo-
logical parameters. For example, for the ⇤CDM model, fitting
the Plik TT,TE,EE+lowE likelihood, using spectrum-based po-
larization e�ciencies, we find small shifts in the base-⇤CDM
parameters compared with ignoring spectrum-based polariza-
tion e�ciency corrections entirely; the largest of these shifts
are +0.5� in !b, +0.1� in !c, and +0.3� in ns (to be com-

7
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Power spectra of lens-induced motions?

These are vector fields 
How to measure and interpret a power spectrum?

Can map of induced velocities/accelerations due to Galactic dark matter 
subhalos be analyzed the same way?

⃗μ = {

⃗α = {

}

}

,

,

3
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Induced longitudinal accelerations, �l
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Induced latitudinal accelerations, �b
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FIG. 1. Proper motion (top row) and proper motion acceleration (bottom row) induced by a simulated realization of sub-
halos using the CDM-inspired fiducial configuration. Galactic longitude (left column) and Galactic latitude (right column)
components are shown on a HEALPIX grid with resolution nside=128. �

II. FORMALISM AND WARM-UP

Our goal is to compute the two-point correlation func-
tion of lens-induced velocities and accelerations due to a
population of Galactic subhalos. In this section, we pro-
vide an overview of this formalism, leaving details of the
derivations to App. A. We then apply this formalism to a
few simple subhalo populations to build intuition for how
the signal characteristics are a↵ected by the properties of
the underlying substructure population.

A. Vector power spectrum formalism

Lens-induced proper motions and accelerations

In the thin-lens regime, the angular deflection �✓ of a
source at angular diameter distance Ds due to a lens at
angular diameter distance Dl is (see e.g., V18)

�✓ = �

✓
1 �

Dl

Ds

◆
4GNM(b)

b
b̂ (1)

where b is the physical impact parameter between the
source and lens, and M(b) is the enclosed mass function
of the spherically-symmetric lens within a cylinder of ra-

dius b, M (b) = 2⇡
R +1

�1
dx

R b
0 db

0
b
0
⇢
�p

x2 + b02
�
. As dis-

cussed in V18, the induced deflections are typically too
small to be disentangled from naturally-occurring and
systematic variations in the angular number density of
sources, either individually or collectively.

Time-domain e↵ects o↵er more promise. Since dark
matter substructure has a characteristic velocity disper-
sion, an e↵ective lens velocity vl ⌘ db/dt induces an
apparent velocity on the luminous sources. This angular
velocity correction µ ⌘ �✓̇ can be written as

µ(b) = 4GN

⇢
M(b)

b2

h
2b̂(b̂ · vl) � vl

i
�

M
0(b)

b
b̂(b̂ · vl)

�
.

(2)

We will often use the angular separation � ⌘ b/Dl =
✓l �✓s between celestial positions of the lens and source,
✓l and ✓s, respectively. In Eq. (2) above, we have ignored
a (1�Dl/Ds) geometric factor in the limit of large source
distance Ds relative to the line-of-sight distance Dl to the
lens. Equation (2) represents a dipole pattern centered
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small to be disentangled from naturally-occurring and
systematic variations in the angular number density of
sources, either individually or collectively.

Time-domain e↵ects o↵er more promise. Since dark
matter substructure has a characteristic velocity disper-
sion, an e↵ective lens velocity vl ⌘ db/dt induces an
apparent velocity on the luminous sources. This angular
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We will often use the angular separation � ⌘ b/Dl =
✓l �✓s between celestial positions of the lens and source,
✓l and ✓s, respectively. In Eq. (2) above, we have ignored
a (1�Dl/Ds) geometric factor in the limit of large source
distance Ds relative to the line-of-sight distance Dl to the
lens. Equation (2) represents a dipole pattern centered
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Our goal is to compute the two-point correlation func-
tion of lens-induced velocities and accelerations due to a
population of Galactic subhalos. In this section, we pro-
vide an overview of this formalism, leaving details of the
derivations to App. A. We then apply this formalism to a
few simple subhalo populations to build intuition for how
the signal characteristics are a↵ected by the properties of
the underlying substructure population.
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Angular Power Spectra 201: vector fields

Any vector field         on a sphere can be expressed as a linear superposition of 
vector spherical harmonics            and       

Physically, corresponds to decomposing vector field in a curl-free and divergence-free part 
(Helmholtz-Hodge decomposition)

The spherical harmonic coefficient can again be determined through convolutions

(∇ × ) = 0 (∇ ⋅ ) = 0

⃗μ ( ̂n) = ∑
ℓm

μ(1)
ℓm

⃗Ψℓm( ̂n) + μ(2)
ℓm

⃗Φℓm( ̂n)

⃗μ ( ̂n)
⃗Φℓm( ̂n)⃗Ψℓm( ̂n)

⃗Ψℓm = ∇Yℓm⃗Φℓm = ̂n × ∇Yℓm

μ(1)
ℓm = ∫ dΩ ⃗μ ⋅ ⃗Ψ*ℓm; μ(2)

ℓm = ∫ dΩ ⃗μ ⋅ ⃗Φ*ℓm
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Application to lens-induced motions

The lensing deflection is “sourced” from the 
gradient of the gravitational potential

All vector lensing observables have only curl-free modes in harmonic decomposition
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2
Dl
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II. FORMALISM AND WARM-UP

Our goal is to compute the two-point correlation func-
tion of lens-induced velocities and accelerations due to a
population of Galactic subhalos. In this section, we pro-
vide an overview of this formalism, leaving details of the
derivations to App. A. We then apply this formalism to a
few simple subhalo populations to build intuition for how
the signal characteristics are a↵ected by the properties of
the underlying substructure population.

A. Vector power spectrum formalism

Lens-induced proper motions and accelerations

In the thin-lens regime, the angular deflection �✓ of a
source at angular diameter distance Ds due to a lens at
angular diameter distance Dl is (see e.g., V18)
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cussed in V18, the induced deflections are typically too
small to be disentangled from naturally-occurring and
systematic variations in the angular number density of
sources, either individually or collectively.

Time-domain e↵ects o↵er more promise. Since dark
matter substructure has a characteristic velocity disper-
sion, an e↵ective lens velocity vl ⌘ db/dt induces an
apparent velocity on the luminous sources. This angular
velocity correction µ ⌘ �✓̇ can be written as
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We will often use the angular separation � ⌘ b/Dl =
✓l �✓s between celestial positions of the lens and source,
✓l and ✓s, respectively. In Eq. (2) above, we have ignored
a (1�Dl/Ds) geometric factor in the limit of large source
distance Ds relative to the line-of-sight distance Dl to the
lens. Equation (2) represents a dipole pattern centered

3

Induced longitudinal proper motions, µl

-0.0008 0.0008µas yr�1

Induced latitudinal proper motions, µb

-0.0008 0.0008µas yr�1

Induced longitudinal accelerations, �l

-2e-10 2e-10µas yr�2

Induced latitudinal accelerations, �b

-2e-10 2e-10µas yr�2

FIG. 1. Proper motion (top row) and proper motion acceleration (bottom row) induced by a simulated realization of sub-
halos using the CDM-inspired fiducial configuration. Galactic longitude (left column) and Galactic latitude (right column)
components are shown on a HEALPIX grid with resolution nside=128. �

II. FORMALISM AND WARM-UP

Our goal is to compute the two-point correlation func-
tion of lens-induced velocities and accelerations due to a
population of Galactic subhalos. In this section, we pro-
vide an overview of this formalism, leaving details of the
derivations to App. A. We then apply this formalism to a
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The lensing signal: extended lenses

4

typically �↵/�µ ⇠ 1/⌧2.

2. Population of extended lenses

In order to motivate the study of spatially extended
subhalos and understand how the lensing power spectrum
signal depends on the nature of extension, we consider a
population of Gaussian lenses with density profile

⇢(r) =
M0

2
p

2⇡3/2R3
0

e�r2/2R2
0 (14)

where M0 is the total lens mass and R0 its characteristic
size. The integral in Eq. 6 can be carried out analytically,
yielding

Cµ(1)
` '

✓
4GNM0v

D2
l

◆2 ⇡

2
e�`2�2

0 (15)

where Dl is distance to the lens and �0 ⌘ R0/Dl the
characteristic angular scale. The power spectrum per
lens is shown in the top left plot in Fig. 1 as the yellow
line, and falls of exponentially at scales ` >

⇠ Dl/R0.
The Fisher information and significance in this case is

illustrated on the left and right of the top row of Fig. 3,
respectively. The same lens properties are assumed as
for Fig. 2, with lens size R0 = 10 pc and lenses at Dl =
1 kpc. The maximum Fisher information is contained in
the mode ` = Dl

2R0
, with the significance growing linearly

with `max until ` '
Dl
R0

when it plateaus and there is little
information in higher modes.

This gives us some intuition for the closer-to-realistic
case of a population of such lenses distributed between
Dmin

l and Dmax
l . Here, we have the total power

Cµ(1)
` ' 16⇡5/2G2

NM0⇢DMv2⌦l⇥ (16)
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4
erf

⇣
`R0
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l

⌘
� erf

⇣
`R0
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⌘

`R0

3

5 . (17)

The Fisher information and significance for di↵erent
modes are shown in the middle panel of Fig. 3. The same
lens properties are assumed as for Fig. 2, with lens size
R0 = 10pc. In the noise-dominated regime, the Fisher
information for this population peaks at ` ⇠ Dmin

l /R0,
insensitive to other lens properties. The growth in sig-
nificance until this point is again roughly linear. Since in
the case when all lenses are at the same distance the peak
is at ` ⇠ Dl/(2R0), this is already indicative that O(1)
of the total power comes from the nearest lenses. Mul-
tipoles ` > Dmin

l /R0 contribute only logarithmically to
the total significance, plateauing around ` ⇠ Dmax

l /R0.
A similar story holds for accelerations. The power

spectrum per lens is shown as the yellow line in the bot-
tom left of Fig. 1. The Fisher information per mode and
cumulative significance are shown in the bottom row of

Fig. 3. Higer multipoles contribute compared to veloci-
ties, with the maximum information coming from multi-
poles ` ⇠ 2Dmin

l /R0, with the significance flattening out
at ` ⇠ 2Dmax

l /R0. Note the relative normalization be-
tween the velocity and acceleration cases—although the
significance with `max for acceleration grows faster than
for velocity, the flattening out e↵ectively suppresses the
former contribution, unlike in the case of point lenses.

Also unlike in the point lenses case, there is nothing
preventing us from considering the limit Dmin

l ! 0, since
the origin singularity is regulated in the case of flu�er
lenses. In this case, there is additional contribution from
larger scales ` <

⇠ Dmin
l compared to the case just con-

sidered, and there is universal logarithmic scaling of sig-
nificane with `max. This is illustrated with the dotted
lines for velocities (middle row) and accelerations (bot-
tom row) in Fig. 3.

It is instructive also to consider how the “peak” signif-
icance, `max = Dmax

l /R0 ,scales with Dmax
l . This is clear

from the previous section—significance receives equal
contribution per decade in `max until `max ⇠ Dmax

l /R0.
Hence, the peak significance also receives equal contribu-
tion per logarithmic distance interval probed.

Finally, we consider the impact of lens extension on de-
tection significance. The significance using velocity spec-
tra ` 2 [10, 104] as a function of extension R0 is shown
in Fig. 4, for lenses located at distance Dl and for M0 =
107(8) M� in purple(green). Two relevant scales can be
seen. The cuto↵ `max means that extra power at smaller
scales cannot be leveraged for lenses smaller than R0

<
⇠

Dl/`max. The cuto↵ `min means that the significance
falls o↵ exponentially for lenses R0

>
⇠ Dl/`min, where

the dominant contribution comes from scales larger than
the cuto↵. Between these scales, significance falls of ap-
proximately linearly with lens extension. For lenses dis-
tributed uniformly between Dmin

l and Dmax
l , this means

that the sigificance flattens for R0
<
⇠ Dmin

l /`max and falls
o↵ rapidly for R0

>
⇠ Dmax

l /`min. Note also from Fig. 4
that the various scales do not depend on M0, with the
cumulative significance depending linearly on M0.

For illustration, we also show in Fig. 1 power spectra
per lens for lenses described as Plummer spheres, com-
monly used in the literature as an analytically tractable
subhalo profile closes to realistic subhalo descriptions
than the Gaussian sphere. Here, the density is ⇢(r) =
3M0/(4⇡R3

0)(1+r2/R2
0)

�5/2 and velocity power spectrum

Cµ(1)
` '

�
4GNM0v/D2

l

�2 ⇡
2 `2�2

0k1(`�0)2 where k1 is the
first-order modified Bessel function of the second kind.

3. Realistic subhalo profiles

Realistic subhalo profiles are modeled with input from
N -body simulations. We consider two di↵erent profiles:
subhalos modeled as (truncated) Navarro-Frenk-White
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Astrometric precision

Current: Gaia, HST

Future: Theia, WFIRST

Current: VLA (Very Large Array)

Space-based, optical telescopes 

Ground-based, radio interferometry 

Future: SKA (Square Kilometer Array)

Noise configuration

σμ = 1 μas yr−1

Nq = 108

Noise configuration

σα = 0.1 μas yr−2

Nq = 1011
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Cold dark matter

CDM predicts a broad, scale invariant spectrum of subhalos distributed in the Milky WayΛ

Credit: T. Brown and J.Tumlinson
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Cold dark matter

CDM predicts a broad, scale invariant spectrum of subhalos distributed in the Milky WayΛ 3
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FIG. 1. Proper motion (top row) and proper motion acceleration (bottom row) induced by a simulated realization of sub-
halos using the CDM-inspired fiducial configuration. Galactic longitude (left column) and Galactic latitude (right column)
components are shown on a HEALPIX grid with resolution nside=128. �

II. FORMALISM AND WARM-UP

Our goal is to compute the two-point correlation func-
tion of lens-induced velocities and accelerations due to a
population of Galactic subhalos. In this section, we pro-
vide an overview of this formalism, leaving details of the
derivations to App. A. We then apply this formalism to a
few simple subhalo populations to build intuition for how
the signal characteristics are a↵ected by the properties of
the underlying substructure population.

A. Vector power spectrum formalism

Lens-induced proper motions and accelerations

In the thin-lens regime, the angular deflection �✓ of a
source at angular diameter distance Ds due to a lens at
angular diameter distance Dl is (see e.g., V18)
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where b is the physical impact parameter between the
source and lens, and M(b) is the enclosed mass function
of the spherically-symmetric lens within a cylinder of ra-
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. As dis-

cussed in V18, the induced deflections are typically too
small to be disentangled from naturally-occurring and
systematic variations in the angular number density of
sources, either individually or collectively.

Time-domain e↵ects o↵er more promise. Since dark
matter substructure has a characteristic velocity disper-
sion, an e↵ective lens velocity vl ⌘ db/dt induces an
apparent velocity on the luminous sources. This angular
velocity correction µ ⌘ �✓̇ can be written as
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We will often use the angular separation � ⌘ b/Dl =
✓l �✓s between celestial positions of the lens and source,
✓l and ✓s, respectively. In Eq. (2) above, we have ignored
a (1�Dl/Ds) geometric factor in the limit of large source
distance Ds relative to the line-of-sight distance Dl to the
lens. Equation (2) represents a dipole pattern centered
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FIG. 7. The total signal power spectrum expected for
the fiducial CDM-inspired subhalo configuration described in
Sec. IV B (blue line). Noise spectra for a few representative
cases, parameterized by the proper motion variance �µ and
number of observed quasars Nq are shown as the dot-dashed,
dashed and solid grey lines for increasingly optimistic obser-
vation scenarios. �

fact that the lensing signal is derived in aggregate from
a population of subhalos, and the power spectrum mea-
surement is probing the substructure population in the
bulk Galactic halo.

Using the procedure outlined in App. B, we may finally
obtain the sensitivity of a given set of observations to a
given signal configuration. Figure 9 shows the discov-
ery significance for the fiducial CDM configuration (left)
and the optimistic configuration without tidal stripping
(right), using quasar velocity power spectra, for di↵erent
values of the proper motion noise �µ and number of ob-
served quasars Nq. We see that the optimistic scenario
may be within reach of the next generation of interfero-
metric telescopes, assuming noise levels �µ ⇡ 1 µas yr�1

and Nq ⇡ 108. Prospects assuming the fiducial scenario
accounting for tidal disruption are less promising, and
will require methods beyond those presented here (see
Sec. VII), or astrometric precision beyond that expected
with next generation surveys.

C. Scalar dark matter

Dark matter may constitute of ultralight scalar fields,
sometimes denoted “fuzzy” dark matter, with masses po-
tentially as low as 10�22 eV. Scalar field dark matter
automatically exhibits unbound substructure due to in-
terference e↵ects, sourcing O(1) fractional density fluc-
tuations that can cause a stochastic weak gravitational
lensing signal. The contribution to the power spectra de-
scribed below (and calculated in App. A 3) is irreducible

because it originates from the unavoidable density fluc-
tuations of a free scalar field at the scale of the typical
de Broglie wavelength in a thermal ensemble.

Assuming the velocity spectrum and density distribu-
tion of the halo is known, the velocity and acceleration
power has only one free parameter—the scalar field’s
mass m. The density fluctuations of real scalar dark
matter can be attributed to random interference fringes,
which have a typical mass M0 and radius R0 equal to:

M0 = C⇢0

✓
⇡

�k

◆3

⇡ 5 ⇥ 105M� C

✓
10�22 eV

m

◆3

, (24)

R0 =
1

2�k
⇡ 58 pc

✓
10�22 eV

m

◆
; (25)

where C is a O(1) constant, ⇢0 is the local mean DM
energy density, and �k = m�v is set by the scalar mass
m and the known velocity dispersion in the MW, namely
�v ⇡ 166 km s�1.

These density fluctuations unavoidably constitute a
substructure fraction of 100%. We relegate the detailed
calculation of the velocity and acceleration power spec-
tra to App. A 3. The results of that calculation support
the interpretation of the scalar’s density fluctuations as
a 100% substructure fraction of dark matter, with mass
and size given by Eqs. (24) and (25). Indeed, with some
simplifying assumptions (spatially constant ⇢0, infinite
source distance, and no velocity asymmetry v� = 0), the
velocity and acceleration power spectra for scalar dark
matter are identical to that of a population of Gaussian
lenses with masses M0 and radii R0 that make up all of
the dark matter, provided we take C = 4/(3⇡

3/2) for ve-
locities and C = 32/(15⇡

3/2) for accelerations in Eq. (24).
Without those simplifying assumptions, the formula for
the velocity power spectrum is given by Eq. (A18) with a
completely analogous formula for the acceleration power
spectrum, also using the formulae of Eqs. (A15) and
(A16) for the power spectra of the time derivatives of
the density fluctuations.

Because of the correspondence to the Gaussian-lens
power spectrum, we can indicate on the right panel of
Fig. 6 the mass-independent halo density relation implied
by Eqs. (24) and (25) by the horizontal dashed line. The
e↵ective “halo” mass of these density fluctuations is in-
dicated by the vertical solid lines for m = 10�21 eV and
m = 10�22 eV. Our future projections imply that fuzzy
dark matter at very low masses should be detectable with
the assumed survey parameters. The acceleration power
spectrum signal is approximately scale independent and
thus could be a potential probe at higher scalar field
masses, although the magnitude of the signal is still far
out of reach of near-future surveys.

D. Enhanced Primordial Power

We investigate here a scenario in which the spectrum
of primordial perturbations is enhanced at small scales.
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Compared to the standard ⇤CDM scenario, this leads to
an overabundance of low-mass halos which, having col-
lapsed at earlier times, would also be significantly denser
compared to the standard cosmological evolution. We
model this enhancement by introducing a kink in the di-
mensionless power spectrum of Gaussian curvature per-
turbations � parameterized by a break kB and high-k
slope nB ,

P�(k) =

8
><

>:

As

⇣
k
k⇤

⌘ns�1
k < kB

As

⇣
kB
k⇤

⌘ns�1 ⇣
k
kB

⌘nB�1
k � kB

(26)

where we take As = 2.105 ⇥ 10�9, ns = 0.9665 and k⇤ ⌘

0.05 [83].
The dimensionless matter power spectrum at a given

can be obtained through the matter transfer function
D(k, z) as

P�(k, a) = |D (k, z)|2 P�(k) (27)

and we use CLASS [84] to compute the transfer function.
Given the present-day matter power spectrum, the mass
variance (encoding the amplitude of fluctuations within
a sphere of radius R) can be computed as

�
2(R) =

Z
1

�1

d ln k P�(k) |D (k, z = 0)|2 |W (k, R)|2

(28)

where W (k, R) = 3(kR)�3[sin(kR) � kR cos(kR)] is the
Fourier transform of a top-hat smoothing function with
smoothing scale R ⌘ (M/(4/3⇡⇢m))1/3.

With the mass variance in hand, the modified mass
spectrum of subhalos in this scenarios is computed us-
ing the Tinker mass function [85] implemented in the
COLOSSUS [86] code and given by

dn

dM
= f(�)

⇢m

M

d ln �
�1

dM
(29)

where f(�) is parameterized as

f(�) = A

⇣
�

b

⌘�a
+ 1

�
e
�c/�2

(30)

with the constants A, a, b and c calibrated to (⇤CDM)
simulations (see Refs. [85, 86] for further details). We
calibrate the overall number of subhalos such that an
unkinked power spectrum yields the same number of
subhalos as in the ⇤CDM case we have considered in
Sec. IVB (150 between 108–1010 M� [75]) with this
pipeline. The left panel of Fig. 10 shows representative
examples of kinked primordial power spectra, with the
derived present-day matter power spectra and mass func-
tions shown in the middle and right panels respectively.

The present-day density (or equivalently, concentra-
tion) of subhalos is calculated following the procedure
outlined in Ref. [87]. Specifically, we assume that the
mean density h⇢si of subhalos (modeled as NFW) within
the scale radius rs is proportional to the critical density
of the Universe at collapse redshift zcoll,

h⇢si

⇢0
= C

⇢c(zcoll)

⇢0
= C


H(zcoll)

H0

�2
(31)

where C is a constant to be determined. The collapse
redshift corresponds to the redshift at which the current
characteristic mass M200 was contained in progenitors
more massive than a fraction f of this current mass.

Extended Press-Schechter theory can be invoked to re-
late the current characteristic mass M200 to the scale
mass [88],

Ms

M200
⌘ erfc

 
�sc (zcoll) � �sc (z = 0)p

2 (�2 (fM200) � �2 (M200))

!
(32)

where �sc(z) ⇡ �c/D(z), with �c = 1.686, is the density
threshold for collapse of a spherical top-hat perturba-
tion and D(z) the linear growth factor. The left sides of
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FIG. 9. Discovery significance of the fiducial CDM-inspired scenario using quasar velocity power spectra, shows as a heatmap
for di↵erent values of the proper motion noise �µ and number of observed quasars Nq. �

Eqs. (31) and (32) depend on the halos profile through
the concentration c200 ⌘ r200/rs. Given a present-day
characteristic mass M200, they can be simultaneously and
iteratively solved to yield consistent solutions for the con-
centration c200 and collapse redshift zcoll. The constant
C is calibrated to yield concentrations for cluster-mass
(M200 ⇠ 1013 M�) halos consistent with observations for
f = 0.01 [87]. We choose to go down to a minimum sub-
halo mass of 10M� in our expository scenario to avoid ex-
trapolating the derived concentration-mass relations and
mass functions to smaller values.

95% confidence interval sensitivity forecasts on scenar-
ios with a kinked power spectrum are shown in Fig. 11.
Shown are sensitivities achievable using quasar proper
motion measurements with SKA, as well as observa-
tions of Galactic stellar proper motion accelerations by
WFIRST and (end-of-mission) Gaia. Currently uncon-
strained parameter space can already be probed using
near-future Gaia astrometry.

We caution that our treatment is simplistic in sev-
eral ways; it is anchored to CDM simulations at higher
masses, while necessitating extrapolation of the modi-
fied power spectrum down to small scales and of the
subhalo mass function and concentration-mass relation
down to small subhalo masses. Although a more accu-
rate treatment would necessarily involve N -body simu-
lations consistent with the modified power spectra, our
semi-analytic prescription captures the essential physics
while making the point that enhanced primordial fluc-
tuations at small scales can be e↵ectively probed with
near-future astrometric observations, including the end
of mission of Gaia.

V. SIGNAL DISCRIMINANTS AND FURTHER
PROSPECTS

A. Toroidal modes as a control region

As described in Sec. IIA, the signal is sourced from
the gradient of the projected scalar lensing potential  , so
the signal is expected to exclusively populate the poloidal
component of the power spectrum decomposition. The
noise, on the other hand, is expect to contribute to both
the poloidal as well as toroidal modes. The toroidal
power spectrum can thus be used as a control region to
calibrate the noise.

B. Directional asymmetry

After inserting Eq. (7) into Eq. (4), integrating by
parts, and using r2

✓Y`m = �`(` + 1)Y`m and Eq. (5),
we find that for a single lens:

µ
(1)
`m = �

`(`+ 1)

Dl

Z
d⌦ (�)vl · ⇤

`m(✓), (33)

where  (�) = 4GN

R
d⌦0 ⌃(✓0

,✓l) ln� is the projected
scalar lensing potential, ⌃(✓0

,✓l) the projected surface
mass density at ✓0 from a lens at ✓l, � = ✓ � ✓l the
angular impact parameter,

R
d⌦ an integral over ✓ coor-

dinates, and
R

d⌦0 an integral over ✓0 coordinates.
Due to the Sun’s motion around the Galactic center,

the distribution f�(vl) for the e↵ective lens velocity is
asymmetric—see Eqs. (21) and (22)—with higher mag-
nitudes expected for velocity components in the Galactic
longitude direction than in the Galactic latitude direc-
tion. This will typically lead to an asymmetry in the
expected power at di↵erent m values at fixed `, because
the high-|m| (low-|m|) modes of  `m are preferentially
oriented along the Galactic longitude (latitude) direction.
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FIG. 6. (Left) Maximum subhalo size R that can be constrained at 95% confidence as a function of subhalo mass M , and
(Right) Maximum subhalo density ⇢ that can be constrained at 95% confidence as a function of subhalo mass M , assuming dark
matter fraction fDM = 1. The dashed lines represent the density (horizontal) and masses (vertical) of unbound fluctuations in
the case of scalar field dark matter with benchmark masses m� = 10�22 and 10�21 eV. �

configuration, consistent with simulations of Milky
Way-sized halos [73, 74]. We also investigate a
steeper mass function with � = 2, leading to a
larger relative abundance of lower-mass subhalos.

To calibrate the amplitude of the mass function,
we require Ncalib = 150 subhalos in expecta-
tion between 108–1010 M� [75], consistent with re-
sults from recent hydrodynamical simulations [76,
77]. The threshold minimum and maximum al-
lowed subhalo masses are fixed at 10�6 M� and
0.05 MMW [78] respectively. This configuration
leads to ⇠ 20% of the total Milky Way mass
bound in substructure. We also investigate a more
subhalo-rich configuration, setting Ncalib = 300,
consistent with the results of DM-only simula-
tions [79].

• Spatial distribution of subhalos: While the un-
evolved (infall) subhalo spatial distribution is ex-
pected to follow the smooth Milky Way halo profile,
tidal disruption due to the gradient of the Galactic
potential towards the Galactic Center is expected
to deplete the fraction of mass bound in substruc-
tures there. We account for this by describing the
spatial distribution of subhalos using an Einasto
profile with a fit to the results of the Aquarius sim-
ulation [75, 79],

⇢(r) = exp


�

2

�E

✓✓
r

rE

◆�E

� 1

◆�
(23)

with rE = 199 kpc and �E = 0.678.

There are indications that some portion of the sub-
halo tidal disruption e↵ects observed in simulations
could be numerical in origin [80, 81]. We account

for this possibility by by investigating the scenario
where the evolved distribution of subhalo follows
the smooth Galactic dark matter profile.

• Subhalo profile: We model the subhalos with
an NFW profile, using the Galactic Cen-
ter distance-dependent concentration-mass relation
from Ref. [72] in our fiducial set-up which takes
into account the larger concentration of subhalos as
compared to field halos closer to the Galactic cen-
ter due to tidal disruption e↵ects. We explore the
dependence on the concentration-mass parameteri-
zation by using the alternate model from Ref. [82].

The total poloidal induced proper motion power spec-
trum signal expected for the fiducial configuration, as
well as the alternate modeled scenarios, is shown in
Fig. 7. The fiducial CDM model is shown in purple.
Not accounting for tidal disruption [80, 81] preferen-
tially bringing subhalos closer to the Galactic Center and
boosts the signal by about an order of magnitude at all
scales (green line). A steeper subhalo mass function with
↵ = �2 (blue line) results in a larger number of low-mass
subhalos, slightly boosting the signal on small scales and
depressing it on larger scales.

It is instructive to ask which regions of the subhalo
mass and spatial distribution phase space contribute to
the total power spectrum signal. The di↵erential spectra
d ln C`/d ln M200 and d ln C`/d ln R are shown in Fig. 8
for multipoles ` = 10, 30, 100. It can be seen that
larger scales receive preferential contribution from sub-
halos that are massive and/or closer in Galactocentric
radius, as intuitively expected. It can also been seen that,
at accessible scales, the dominant contribution comes
from the population of subhalos at intermediate Galac-
tocentric radii (R ⇠ 50–150 kpc). This underscores the

Relatively extended subhalos can be detected, unlike conventional searches

Ultralight scalar  
(“fuzzy”) DM
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is a line-of-sight integral of the gravitational potential,
 (✓) ⌘ 2

R zs
0 dz �(x)(zs � z)/(zsz), where it is now un-

derstood that x = {z✓, z}, and zs is the source distance.
Finally, we can write the harmonic coe�cients of eq. 4

as µ(1)
`m = �

p
`(`+ 1)

R
d2✓  ̇(✓)Y ⇤

`m(✓) after integrating

by parts, and analogously for ↵(1)
`m and  ̈.

We are now in a position to calculate the angular power
spectra of the proper motion and acceleration, after hav-
ing collected all the necessary ingredients above:

⌦��µ(1)
`m

��2↵ = 4`(`+ 1)

Z zs

0
dz

Z zs

0
dz0

zs � z

zsz

zs � z0

zsz0
(32)

Z
d2✓ d2✓0 Y ⇤

`m(✓)Y`m(✓0)

Z
d̄3q P�̇(q)eiq·(x�x0),

and likewise for h|↵(1)
`m|

2
i but with P�̈(q). If we integrate

the fluctuations over a sphere with constant density ⇢0,
dispersion �k, and radius D, we take zs ! 1 and k� =

0, and approximate
RD
0 dz j`(qz)/z ' ⇥(q�`/D)

p
⇡/2`3,

we can evaluate all integrals and find:

⌦��µ(1)
`m

��2↵ = 32⇡4G2
N⇢

2
0

m2
| {z }

1.3⇥10�8 µas2

y2
m�2

22

erfc( `
2�kD

)

`
(33)

⌦��↵(1)
`m

��2↵ = 96⇡4G2
N⇢

2
0�

4
v| {z }

8.4⇥10�20 µas2

y4

erfc( `
2�kD

) + `
p
⇡�kD

e
�

`2

4�2
k
D2

`

It can be shown that one gets exactly the same an-
gular power spectrum (with the same assumptions on
⇢0,�k, D, zs, and v�) for an ensemble of Gaussian lenses
(cfr. eq. 14) with uniform number density ⇢0/M0, and
mass M0 and radius R0 from eqs. 28 and 29, assum-

ing C = 4/3⇡3/2 for
⌦��µ(1)

`m

��2↵ and C = 32/15⇡3/2 for
⌦��↵(1)

`m

��2↵. This means we can plot the sensitivity
to scalar dark matter on the compact objects fig-
ure.

D. Precision halometry

IV. SIGNAL/NOISE DISCRIMINANTS

A. Toroidal modes as a control region

As described in Sec. IIA, since it is sourced from the
gradient of the lensing potential, the signal is expected to
exclusively populate the poloidal component of the power
spectrum decomposition. The noise, on the other hand,
is expect to contribute to both the poloidal as well as
toroidal modes. The toroidal power spectrum can thus
be used as a control region to calibrate the noise.

B. Directional asymmetry

After inserting eq. 5 into eq. 4, and integrating by
parts, and using r2

✓Y`m = �`(` + 1)Y`m and eq. 2, we
find that for a single lens:

µ(1)
`m = �

`(`+ 1)

Dl

Z
d⌦ (�)v · ⇤

`m. (34)

Due to the Sun’s motion around the Galactic center, the
probability distribution f(v) for the e↵ective lens veloc-
ity is asymmetric, with higher magnitudes expected for
velocity components in the galactic longitude direction
than in the galactic latitude direction. This will typ-
ically lead to an asymmetry in the expected power at
di↵erent m values at fixed `, because the high-|m| (low-
|m|) modes of  `m are preferentially oriented along the
galactic longitude (latitude) direction. For an isotropi-
cally distributed and homogeneous lens population, the

signal h|µ(1)
`m|

2
i will therefore be an increasing function of

|m|/` at fixed `.
For general lens populations with 3D number density

distribution n(✓l, Dl)

h|µ(1)
`m0 |

2
i

h|µ(1)
`m00 |

2i

= (35)

The magnitude of the directional asymmetry can be es-
timated directly from simulations. Figure 12 (left) shows
the gradually increasing power |µ`m|

2 in the toroidal ve-
locity component with increasing m at a given `, obtained
from 100 simulations of our fiducial CDM-inspired sub-
halo configuration. This is also illustrated in the right
panel of Figure 12 (right), where the angular power vari-
ance is constructed separately for the low- and high-m
components as

C(1)
`,low�m =

*
floor(`max/2)X

m=0

���µ(1)
`m

���
2
+

C(1)
`,high�m =

*
`maxX

m=floor(`max/2)

���µ(1)
`m

���
2
+

. (36)

This O(1) azimuthal asymmetry can be used as a han-
dle to discriminate the signal from the noise, since the
latter is expected to contribute uniformly across the m-
components of the power spectrum coe�cients.

V. CONCLUSIONS

All results and figures presented in this study can
be reproduced using the code at https://github.com/
smsharma/Lensing-PowerSpectra.
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FIG. 1. Proper motion (top row) and proper motion acceleration (bottom row) induced by a simulated realization of sub-
halos using the CDM-inspired fiducial configuration. Galactic longitude (left column) and Galactic latitude (right column)
components are shown on a HEALPIX grid with resolution nside=128. �

II. FORMALISM AND WARM-UP

Our goal is to compute the two-point correlation func-
tion of lens-induced velocities and accelerations due to a
population of Galactic subhalos. In this section, we pro-
vide an overview of this formalism, leaving details of the
derivations to App. A. We then apply this formalism to a
few simple subhalo populations to build intuition for how
the signal characteristics are a↵ected by the properties of
the underlying substructure population.

A. Vector power spectrum formalism

Lens-induced proper motions and accelerations

In the thin-lens regime, the angular deflection �✓ of a
source at angular diameter distance Ds due to a lens at
angular diameter distance Dl is (see e.g., V18)

�✓ = �

✓
1 �

Dl

Ds

◆
4GNM(b)

b
b̂ (1)

where b is the physical impact parameter between the
source and lens, and M(b) is the enclosed mass function
of the spherically-symmetric lens within a cylinder of ra-

dius b, M (b) = 2⇡
R +1

�1
dx

R b
0 db

0
b
0
⇢
�p

x2 + b02
�
. As dis-

cussed in V18, the induced deflections are typically too
small to be disentangled from naturally-occurring and
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FIG. 1. Proper motion (top row) and proper motion acceleration (bottom row) induced by a simulated realization of sub-
halos using the CDM-inspired fiducial configuration. Galactic longitude (left column) and Galactic latitude (right column)
components are shown on a HEALPIX grid with resolution nside=128. �

II. FORMALISM AND WARM-UP

Our goal is to compute the two-point correlation func-
tion of lens-induced velocities and accelerations due to a
population of Galactic subhalos. In this section, we pro-
vide an overview of this formalism, leaving details of the
derivations to App. A. We then apply this formalism to a
few simple subhalo populations to build intuition for how
the signal characteristics are a↵ected by the properties of
the underlying substructure population.

A. Vector power spectrum formalism

Lens-induced proper motions and accelerations

In the thin-lens regime, the angular deflection �✓ of a
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FIG. 12. The magnitude of azimuthal asymmetry estimated from simulations for the fiducial CDM setup. (Left) Fractional

asymmetry in the proper motion power spectrum coe�cients |µ(1)
`m|2, compared to the mean power at a given `, averaged over

500 realizations. (Right) Fractional asymmetry in the acceleration power spectrum coe�cients |↵(1)
`m|2, where the asymmetry is

even larger. �

of the support of the VSH functions, this would lead
to somewhat similar asymmetry in |m|/` for the noise,

in both µ
(1)
`,m and µ

(2)
`,m components. Indeed, we observe

this asymmetry in the quasar sample of the Gaia DR2
data in Sec. VI. Nevertheless, because the lensing sig-

nal contributes only to µ
(1)
`,m, one generally expects a dif-

ference in |m| asymmetry for the poloidal and toroidal
mode power. Any excess power in the poloidal modes
relative to the toroidal modes—as expected from a lens-
ing signal—can then be tested to see if it conforms to the
expected asymmetry implied by Eq. (34). We expect a
similar but quantitatively even higher |m|/` asymmetry
in the poloidal mode power of the lens-induced proper
accelerations, due to the higher number (4 instead of 2)
of powers of vl involved.

In Fig. 12, we show the directional asymmetry in the
square magnitude of the poloidal amplitudes for proper
motion (left) and accelerations (right), as obtained by av-
eraging over 500 simulations of our fiducial CDM-inspired
subhalo configuration.

VI. POWER SPECTRUM DECOMPOSITION
OF GAIA DR2 QUASARS

VII. CONCLUSIONS

Astrometry—the precise measurement of the positions
and motions of celestial bodies—o↵ers a promising av-
enue to probe the nature of dark matter through its in-
duced lensing e↵ects. In this paper, we have introduced
a novel method to systematically leverage the measured
correlated pattern of motions (transverse velocities and
accelerations) induced by a population of Galactic sub-

halos on celestial objects using the formalism of angular
two-point correlation functions (angular power spectra).
We have shown how to calculate the signal power spec-
trum for a population of lenses characterized by arbi-
trary population properties (e.g., distribution of masses
and positions) and internal characteristics (e.g., internal
profiles). Astrometric datasets deliverable by near-future
surveys like SKA and WFIRST will be able to probe a
range of well-motivated scenarios such as cold dark mat-
ter and scalar field dark matter. Additionally, measure-
ments by the ongoing Gaia mission will already be able
to probe new parameter space characteristic of enhanced
primordial fluctuations on small scales.

Two-point correlations e�ciently capture the statisti-
cal properties of a map in the limit of the underlying
signal being a Gaussian random field. This is true to
very good degree for the CMB, for example, with very
tight limits on the overall non-Gaussianity, and the de-
composition to spherical harmonics comes with little loss
of information. Our signal of interest however is highly
non-Gaussian, as is apparent from Fig. 1, and the spher-
ical harmonic decomposition discards potentially large
amounts of information. Methods based on higher-order
statistics e.g., bispectra and image processing technique
e.g., convolutional filters can leverage additional infor-
mation in the substructure signal beyond two-point cor-
relations. We leave the study of. . .

The code used to obtain the results in this pa-
per is available at https://github.com/smsharma/

Lensing-PowerSpectra/.
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Strong lensing: effect of substructure

Satellite Galaxies in WDM 5

Figure 3. Images of the CDM (left) and WDM (right) level 2 haloes at z = 0. Intensity indicates the line-of-sight projected square
of the density, and hue the projected density-weighted velocity dispersion, ranging from blue (low velocity dispersion) to yellow (high
velocity dispersion). Each box is 1.5 Mpc on a side. Note the sharp caustics visible at large radii in the WDM image, several of which
are also present, although less well defined, in the CDM case.
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Figure 4. The correlation between subhalo maximum circular
velocity and the radius at which this maximum occurs. Sub-
haloes lying within 300kpc of the main halo centre are in-
cluded. The 12 CDM and WDM subhaloes with the most mas-
sive progenitors are shown as blue and red filled circles respec-
tively; the remaining subhaloes are shown as empty circles. The
shaded area represents the 2σ confidence region for possible hosts
of the 9 bright Milky Way dwarf spheroidals determined by
Boylan-Kolchin et al. (2011).

the same radii in the simulated subhaloes. To provide a fair
comparison we must choose the simulated subhaloes that
are most likely to correspond to those that host the 9 bright
dwarf spheroidals in the Milky Way. As stripping of sub-
haloes preferentially removes dark matter relative to the
more centrally concentrated stellar component, we choose to

associate final satellite luminosity with the maximum pro-
genitor mass for each surviving subhalo. This is essentially
the mass of the object as it falls into the main halo. The
smallest subhalo in each of our samples has an infall mass
of 3.2 × 109M⊙ in the WDM case, and 6.0 × 109M⊙ in the
CDM case.

The LMC, SMC and the Sagittarius dwarf are all
more luminous than the 9 dwarf spheroidals considered by
Boylan-Kolchin et al. (2011) and by us. As noted above, the
Milky Way is exceptional in hosting galaxies as bright as
the Magellanic Clouds, while Sagittarius is in the process of
being disrupted so its current mass is difficult to estimate.
Boylan-Kolchin et al. hypothesize that these three galaxies
all have values of Vmax > 60kms−1 at infall and exclude sim-
ulated subhaloes that have these values at infall as well as
Vmax > 40kms−1 at the present day from their analysis. In
what follows, we retain all subhaloes but, where appropri-
ate, we highlight those that might host large satellites akin
to the Magellanic Clouds and Sagittarius.

The circular velocity curves at z = 0 for the 12 sub-
haloes which had the most massive progenitors at infall are
shown in Fig. 5 for both WDM and CDM. The circular
velocities within the half-light radius of the 9 satellites mea-
sured by Wolf et al. (2010) are also plotted as symbols. Leo-
II has the smallest half-light radius, ∼ 200pc. To compare
the satellite data with the simulations we must first check
the convergence of the simulated subhalo masses within at
least this radius. We find that the median of the ratio of the
mass within 200pc in the Aq-W2 and Aq-W3 simulations is
W 2/W 3 ∼ 1.22, i.e., the mass within 200pc in the Aq-W2
simulation has converged to better than ∼ 22%.

As can be inferred from Fig. 5, the WDM subhaloes
have similar central masses to the observed satellite galax-

c⃝ 2011 RAS, MNRAS 000, ??–8

Substructure causes percent-level shifts in strongly lensed image

Lovell et al [1104.2929]
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Strong lensing: effect of substructure

Smooth halo only Smooth halo + subhalo

Subhalo 

1′�′�

Substructure perturbs lensing rings compared to only smooth halo
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Strong lensing: effect of substructure… in reality

Smooth halo only Smooth halo + subhalos

1′�′�

Effect is very subtle for realistic dark matter substructure
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Strong lensing: conventional substructure searches

10 HEZAVEH ET AL.

Figure 6. The top left panel shows the sky emission model in band 6 for the best-fit smooth lens parameters for the SDP.81 data. The top middle panel shows
the same for the perturbed model and the top right panel the difference between the two models. The bottom panels show the same for band 7. The bright feature
in the difference plots is mainly caused by the astrometric anomaly of the arc.

the subhalo parameters and the parameters of the smooth lens
model, including low-order multipoles in the gravitational po-
tential. This confirms findings that such multipoles cannot
mimic the effects of small-scale substructure for lenses with
high-quality arcs (Kochanek & Dalal 2004).

The full set of best-fit lens model parameters are presented
in Table 1. Many previous works have modeled the lens po-
tential in SDP.81, using HST data (Dye et al. 2014), Sub-
millimeter Array data (Bussmann et al. 2013), and ALMA
data (Dye et al. 2015; Rybak et al. 2015a; Wong et al. 2015;
Tamura et al. 2015; Hatsukade et al. 2015; Rybak et al.
2015b). Our smooth model has a larger ellipticity compared
to these models. We note however that our model has more
degrees of freedom (e.g., angular multipoles) and phase er-
rors, and that the degeneracy of some of these additional pa-
rameters with ellipticity may shift its value. We do find that
models with parameters given by these authors produce rea-
sonable fits to the data. We also performed the linear subhalo
search for these parameters, finding that they produce similar
results and that the conclusion of the presence of the subhalo
is robust against these variations. Figure 8 shows the recon-
structed source using this model with pixel size of 10 milli-
arcsec in band 6 (top panel) and band 7 (bottom panel).

This model appears to be a good fit to the data, when we fit
the entire data set. The full data set, however, includes emis-
sion unrelated to SDP.81. The ALMA primary beam covers
approximately ⇠ 2500, of which only the central few arcsec-
onds are relevant for strong lens modeling. If we model the

sky emission only over a 5⇥ 5 arccsec area centered on the
lens, our model obtains �2 = 2⇥ 105 for 1.7⇥ 105 degrees
of freedom, suggesting that not all the signal in the data has
been modeled. However, if we expand our source-plane im-
age to cover the entire primary beam, additional flux is indi-
cated away from the lensed galaxy and the �2 decreases to
1.7⇥ 105. Since this emission originates from regions well
separated from the lensed images (far beyond the correlation
length of the dirty beam), it has no model covariance with the
lens parameters, and we therefore neglect it in the remainder
of our analysis.

5.2. Search for additional substructure

ALMA observations of SDP.81 allow us to search for addi-
tional substructure besides the subhalo detected in the previ-
ous subsection. Given our lens model (including one subhalo
of Msub = 108.96

M�), we next searched for additional substruc-
ture using the linearized treatment discussed in Section 3. We
repeated our search for a second subhalo, by linearly expand-
ing about a smooth model now containing a subhalo of mass
Msub = 108.96

M�. As before, we marginalize over all parame-
ters of the smooth model, including the mass and location of
the detected subhalo discussed above.

The inclusion of the subhalo in our main lens model re-
moves any improvement to the marginalized posterior from
additional subhalos of mass Msub � 108.6

M�, as illustrated
in top panel of Figure 9. Instead, additional subhalos of this
mass are excluded from occurring near the observed arcs. For

SUBSTRUCTURE IN SDP.81 15

Figure 11. The errorbars indicate the 95% confidence limits on the projected
differential number density of subhalos around SDP.81, derived using the
non-detection regions shown in Figure 10 and the detection of the 109 M�
subhalo. For comparison, the shaded band shows the 90% confidence region
from Dalal & Kochanek (2002).

Figure 12. Limits on the normalization (A) and slope (⌘) of the mass func-
tion dn/d logM = A(M/Mpivot)-⌘ , using the bounds in Figure 11. Here we
use Mpivot = 109

M�. The grey contours show constraints derived using Equa-
tion (26), while the red contours show how the constraints change if we ne-
glect the marginally detected subhalo with M ⇡ 108

M�. The top panel shows
the probability at ⌘ = 0.9. The red and black curves simply show a slice of
the probability of the lower panel at ⌘ = 0.9. For comparison, the histograms
show the distribution of A using assumptions based on ⇤CDM simulations
assuming two different values of csubs/chost, which are intended to be repre-
sentative. These values assume ⌘ = 0.9 and a distribution of host halo masses
and concentrations given by abundance matching. See Section 6 for details.

use the same set of high-resolution zoom-in simulations de-
scribed in Mao et al. (2015) with the addition of a very high-
resolution cosmological box, (40963 particles in a 400 Mpc/h

box, ds14_i) from the Dark Sky Simulations (Skillman
et al. 2014)14. This calibration is done by first assuming a
constant log–log slope (⌘), then finding the best-fit M0 for
each host halo in the simulations, and finally for all host ha-
los, finding the best-fit values of (↵,�,�) in

M0 = ↵M
�
hostc

�
host. (28)

With this model, we can then predict the subhalo mass func-
tion given the host halo mass and concentration and the log–
log slope.

The subhalo abundance predicted in the procedure de-
scribed above is for all subhalos within the virial radius of the
host halo. To convert our prediction to the relevant quantity
probed by strong lensing measurements, we need to assume
a spatial distribution for the subhalos. Here we make three
simplifying assumptions: (1) the subhalo spatial distribution
is independent from the subhalo mass function (i.e., subhalos
of different mass halos have the same spatial distribution); (2)
the angular distribution of subhalos is isotropic (see, however,
Nierenberg et al. 2011); and (3) the radial distribution of sub-
halos within their host halos follows an NFW profile with a
characteristic concentration csubs. In other words, we assume
the subhalo abundance factorizes into a mass dependence and
radial dependence, n(M,r) = n(M) f (r), where the radial de-
pendence f (r) is an NFW profile of concentration csubs.

To predict the projected abundance of substructure, our
model requires a prescription for the concentration of the
subhalo distribution, csubs. In ⇤CDM simulations, gener-
ally the radial distribution of subhalos is less centrally con-
centrated than the dark matter distribution of the host halo
(i.e., csubs/chost < 1) (e.g., Nagai & Kravtsov 2005; Gao et al.
2012), and at small radii the subhalo distribution may become
shallower than an NFW profile (e.g., Xu et al. 2015a). Ob-
servational results for real galaxies are less clear: some are
consistent with csubs/chost ' 1 (e.g., Guo et al. 2012; Yniguez
et al. 2014), while others imply that galaxies are less concen-
trated (e.g., Hansen et al. 2005) than the total mass distribu-
tion in their hosts. Also note that our assumption of spher-
ical symmetry might lead us to underestimate the average
substructure abundance around lenses, since strong lenses are
preferentially viewed along the major axis of their host halos
(Rozo et al. 2007; Hennawi et al. 2007).

Given the uncertainty in predictions for csubs, we treat it as
a free parameter, along with other parameters describing the
lens halo: the host halo mass and concentration (Mhost, chost),
and the log–log slope (⌘) of the subhalo mass function. Us-
ing these model ingredients, we can predict dn/d logM pro-
jected at the Einstein radius. The histograms in the top panel
of Figure 12 show an example, the distribution of A, i.e.,
dn/d logM at M = 109

M� computed with this model. For
this figure, we assume the mass function slope is ⌘ = 0.9, and
we show two possible values for the subhalo concentration,
csubs/chost = 0.2 and 1.0, which should span the range of un-
certainty described above. For the other two parameters, we
marginalize over possible values of the host halo mass and
concentration using the following prior. We first assign galaxy
luminosity to dark matter halos and subhalos with the abun-
dance matching technique (e.g., Conroy et al. 2006; Reddick
et al. 2013), and find the joint distribution of mass and con-

14 http://darksky.slac.stanford.edu

Hezaveh et al [1601.01388] 

Constraints on subhalo mass function from detections of individual subhalos

Sensitive to individual, massive subhalos 
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Future surveys like LSST, Euclid expected to deliver large samples of galaxy-galaxy strong lenses
Collett et al [1507.02657](10,000)𝒪
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Future surveys like LSST, Euclid expected to deliver large samples of galaxy-galaxy strong lenses
Collett et al [1507.02657](10,000)𝒪
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Goal

Propose method to infer high-level substructure properties that is  

Capture maximum information from the data 

Fast 

Scalable to a large sample of lenses 

Can deal with a large number of nuisance/latent parameters
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Substructure likelihood

θ

Parameters of interest 
Subhalo population parameters

θ = {fsub, β}
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Substructure likelihood

θ Prediction x

Parameters of interest 
Subhalo population parameters

θ = {fsub, β}
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Substructure likelihood

θ Prediction x

Parameters of interest 
Subhalo population parameters

θ = {fsub, β}

Inference

p(x |θ) = ∫ dz p(x, z |θ)

z = { ⃗m sub, ⃗rsub}
Latent variables
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β
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Substructure likelihood

Huge latent space — full likelihood is intractable!

θ Prediction x

Parameters of interest 
Subhalo population parameters

θ = {fsub, β}

Inference

p(x |θ) = ∫ dz p(x, z |θ)

z = { ⃗m sub, ⃗rsub}
Latent variables
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dmsub

msub

fsub

β
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Neural networks
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Neural networks
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Neural networks
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Input layer Hidden layers Output layer

x

β

fsub

Slides courtesy of 
Johann Brehmer

Brehmer et al [1805.00013] 
Brehmer et al [1805.00020] 

Stoye et al [1808.00973]
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Parameters of interest 
Subhalo population parameters

θ = {fsub, β}
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Application to substructure in strong lenses

Observables 
Lensed image

z
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Subhalo population parameters

θ = {fsub, β}
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Application to substructure in strong lenses

Observables 
Lensed image

z
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Joint likelihood ratio 

r (x, z |θ0, θ1) =
p( ⃗m sub, ⃗rsub | fsub,0, β0)
p( ⃗m sub, ⃗rsub | fsub,1, β1)

Parameters of interest 
Subhalo population parameters

θ = {fsub, β}
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Application to substructure in strong lenses

Observables 
Lensed image

z
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Joint likelihood ratio 

r (x, z |θ0, θ1) =
p( ⃗m sub, ⃗rsub | fsub,0, β0)
p( ⃗m sub, ⃗rsub | fsub,1, β1)

argmin
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L[g]
<latexit sha1_base64="K5zdKfNQlfWV+Iu2lZ+kbdAR2qQ="></latexit><latexit sha1_base64="ApOBYqsfgOriMeFGC7CAo7I3urI="></latexit><latexit sha1_base64="ApOBYqsfgOriMeFGC7CAo7I3urI="></latexit><latexit sha1_base64="Y+642ZFyiyZWQmFYdFZi+qnOJts="></latexit>

<latexit sha1_base64="HjZ6RxRDdZu139wdkhmGLAXlGyY="></latexit><latexit sha1_base64="N0otbztN+sjGy9xqdVKMRIGUlNA="></latexit><latexit sha1_base64="N0otbztN+sjGy9xqdVKMRIGUlNA="></latexit><latexit sha1_base64="KGKYmyKWjUVupNzZY8DVUShrvqU="></latexit>

ResNet-18 
Architecture

Parameters of interest 
Subhalo population parameters

θ = {fsub, β}

dn
dmsub

msub

fsub

β



Siddharth Mishra-Sharma (NYU) | Michigan High Energy Theory Brown Bag 51

Application to substructure in strong lenses

r̂(x|✓)
<latexit sha1_base64="NPA37tSEX6NJZFS7lgnMywc24Uw="></latexit><latexit sha1_base64="OWtH3yFwQxlgBBM8LzzB+Kr7/wE="></latexit><latexit sha1_base64="OWtH3yFwQxlgBBM8LzzB+Kr7/wE="></latexit><latexit sha1_base64="8WBmztmqRcTSWIh+NwhKhjUiPqA="></latexit>

Likelihood ratio 
estimate

Observables 
Lensed image

z
<latexit sha1_base64="f522LujoBhKn9wlOc7FFO313Co4="></latexit><latexit sha1_base64="fjMwXa8gvAwN8tU5xBLqLqzCMFk="></latexit><latexit sha1_base64="fjMwXa8gvAwN8tU5xBLqLqzCMFk="></latexit><latexit sha1_base64="hd/uooQ/cbmembZ0KbEOgsdBgnk="></latexit>

Latent 
z = { ⃗m sub, ⃗rsub}

Simulator

Nuisance 
Host/source params, 

 redshifts…

x =

−2 0 2
 [arcsec]

−2

0

2

 [a
rc

se
c]

−2 0 2
 [arcsec]

−2

0

2

 [a
rc

se
c]

−2 0 2
 [arcsec]

−2

0

2

 [a
rc

se
c]

−2 0 2
 [arcsec]

−2

0

2

 [a
rc

se
c]

−2 0 2
 [arcsec]

−2

0

2

 [a
rc

se
c]

−2 0 2
 [arcsec]

−2

0

2

 [a
rc

se
c]

−2 0 2
 [arcsec]

−2

0

2

 [a
rc

se
c]

−2 0 2
 [arcsec]

−2

0

2

 [a
rc

se
c]

−2 0 2
 [arcsec]

−2

0

2

 [a
rc

se
c]

−2 0 2
 [arcsec]

−2

0

2

 [a
rc

se
c]

−2 0 2
 [arcsec]

−2

0

2

 [a
rc

se
c]

−2 0 2
 [arcsec]

−2

0

2

 [a
rc

se
c]

−2 0 2
 [arcsec]

−2

0

2

 [a
rc

se
c]

−2 0 2
 [arcsec]

−2

0

2

 [a
rc

se
c]

−2 0 2
 [arcsec]

−2

0

2

 [a
rc

se
c]

−2 0 2
 [arcsec]

−2

0

2

 [a
rc

se
c]

−2 0 2
 [arcsec]

−2

0

2

 [a
rc

se
c]

−2 0 2
 [arcsec]

−2

0

2

 [a
rc

se
c]

−2 0 2
 [arcsec]

−2

0

2

 [a
rc

se
c]

−2 0 2
 [arcsec]

−2

0

2

 [a
rc

se
c]

−2 0 2
 [arcsec]

−2

0

2

 [a
rc

se
c]

−2 0 2
 [arcsec]

−2

0

2

 [a
rc

se
c]

−2 0 2
 [arcsec]

−2

0

2

 [a
rc

se
c]

−2 0 2
 [arcsec]

−2

0

2

 [a
rc

se
c]

Joint likelihood ratio 

r (x, z |θ0, θ1) =
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r (x, z |θ0, θ1) =
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Parameters of interest 
Subhalo population parameters
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1. Train likelihood ratio estimator with  

2. Test on simulated data with 

fsub ∼ [0, 0.2], β ∼ [−2.5, − 1.5]
fsub = 0.05, β = − 0.9

Use simulated ensemble of galaxy-galaxy lenses observable by Euclid
Collett et al [1507.02657]
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Figure 2. Four simulated lens images (upper panels) and the corresponding likelihood ratio maps estimated by the network
(lower panels, without calibration). The star marks the true point used to generate the images, the black line shows 95% CL
contours in parameter space based on each image. �

inference on individual simulated lensed images realiz-
ing substructure corresponding to benchmark parame-
ters � = �0.9 and fsub = 0.05. The top row shows
example simulated images, with the corresponding in-
ferred 2-D likelihood surfaces shown in the bottom row.
The true parameter point is marked with a star and the
95% confidence level (CL) contours are shown.

Several interesting features can already be seen in
these results. The 95% CL contours contain the true
parameter point, with the overall likelihood surface be-
ing strongly correlated with the corresponding image. A
smaller projected surface area of the lensed arc, result-
ing from a smaller host halo or a larger o↵set between
the host and source centers, generally results in a flat-
ter likelihood surface. This is expected, since a smaller
host galaxy will contain relatively less substructure, and
a smaller host or larger relative o↵set will result in a
smaller e↵ective arc area over which the substructure
can imprint itself. The first column of Figure 2 shows an
example of such a system. In contrast, the last columns
show a system with a relatively massive host and a small
o↵set, producing a symmetric image with a larger e↵ec-
tive arc surface area over which the e↵ects of substruc-
ture can be discerned. This results in a “peakier” in-
ferred likelihood surface, corresponding to a higher sen-
sitivity to fsub and �. The second and third columns of
Figure 2 correspond to systems with a small, centered

and a large, o↵set halo respectively, and show interme-
diate sensitivity to substructure properties.

In the spirit of stacking multiple observations, we next
consider a simultaneous analysis of multiple lensed im-
ages. As discussed in Section 3.4, the product of the
likelihood maps of the individual images defines the ap-
propriate test statistic. For the purpose of population-
level inference, these two-dimensional likelihood maps
are hence a good alternative way to define a probabilistic
catalog over individual observations, avoiding the com-
plications of prior dependence and of communicating
a complicated trans-dimensional posterior. In the left
panel of Figure 3, we show the expected log likelihood
ratio surface per-image in the asymptotic limit, with the
1-D slice corresponding to � = �0.9 shown in the right
panel. The 95% CL expected exclusion limits for 5, 20,
and 100 lenses are shown using the dotted, dashed, and
solid lines respectively. The procedure can easily be ex-
tended to an arbitrarily large collection of lenses.

We find that, at least within the simplifying assump-
tions of our simulator, an analysis of a few tens of
lenses is already sensitive to the overall substructure
abundance parameterized by fsub. A larger observed
lens sample provides a tighter constraint on substruc-
ture properties. Approximately 100 lens images are re-
quired to begin resolving �. The expected exclusion
contours are centered around the true values, confirm-
ing that our inference methods yield an unbiased es-
timate of the underlying substructure properties. Note
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parameter point, with the overall likelihood surface be-
ing strongly correlated with the corresponding image. A
smaller projected surface area of the lensed arc, result-
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the host and source centers, generally results in a flat-
ter likelihood surface. This is expected, since a smaller
host galaxy will contain relatively less substructure, and
a smaller host or larger relative o↵set will result in a
smaller e↵ective arc area over which the substructure
can imprint itself. The first column of Figure 2 shows an
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tive arc surface area over which the e↵ects of substruc-
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ferred likelihood surface, corresponding to a higher sen-
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diate sensitivity to substructure properties.

In the spirit of stacking multiple observations, we next
consider a simultaneous analysis of multiple lensed im-
ages. As discussed in Section 3.4, the product of the
likelihood maps of the individual images defines the ap-
propriate test statistic. For the purpose of population-
level inference, these two-dimensional likelihood maps
are hence a good alternative way to define a probabilistic
catalog over individual observations, avoiding the com-
plications of prior dependence and of communicating
a complicated trans-dimensional posterior. In the left
panel of Figure 3, we show the expected log likelihood
ratio surface per-image in the asymptotic limit, with the
1-D slice corresponding to � = �0.9 shown in the right
panel. The 95% CL expected exclusion limits for 5, 20,
and 100 lenses are shown using the dotted, dashed, and
solid lines respectively. The procedure can easily be ex-
tended to an arbitrarily large collection of lenses.

We find that, at least within the simplifying assump-
tions of our simulator, an analysis of a few tens of
lenses is already sensitive to the overall substructure
abundance parameterized by fsub. A larger observed
lens sample provides a tighter constraint on substruc-
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Several interesting features can already be seen in
these results. The 95% CL contours contain the true
parameter point, with the overall likelihood surface be-
ing strongly correlated with the corresponding image. A
smaller projected surface area of the lensed arc, result-
ing from a smaller host halo or a larger o↵set between
the host and source centers, generally results in a flat-
ter likelihood surface. This is expected, since a smaller
host galaxy will contain relatively less substructure, and
a smaller host or larger relative o↵set will result in a
smaller e↵ective arc area over which the substructure
can imprint itself. The first column of Figure 2 shows an
example of such a system. In contrast, the last columns
show a system with a relatively massive host and a small
o↵set, producing a symmetric image with a larger e↵ec-
tive arc surface area over which the e↵ects of substruc-
ture can be discerned. This results in a “peakier” in-
ferred likelihood surface, corresponding to a higher sen-
sitivity to fsub and �. The second and third columns of
Figure 2 correspond to systems with a small, centered

and a large, o↵set halo respectively, and show interme-
diate sensitivity to substructure properties.

In the spirit of stacking multiple observations, we next
consider a simultaneous analysis of multiple lensed im-
ages. As discussed in Section 3.4, the product of the
likelihood maps of the individual images defines the ap-
propriate test statistic. For the purpose of population-
level inference, these two-dimensional likelihood maps
are hence a good alternative way to define a probabilistic
catalog over individual observations, avoiding the com-
plications of prior dependence and of communicating
a complicated trans-dimensional posterior. In the left
panel of Figure 3, we show the expected log likelihood
ratio surface per-image in the asymptotic limit, with the
1-D slice corresponding to � = �0.9 shown in the right
panel. The 95% CL expected exclusion limits for 5, 20,
and 100 lenses are shown using the dotted, dashed, and
solid lines respectively. The procedure can easily be ex-
tended to an arbitrarily large collection of lenses.

We find that, at least within the simplifying assump-
tions of our simulator, an analysis of a few tens of
lenses is already sensitive to the overall substructure
abundance parameterized by fsub. A larger observed
lens sample provides a tighter constraint on substruc-
ture properties. Approximately 100 lens images are re-
quired to begin resolving �. The expected exclusion
contours are centered around the true values, confirm-
ing that our inference methods yield an unbiased es-
timate of the underlying substructure properties. Note
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ters � = �0.9 and fsub = 0.05. The top row shows
example simulated images, with the corresponding in-
ferred 2-D likelihood surfaces shown in the bottom row.
The true parameter point is marked with a star and the
95% confidence level (CL) contours are shown.

Several interesting features can already be seen in
these results. The 95% CL contours contain the true
parameter point, with the overall likelihood surface be-
ing strongly correlated with the corresponding image. A
smaller projected surface area of the lensed arc, result-
ing from a smaller host halo or a larger o↵set between
the host and source centers, generally results in a flat-
ter likelihood surface. This is expected, since a smaller
host galaxy will contain relatively less substructure, and
a smaller host or larger relative o↵set will result in a
smaller e↵ective arc area over which the substructure
can imprint itself. The first column of Figure 2 shows an
example of such a system. In contrast, the last columns
show a system with a relatively massive host and a small
o↵set, producing a symmetric image with a larger e↵ec-
tive arc surface area over which the e↵ects of substruc-
ture can be discerned. This results in a “peakier” in-
ferred likelihood surface, corresponding to a higher sen-
sitivity to fsub and �. The second and third columns of
Figure 2 correspond to systems with a small, centered

and a large, o↵set halo respectively, and show interme-
diate sensitivity to substructure properties.

In the spirit of stacking multiple observations, we next
consider a simultaneous analysis of multiple lensed im-
ages. As discussed in Section 3.4, the product of the
likelihood maps of the individual images defines the ap-
propriate test statistic. For the purpose of population-
level inference, these two-dimensional likelihood maps
are hence a good alternative way to define a probabilistic
catalog over individual observations, avoiding the com-
plications of prior dependence and of communicating
a complicated trans-dimensional posterior. In the left
panel of Figure 3, we show the expected log likelihood
ratio surface per-image in the asymptotic limit, with the
1-D slice corresponding to � = �0.9 shown in the right
panel. The 95% CL expected exclusion limits for 5, 20,
and 100 lenses are shown using the dotted, dashed, and
solid lines respectively. The procedure can easily be ex-
tended to an arbitrarily large collection of lenses.

We find that, at least within the simplifying assump-
tions of our simulator, an analysis of a few tens of
lenses is already sensitive to the overall substructure
abundance parameterized by fsub. A larger observed
lens sample provides a tighter constraint on substruc-
ture properties. Approximately 100 lens images are re-
quired to begin resolving �. The expected exclusion
contours are centered around the true values, confirm-
ing that our inference methods yield an unbiased es-
timate of the underlying substructure properties. Note
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Figure 3. The expected per-lens likelihood ratio map assuming � = �0.9 and fsub = 0.05 in the two-dimensional parameter
space (left) and along a one-dimensional slice at � = �0.9 (right). The lines show expected 95% CL exclusion limits for 5
(dotted), 20 (dashed), and 100 (solid) observed lenses. While the colormap shows the network output without calibration, the
lines include the calibration procedure described in Section 3.3. �

the “banana” shape of the expected exclusion limits,
which approximately traces the total deflection con-
tributed by substructure. We demonstrate this in Fig-
ure 4, where we show a proxy for the total subhalo-
induced deflection,

P
subhalos

4srs, equal to the space-
independent part of Equation (12), and compare it to
the expected exclusion limits. In our particular substruc-
ture scenario, this proxy can be shown to approximately
scale like

P
subhalos

m2/3

200
. We note that this comparison

is schematic, as the subtle e↵ects of substructure over
a wide range of masses cannot be quantified through a
single number (here, the total deflection).

With the likelihood ratio in hand, Equation (28) easily
admits a Bayesian interpretation. In the left panel of
Figure 5 we show the posterior for 100 lenses derived
from the expected likelihood ratio results, assuming a
Gaussian prior with mean �0.9 and standard deviation
0.1 on the slope �. This choice is intended to capture
a prior expectation on the subhalo mass function slope
consistent with the Cold Dark Matter scenario (e. g.,
Madau et al. 2008; Springel et al. 2008). As expected
from the likelihood maps, we find a posterior density
peaked around the true point.

The corresponding inferred subhalo mass function
(SHMF) per host halo mass, marginalized over the host
halo properties, is shown in the right panel of Fig-
ure 5. We show the point-wise mean (solid line) and
68 / 95% credible intervals (cyan and blue bands), where
the point-wise quantities are defined as the mean and
respective quantiles of the subhalo mass function poste-
rior evaluated at a given mass point. A comparison with

the true simulated subhalo mass function (dotted line,
also marginalized over the host halo properties) shows
excellent agreement.

5. EXTENSIONS

For the proof-of-concept analysis presented here our
lensing simulation makes a number of simplifying as-
sumptions in order to highlight the broad methodolog-
ical points in a computationally tractable setting. An
application of our method to real lensing data will invari-
ably require modifications to our simulation and infer-
ence pipelines to account for the vast physical diversity
in host and source galaxy morphologies, as well as ways
to deal with more realistic detector response. Modeling
substructure in a more involved setting than presented
here (e. g., to account for tidal evolution and/or suppres-
sion of small-scale structure), and accounting for sub-
structure along the line of sight is also desired. We will
now discuss these features and comment on how they
might a↵ect our pipeline and the results presented here,
leaving implementation and application to real lensing
data to future work.

First, we currently fix all properties of the background
source as described in Section 2.3. It is straightforward
to instead draw and marginalize over the parameters as-
sociated with a chosen parameterization for the source
light distribution, with Gaussian and Sérsic (Sérsic
1963) profile models being common choices. For high-
fidelity images (e. g., those obtainable by targeted fol-
lowups or interferometric imaging) more complicated
features in the background galaxies such as outflows may
not be adequately captured by such a parameterization
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Gaussian prior for β ∼ 𝒩(−0.9, 0.1)

fsub = 0.05, β = − 0.9
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Gaussian prior for β ∼ 𝒩(−0.9, 0.1)
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configuration, consistent with simulations of Milky
Way-sized halos [73, 74]. We also investigate a
steeper mass function with � = 2, leading to a
larger relative abundance of lower-mass subhalos.

To calibrate the amplitude of the mass function,
we require Ncalib = 150 subhalos in expecta-
tion between 108–1010 M� [75], consistent with re-
sults from recent hydrodynamical simulations [76,
77]. The threshold minimum and maximum al-
lowed subhalo masses are fixed at 10�6 M� and
0.05 MMW [78] respectively. This configuration
leads to ⇠ 20% of the total Milky Way mass
bound in substructure. We also investigate a more
subhalo-rich configuration, setting Ncalib = 300,
consistent with the results of DM-only simula-
tions [79].

• Spatial distribution of subhalos: While the un-
evolved (infall) subhalo spatial distribution is ex-
pected to follow the smooth Milky Way halo profile,
tidal disruption due to the gradient of the Galactic
potential towards the Galactic Center is expected
to deplete the fraction of mass bound in substruc-
tures there. We account for this by describing the
spatial distribution of subhalos using an Einasto
profile with a fit to the results of the Aquarius sim-
ulation [75, 79],

⇢(r) = exp


�

2

�E

✓✓
r

rE

◆�E

� 1

◆�
(23)

with rE = 199 kpc and �E = 0.678.

There are indications that some portion of the sub-
halo tidal disruption e↵ects observed in simulations
could be numerical in origin [80, 81]. We account

for this possibility by by investigating the scenario
where the evolved distribution of subhalo follows
the smooth Galactic dark matter profile.

• Subhalo profile: We model the subhalos with
an NFW profile, using the Galactic Cen-
ter distance-dependent concentration-mass relation
from Ref. [72] in our fiducial set-up which takes
into account the larger concentration of subhalos as
compared to field halos closer to the Galactic cen-
ter due to tidal disruption e↵ects. We explore the
dependence on the concentration-mass parameteri-
zation by using the alternate model from Ref. [82].

The total poloidal induced proper motion power spec-
trum signal expected for the fiducial configuration, as
well as the alternate modeled scenarios, is shown in
Fig. 7. The fiducial CDM model is shown in purple.
Not accounting for tidal disruption [80, 81] preferen-
tially bringing subhalos closer to the Galactic Center and
boosts the signal by about an order of magnitude at all
scales (green line). A steeper subhalo mass function with
↵ = �2 (blue line) results in a larger number of low-mass
subhalos, slightly boosting the signal on small scales and
depressing it on larger scales.

It is instructive to ask which regions of the subhalo
mass and spatial distribution phase space contribute to
the total power spectrum signal. The di↵erential spectra
d ln C`/d ln M200 and d ln C`/d ln R are shown in Fig. 8
for multipoles ` = 10, 30, 100. It can be seen that
larger scales receive preferential contribution from sub-
halos that are massive and/or closer in Galactocentric
radius, as intuitively expected. It can also been seen that,
at accessible scales, the dominant contribution comes
from the population of subhalos at intermediate Galac-
tocentric radii (R ⇠ 50–150 kpc). This underscores the
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Astrometry today

Repeatedly measure positions of celestial objects (stars, galaxies…) to get distances 
(through parallax) as well as time-domain information (velocities, accelerations) 
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Lens equation
12

Figure 2.1: Sketch of a typical gravitational lensing system (Figure from Bartelmann
& Schneider, 2001).

Remark:
It is not guaranteed that the relation between physical size, distance and angular size
can be written as [physical size] = [angular size] · [distance] if space is curved. It
is however possible to define distances in curved spacetime such that this relation
from Euclidean space holds. Then, however, distances are not additive, such that
DL + DLS 6= DS.

We first define an optical axis, indicated by the dashed line, perpendicular to the lens
and source planes and passing through the observer. Then we measure the angular
positions on the lens and on the source planes with respect to this reference direction.

Consider a source at the angular position ~�, which lies on the source plane at a distance
~⌘ = ~�DS from the optical axis. The deflection angle ~̂↵ of the light ray coming from
that source and having an impact parameter ~⇠ = ~✓DL on the lens plane is given by
Eq. (1.36). Due to the deflection, the observer receives the light coming from the source
as if it was emitted at the angular position ~✓.

If ~✓, ~� and ~̂↵ are small, the true position of the source and its observed position on the
sky are related by a very simple relation, obtained by a geometrical construction. This
relation is called the lens equation and is written as

~✓DS = ~�DS + ~̂↵DLS , (2.4)

where DLS is the angular diameter distance between lens and source.

Defining the reduced deflection angle

~↵(~✓) ⌘ DLS

DS
~̂↵(~✓) , (2.5)

from Eq. (2.4), we obtain

~� = ~✓ � ~↵(~✓) . (2.6)
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3Lens models

One of the main goals of lensing theory is to determine which combinations of lenses and
sources can reproduce a particular image configuration. For solving this kind of problem,
it is very common to use analytic lens models. These models have the advantage that
they are very simple and their lensing properties can be derived quite easily.

A variety of models exists, which are more ore less reliable for describing lensing on
di↵erent scales. Compact objects like planets, stars, black holes or the so called Massive
Astrophysical Compact Halo Objects (MACHOs) are usually well aproximated by point
lenses. The most simple models which are used in studies of extended lenses are the
axially symmetric models. However, they are not su�ciently realistic for describing
the majority of astrophysical objects, and elliptical models turn out to be much more
appropriate in most cases.

3.1 Point masses

Let us begin with point masses as lenses. The deflection angle of a point mass was

~̂↵ = �4GM

c2b
~er , (3.1)

where ~er is the unit vector in radial direction. No direction is prefered in an axisymmetric
situation like that, so we can identify ~er with one coordinate axis and thus reduce the
problem to one dimension. Then

↵̂ =
4GM

c2b
=

4GM

c2DL✓
, (3.2)

where we have expressed the impact parameter by the angle ✓, b = DL✓.

The lensing potential is given by

 ̂ =
4GM

c2

DLS

DLDS
ln |~✓| , (3.3)

as one can show using

r ln |~x| =
~x

|~x|2 . (3.4)

The lens equation reads

� = ✓ � 4GM

c2DL✓

DLS

DS
. (3.5)

26

With the definition of the Einstein radius,

✓E ⌘
r

4GM

c2

DLS

DLDS
, (3.6)

we have

� = ✓ � ✓
2
E

✓
. (3.7)

Dividing by ✓E and setting y = �/✓E and x = ✓/✓E , the lens equation in its adimen-
sional form is written as

y = x� 1
x

(3.8)

Multiplication with x leads to

x
2 � xy � 1 = 0 , (3.9)

which has two solutions:

x± =
1
2

h
y ±

p
y2 � 4

i
. (3.10)

Thus, a point-mass lens has two images for any source, irrespective of its distance y

from the lens. Why not three? Because its mass is singular and thus the time-delay
surface is not continously deformed.

If y = 0, x± = ±1; that is, a source directly behind the point lens has a ring-shaped
image with radius ✓E . For order-of-magnitude estimates:

✓E ⇡ (10�3)00
✓

M

M�

◆1/2 ✓
D

10kpc

◆�1/2

,

⇡ 100
✓

M

1012M�

◆1/2 ✓
D

Gpc

◆�1/2

, (3.11)

where

D ⌘ DLDS

DLS
(3.12)

is called e↵ective lensing distance.

As � ! 1, we see that ✓� = x�✓E ! 0, while obviously ✓+ = x+✓E ! �: when
the angular separation between the lens and the source becomes large, the source is
unlensed. Formally, there is still an image at ✓� = 0.

The magnifications follow from from the Jacobian. For any axially-symmetric lens,

det A =
y

x

@y

@x
=

⇣
1� ↵

x

⌘ ✓
1� @↵

@x

◆

=
✓

1� 1
x2

◆ ✓
1 +

1
x2

◆
= 1�

✓
1
x

◆4

) µ =

"
1�

✓
1
x

◆4
#�1

, (3.13)
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Ultralight scalar field dark matter

An alternative to CDM is dark matter consisting of ultralight scalars  eV in mass∼ 10−22

9

FIG. 9. Discovery significance of the fiducial CDM-inspired scenatio using quasar velocity power spectra, shows as a heatmap
for di↵erent values of the proper motion noise �µ and number of observed quasars Nq.

FIG. 10. Proper motion (top row) and proper motion acceleration (bottom row) induced by a simulated realization of sub-
halos using the CDM-inspired fiducial configuration. Galactic longitude (left column) and Galactic latitude (right column)
components are shown on a HEALPIX grid with resolution nside=128.

The total particle number density is n0, and f(k) is de-
fined as the momentum distribution with

R
d̄3k f(k) = 1.

All other contractions with the external state, e.g. those
of the form haai and ha†a†

i are assumed to be zero, as
we expect virialization to scramble all phase information.
We will also e↵ectively take all commutators [a†

k, aq] = 0,
since it can be shown that terms involving commutators

are suppressed by inverse powers of the occupation num-
ber n0/�3

k � 1 where �k is a typical momentum, i.e. we
are doing a classical expansion. Expressing the field as a
superposition of momentum modes,

�(x) =

Z
d̄3k

p
2k0

⇣
ake�ik·x + a†

ke+ik·x
⌘

, (24)

Large de Broglie wavelength generally suppresses 
amount of bound small-scale structure

λ
2π

=
ℏ

mv
= 1.92 kpc ( 10−22eV

m ) ( 10kms−1

v )
However, have irreducible, unbound density fluctuations at this scale

10

FIG. 11. Theoretical velocity power spectrum calculated with
Eq. 20 (blue) compared with that measured from simulations
(red), shown as the median and middle 50% over 200 realiza-
tions.

with k0
⌘

p
m2 + k2, we can compute expectation values

such as h�i = 0 and that of the density ⇢ = [�̇2+(r�)2+
m2�2]/2:

h⇢i = n0

Z
d̄3k f(k)k0

' n0m ⌘ ⇢0. (25)

The approximate equality holds for a nonrelativistic mo-
mentum distribution, the case of interest.

The aforementioned density fluctuations give rise to a
nontrivial density correlation function

h⇢(x)⇢(x0)i = h⇢i2 +
n2
0

4

Z
d̄3k1
k0
1

d̄3k2
k0
2

f(k1)f(k2) (26)

(
⇥
m2

� k0
1k

0
2 � k1 · k2

⇤2
cos [(k1 + k2) · (x � x0)]

+
⇥
m2 + k0

1k
0
2 + k1 · k2

⇤2
cos [(k1 � k2) · (x � x0)]

)

from which it can be read o↵ that the fractional variance
of ⇢, namely (h⇢2i � h⇢i2)/h⇢i2, is order unity. There are
thus irreducible, unbound O(1) density fluctuations in a
virialized scalar dark matter halo, regardless of cosmo-
logical history and the bound substructure of the halo, of
which there is generally less with ultralight scalar dark
matter than with CDM [].1 In what follows, we will take

f(k) =
(2⇡)3/2

�3
k

exp

⇢
�

(k � k�)2

2�2
k

�
(27)

1 Note that large-field scalar dark matter models have
more bound substructure.

where the momentum dispersion is �k ⌘ m�v with �v ⇡

166 km s�1 and the average momentum in the Sun’s rest
frame is k� ⌘ mv�. The typical mass M0 and radius R0

of these overdensities is thus of order:

M0 = C⇢0

✓
⇡

�k

◆3

⇡ 5 ⇥ 105M� Cm�3
22 (28)

R0 =
1

2�k
⇡ 58 pc m�1

22 (29)

with m22 ⌘ m/10�22 eV. Since � is a Gaussian random
field, not all overdensities contain the same mass, but as
we will see below, the constant C can be made more pre-
cise in the context of the lensing-induced power spectra.

We will now compute to what degree these density fluc-
tuations cause distortions in proper motions and accel-
erations of luminous sources. Defining the Fourier trans-
form of the observable O to be Õ(k) =

R
d̄3k e�ik·x

O(x)

and its power spectrum hÕ(k)Õ(k0)⇤i ⌘ PO(k)�̄(3)(k �

k0), we can compute from eq. 26 the power spectrum of
⇢̇:

P⇢̇(k) '
⇢20

8m2

Z
d̄3q f(q)

⇥
(k2

� 2k · q)2f(k � q) (30)

+ (k2 + 2k · q)2f(�k � q)
⇤

=
⇡3/2

4

⇢20
m2�k

(k2 + 8k2
�

)

"
e
�

(k+2k�)2

4�2
k + e

�
(k�2k�)2

4�2
k

#
.

In the second line, we evaluated the integral with the mo-
mentum distribution of eq. 27. The above power spec-
trum is computed from the equal-time correlation func-
tion h⇢̇(t,x)⇢̇(t,x0)i keeping only the “slow” term in the
third line of eq. 26, and dropping the “fast” term of the
second line.2 Along the same lines, we have the ⇢̈ spec-
trum:

P⇢̈(k) '
⇢20

32m4

Z
d̄3q f(q)

⇥
(k2

� 2k · q)2f(k � q) (31)

+ (k2 + 2k · q)2f(�k � q)
⇤

=
3⇡3/2

8

⇢20�k
m4

(k2 + 8k2
�

)2
"
e
�

(k+2k�)2

4�2
k + e

�
(k�2k�)2

4�2
k

#
.

These spatio-temporal density fluctuations will give rise
to corresponding fluctuations in the gravitational po-
tential � through the gravitational Poisson equation:
r

2� = 4⇡GN⇢. The power spectra of the gravitational
potential fluctuations can thus be written as P�̇(k) =
(4⇡GN )2P⇢̇(k)/k4 and likewise for higher time deriva-
tives. The reduced lensing deflection potential  of eq. 5

2
The fast term is not only suppressed in magnitude but averages

down out severely when integrated over two lines of sight. It

is justified to compute the power on the equal-time correlation

function of the slow term because the coherence time tcoh ⇠
m/�2

k is much longer than the light crossing time of a deBroglie

fluctuation tcross ⇠ 1/�k.

Typical mass and size of fluctuations
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CONSTRAINTS ON DM MICROPHYSICS FROM MW SATELLITES 3
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Figure 1. Upper limits on the velocity-independent DM–proton scattering cross section as a function of DM particle mass. The blue shaded
region is excluded by the population of classical and SDSS-discovered MW satellites with 95% confidence by our likelihood analysis, which
marginalizes over relevant astrophysical uncertainties (Section 3). The dashed line shows a conservative analytic upper limit derived from
the existence of the lowest-mass halos hosting satellites (Section 2). Green contours show cosmological constraints from the CMB (Boddy &
Gluscevic 2018; Gluscevic & Boddy 2018) and the Lyman-↵ forest (Xu et al. 2018). Gray contours show experimental constraints from cosmic-
ray scattering (Bringmann & Pospelov 2019), the X-ray Quantum Calorimeter (XQC; Erickcek et al. 2007), and direct-detection experiments
including CRESST-III (CRESST Collaboration et al. 2017), the CRESST 2017 surface run (Angloher et al. 2017), and XENON1T (Aprile et al.
2017), as interpreted by Emken & Kouvaris (2018). Limits from Galactic center gas clouds (Bhoonah et al. 2018; Wadekar & Farrar 2019)
overlap with parts of the XQC, CMB, and Lyman-↵ contours for 10-3 GeV . m� . 100 GeV, and are omitted for clarity.

2.2. Limits on the Interaction Cross Section

If halos are detected down to a minimum mass Mmin, in-
terpreting an upper limit on Mmin as an upper limit on Mcrit
yields an upper bound on �0, at fixed m�. This bound is very
conservative because the power spectrum is severely sup-
pressed at kcrit. Thus, detecting a single halo with M < Mcrit
confidently excludes cross sections that correspond to kcrit.

Many independent astrophysical probes testify to the exis-
tence of low-mass halos and set upper limits on Mmin. For
example, substructure detections in strongly lensed systems
(Vegetti et al. 2012; Hezaveh et al. 2016b) and the dynam-
ical masses of dwarf galaxies obtained from spectroscopy
(e.g., Simon et al. 2011) both imply that halos exist down
to a mass of ⇠109

M�. Recent studies of the MW satel-
lite population that model the galaxy–halo connection, com-
pleteness corrections of observed satellites, and the impact
of baryonic physics on galaxy formation and subhalo abun-
dances have pushed the upper bound on Mmin even lower. For
example, Nadler et al. (2019) report Mmin < 5.4 ⇥ 108

M�
with 95% confidence using classical and SDSS-discovered
MW satellites, and Jethwa et al. (2018) derived consistent

results. These studies do not include ultra-faint satellites dis-
covered in recent years (Bechtol et al. 2015; Drlica-Wagner
et al. 2015, 2016; Koposov et al. 2015, 2018; Laevens et al.
2015a,b; Homma et al. 2016); accounting for these sys-
tems will further improve limits on Mmin. In addition, up-
coming surveys including the Large Synoptic Survey Tele-
scope (LSST; LSST Science Collaboration et al. 2009) are
expected to discover even more faint MW satellites, which
could lower Mmin by a factor of ⇠5 compared to current con-
straints (Drlica-Wagner et al. 2019).

The observed MW satellite population likely contains sev-
eral halos that are near the current limit on the minimum halo
mass. Thus, we set Mcrit < 5.4 ⇥ 108

M� to derive a very
conservative bound of kcrit > 30 h Mpc-1. Using this scale in
our analytic prescription yields �0 < 2⇥10-29 cm2 for a DM
particle mass of 10 keV. Constraints for other DM particle
masses are shown in Figure 1.

It is important to note that these limits scale weakly
with Mmin. In particular, the upper limit on �0 scales as M

1/2
crit ,

so increasing Mmin by an order of magnitude only weakens
the limit on �0 by a factor of ⇠3. Thus, these constraints

4 NADLER, GLUSCEVIC, BODDY, & WECHSLER

do not depend sensitively on the galaxy–halo connection and
completeness correction modeling used to derive Mmin, and
they shift by small amounts if halo masses obtained from
strong lensing or spectroscopic measurements are instead
chosen as the reference.

3. SATELLITE POPULATION LIKELIHOOD ANALYSIS
Halo formation is affected at masses well above Mcrit due to

the gradual power suppression caused by DM–baryon inter-
actions (see Figure 2). Thus, using a population of low-mass
halos should yield more stringent limits than the existence
of a single low-mass halo. In this section, we therefore per-
form a probabilistic analysis of the MW satellite population
to place more realistic constraints on DM–baryon scattering;
our results are shown in Figure 1.

In principle, accounting for the detailed effects of DM–
baryon scattering on the late-time halo population requires
simulations that self-consistently include both the initial lin-
ear power suppression described above as well as late-time
DM–baryon interactions. However, we find that the power
suppression in the DM–baryon scattering case is remarkably
similar to that in WDM, as shown in Figure 2. Moreover, we
expect late-time interactions to be a small effect for the inter-
action model that we consider. Taken together, these facts
allow us to use the results of WDM simulations run with
nearly identical initial conditions as the DM–baryon scatter-
ing model under consideration.

To derive the correspondence between DM–baryon scat-
tering and WDM, we use a modified version of the Boltz-
mann solver CLASS (described in Boddy & Gluscevic
2018; Boddy et al. 2018; Gluscevic & Boddy 2018), which
evolves linear cosmological perturbations in the presence
of DM–baryon interactions. We generate linear matter
power spectra as a function of �0 and m�, and we com-
pare these to WDM power spectra using the transfer func-
tion in Schneider et al. (2012) by matching the half-mode

scale khm, i.e., the wavenumber at which the transfer func-
tion T (k) = (Pcollisional(k)/PCDM(k))1/2 is equal to 50%. We
compute khm(�0,m�) numerically using our Boltzmann
solver by varying �0 at several values of m�.

The correspondence shown in Figure 2 allows us to map
the suppression in MW subhalo abundances found in WDM
simulations to our interacting cosmology. In particular, we
use the subhalo mass function from Lovell et al. (2014),
which is fit to cosmological zoom-in simulations of thermal
relic sterile neutrino WDM

dN

dM

����
collisional

=
dN

dM

����
CDM

⇣
1 +�

Mhm

M

⌘-�
, (7)

where � = 2.7, � = 0.99, M is the peak subhalo virial mass
output by the halo finder, and Mhm is the mass corresponding
to khm via a relation equivalent to Equation (5).

Next, to forward-model the MW satellite population, we
modify the framework presented in Nadler et al. (2019). In
particular, we supplement high-resolution DM-only simula-
tions of MW-mass host halos (Mao et al. 2015) with a flexi-
ble model for the galaxy–halo connection and the impact of
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Figure 2. Ratio of the linear matter power spectrum in a DM–
baryon scattering cosmology to that in CDM (solid lines), for
a range of interaction cross sections (for 1 MeV DM particles).
Dashed lines show the same quantity for WDM models with match-
ing half-mode scales (denoted as black stars). Vertical lines indicate
the critical scale discussed in Section 2.

both baryonic physics and DM–baryon scattering on subhalo
populations. We then fit the luminosity function of classical
and SDSS-discovered MW satellites using a Poisson like-
lihood in bins of satellite luminosity. As in Nadler et al.
(2019), free parameters in our fit include the slope and scat-
ter in the galaxy–halo connection and the strength of subhalo
disruption due to baryonic effects. These are nuisance pa-
rameters with large uncertainties that should be marginalized
over for the purpose of placing robust limits on DM micro-
physics. We use the ratio of the collisional-to-CDM subhalo
mass functions in Equation (7) to assign a “survival prob-
ability" to each subhalo in our CDM simulations, follow-
ing Jethwa et al. (2018). Thus, the final free parameter in
our fit is Mhm, and we obtain a marginalized posterior dis-
tribution P(Mhm) using a flat prior on log(Mhm). To be con-
servative, we assume that all subhalos host galaxies, even
though the galaxy occupation fraction is likely low and mass-
dependent in this regime (e.g., Sawala et al. 2016; Fitts et al.
2018). A non-trivial occupation fraction could force lighter
subhalos to host observed satellites, further strengthening our
constraints. However, we find that marginalizing over a step-
function galaxy formation threshold does not significantly af-
fect our results.

Finally, we map P(Mhm) to P(�0|m�) using our half-mode
scale calculation. We find Mhm < 3.1⇥108

M� (correspond-
ing to khm > 36 h Mpc-1) with 95% confidence, yielding up-
per limits on �0 of (6⇥10-30,2⇥10-29,7⇥10-29,10-27) cm2

for DM particle masses of (10-5,10-3,10-1,10) GeV, as
shown in Figure 1. These limits improve upon CMB con-
straints by more than three orders of magnitude for m� .
1 GeV, and can be extrapolated to higher masses. How-
ever, for m� . 10 keV, relativistic effects become important.

Constraints on DM-baryon interactions from properties of Milky Way satellites

Nadler et al [1904.10000] 
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FIG. 6. Fisher information and significance for compact objects in the Milky Way, shown for point source (solid) and extended
with R0 = 10 kpc.

B. Cold dark matter

It is useful to consider a particular configuration to il-
lustrate the properties of a collective signal due to Galac-
tic subhalos, and we describe our vanilla ⇤CDM-inspired
fiducial model here.

• Velocity distribution: In the Galactic frame and
asymptotically far away from the Sun’s gravita-
tional potential, we take the velocity distribution
f1(v) to be that of the Standard Halo Model
(SHM):

f1(v) =

(
1

Nesc

⇣
1

⇡v2
0

⌘3/2
e�v2/v2

0 |v| < vesc
0 otherwise ,

(21)
where Nesc is a normalization factor, and we take
v0 = 220 km/s [] and the escape velocity vesc =
544 km/s [].

To a first approximation, the velocity distribution
at the Earth’s location may be found simply by ap-
plying a Galilean transformation to f1(v) to trans-
form from the Galactic frame to the lab frame, so
that

f�(v) ⇡ f1 (v + v�) , (22)

where v� = (11, 232, 7) km/s [] is the velocity of
the Sun in Galactic coordinates. Note that the
Earth-frame velocity acquires a time-dependence
f�(v, t) due to the motion of the Earth around the
Sun and leads to a fractional annual modulation in
the signal. We conservatively ignore this e↵ect here
and postpone its study to future work.

• Subhalo mass function: Numerical simulations
show that the (sub)halo mass function dN/dM in
⇤CDM can be well-described by a distribution of
the form dN/dM / M�↵ with ↵ ⇡ 1.9 [] over a
large range of masses. We set ↵ = 1.9 in our fiducial
configuration. To calibrate the amplitude of the

mass function, we require 150 objects between 108–
1010 M�, consistent with results from recent simu-
lations []. The threshold minimum and maximum
allowed subhalo masses are fixed at 10�6 M� [] and
0.04MMW [] respectively. This configuration leads
to ⇠ 19% of the global Milky Way mass contained
in substructure.

• Spatial distribution of subhalos: The overall Galac-
tic number distribution of subhalos is modeled with
an Einasto profile fit to the results of the Aquar-
ius simulation [], taking into account the fact that
the fraction of mass bound to substructures is ex-
pected to decrease towards the Galactic Center due
to tidal disruption by the gradient of the Galactic
potential [].

• Subhalo profile: We model the subhalos with
an NFW profile, with a distance-dependent
concentration-mass relation from Ref. [] which
takes into account the larger concentraion of subha-
los as compared to field halos closer to the Galactic
center due to tidal distruption e↵ects.

Focusing on the poloidal components of the velocity
power spectrum, the di↵erential spectra d ln C`/d ln M200

and d ln C`/d ln R are shown in Fig. 7 for multipoles
` = 10, 30, 100. These illustrate which regions of the sub-
halo mass and spatial distribution phase space contribute
to the total power spectrum signal—in particular, it can
be seen that larger scales receive preferential contribution
from subhalos that are massive and/or closer in Galacto-
centric radius, as intuitively expected. It can also been
seen that, at accessible scales, the dominant contribution
comes from relatively massive subhalos (M200 > 108 M�)
and those at intermediate Galactocentric radii (R ⇠ 50–
150 kpc).

The total velocity power spectrum signal expected for
this fiducial configuration is shown in Fig. 8.

Using the procedure outlined in Sec. A, we are now in a
position to determine the sensitivity of a given set of ob-
servations to a given signal configuration. We focus first

For point-like objects sensitivity increases linearly with 

Significance plateaus aroundMaximum information comes from scales                           

ℓ ∼ 0.5 kpc/R0 ℓ ∼ 10 kpc/R0

ℓmax
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2

the angular velocity µ of eq. 1 can be written as

µ =
X

`m

µ(1)
`m `m + µ(2)

`m�`m, (3)

with poloidal ( ) and toroidal (�) amplitudes

µ(1)
`m =

Z
d⌦µ · ⇤

`m; µ(2)
`m =

Z
d⌦µ ·�⇤

`m. (4)

The lens-induced angular velocity correction of eq. 1
only has overlap with poloidal modes, because it can be
written as a time-derivative of the gradient of the reduced
lensing deflection potential:

µ =
d

dt
r✓ = �

1

Dl
r✓ (v · r✓ ) | (5)

We therefore immediately have that µ(2)
`m is identically

zero after integrating by parts in eq. 4 and noting that
r✓ ·�`m = 0.
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B. Warm-up and examples

Once the subhalo enclosed mass function is specified,
the lens-induced proper motion and proper motion ac-
celeration signal power spectra can readily be calculated
from Eqs. 6 and 7. We illustrate this for a few specific
cases in order to gain some intuition for how the signal
significance depends on properties of the subhalo popula-
tion, as well as which multipoles ` contribute to the sig-
nal in various cases. Unless otherwise specified, all spec-
tra refer to the respective poloidal components, with the
toroidal signal components identically vanishing (Eq. 5).

We appeal to the Fisher information formalism to iso-
late the contribution of di↵erent multipoles (scales) in a
power spectrum measurement (See App. A for details).

For a given signal Cµ(1)
` and noise Nµ

` configuration, the

Fisher information contained in a mode ` reduces simply
to (Eq. A3)

F` = fsky(`+ 1/2)

 
Cµ(1)

`

Cµ(1)
` + Nµ

`

!2

(9)

which quantifies the information extractable from each
mode. The noise spectrum is scale-invariant and is given
by

Nµ
` '

4⇡�2
µ

Nq
(10)

where �µ is the measurement error on the proper motion
and Nq the number of quasars sampled, assumed uniform
over the sky.

For a power spectrum measurement of multipoles be-
tween [`min, `max] the signal significance is given by the
inverse covariance, and can be computed from the Fisher
information as

�sig ⌘ Cov�1 =

vuut
`maxX

`=`min

F`. (11)

Thus, F` quantifies the contribution of each mode to the
signal significance. We illustrate this for a few toy exam-
ples to get a feel for the various scales in the problem.

1. Population of point lenses

We start by considering a population of points lenses
of mass M0 located at a given distance Dl. In this case,
the power per mode per lens is given by

Cµ(1)
` '

✓
4GNM0v

D2
l

◆2 ⇡

2
. (12)

This scale-invariant spectrum is shown on the top left
plot of Fig. 1 as the dotted black line, for the lens prop-
erties in the inset.

For a population isotropically distributed between
Dmin

l and Dmax
l and making up a fraction ⌦l of the local

dark matter density ⇢DM, we have

Cµ(1)
` '

32⇡2G2
NM0⌦l⇢dmv2

�
Dmax

l � Dmin
l

�

Dmax
l Dmin

l

(13)

For a point lens population, the proper motion power
per mode is scale-invariant, with higher modes having
greater mode multiplicity. Hence, the Fisher informa-
tion per mode grows as Fµ

` ⇠
p
`, with the total signifi-

cant growing linearly �µ
sig / `max in the noise-dominated

(Nµ
` � Cµ(1)

` ) regime. Of course, in practice the maxi-
mum possible multipole `max is limited by telescope res-
olution and pixelization e↵ects, as well as shot noise due
to finite source density.

3

FIG. 1. Expected lens-induced proper motion (top row) and proper motion acceleration (bottom row) power spectra for a
single subhalo. Shown for Gaussian and Plummer profiles (left column) with M0 = 108 M�, Dl = 10 kpc, R0 = 1.6 kpc and
vl = 10�3 as well as NFW, two di↵erent truncated NFW and Burkert profiles (right column) with M200 = 108 M�, Dl = 10 kpc
and vl = 10�3. High-` asymptotic behaviour for the NFW and Burkert profiles is shown.

The acceleration power can be calculated similarly,
from Eq. 7, shown in the bottom left plot of Fig. 1 as the
dotted black line, for the lens properties in the inset. Un-
like the velocity power spectrum, it is not scale-invariant,
and the significance with increasing maximum multipole
`max grows approximately as �↵

sig / `3max. Thus, the ac-
celeration power spectrum preferentially probes smaller
scales compared to the velocity power spectrum.

Figure 2 illustrates the detection significance as a func-
tion of maximum multipole `max, as defined in Eq. 11, for
a population of M0 = 108 M� point source lenses uni-
formly distributed between Dmin

l = 0.1 kpc and Dmax
l =

10 kpc making up all of the local dark matter density
⇢DM = 0.4 GeV cm�3. Nq = 108 background sources
with measurement errors �µ = 100µas yr�1 and �↵ =
10 µas yr�2 are assumed for illustration. At higher mul-
tipoles `max

>
⇠ 400, the acceleration power spectrum be-

comes important. The exact crossover point is sensi-
tive to the distance to nearest sources Dmin

l , since the
significance in either case is most sensitive to nearby
sources, and the acceleration power spectrum scales more
favourably with lower Dl compared to the velocity spec-
trum. For a general lens distribution, the smaller the
typical distance that contributes to the total power, the
greater the relative importance of accelerations. Its im-
portance also grows fast with integration time ⌧ , since
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FIG. 2. Signal significance as a function of maximum mul-
tipole `max probed, shown for a population of M0 = 108 M�
point source lenses uniformly distributed between Dmin

l =
0.1 kpc and Dmax

l = 10 kpc making up all of the local dark
matter density ⇢DM = 0.4 GeV cm�3. Nq = 108 back-
ground sources with measurement errors �µ = 100 µas yr�1

and �↵ = 10 µas yr�2 are assumed. Shown are the contribu-
tions from the proper motion power spectrum (purple), proper
motion acceleration power spectrum (green) and both (dotted
blue). The acceleration power spectrum probes smaller scales
and smaller distances.
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FIG. 1. Expected lens-induced proper motion (top row) and proper motion acceleration (bottom row) power spectra for a
single subhalo. Shown for Gaussian and Plummer profiles (left column) with M0 = 108 M�, Dl = 10 kpc, R0 = 1.6 kpc and
vl = 10�3 as well as NFW, two di↵erent truncated NFW and Burkert profiles (right column) with M200 = 108 M�, Dl = 10 kpc
and vl = 10�3. High-` asymptotic behaviour for the NFW and Burkert profiles is shown.

The acceleration power can be calculated similarly,
from Eq. 7, shown in the bottom left plot of Fig. 1 as the
dotted black line, for the lens properties in the inset. Un-
like the velocity power spectrum, it is not scale-invariant,
and the significance with increasing maximum multipole
`max grows approximately as �↵

sig / `3max. Thus, the ac-
celeration power spectrum preferentially probes smaller
scales compared to the velocity power spectrum.

Figure 2 illustrates the detection significance as a func-
tion of maximum multipole `max, as defined in Eq. 11, for
a population of M0 = 108 M� point source lenses uni-
formly distributed between Dmin

l = 0.1 kpc and Dmax
l =

10 kpc making up all of the local dark matter density
⇢DM = 0.4 GeV cm�3. Nq = 108 background sources
with measurement errors �µ = 100µas yr�1 and �↵ =
10 µas yr�2 are assumed for illustration. At higher mul-
tipoles `max

>
⇠ 400, the acceleration power spectrum be-
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where Ms = 4⇡r3s⇢s is the NFW scale mass and rt is the
truncation radius accounting for the stripping away of the
outer halo mass due to tidal forces towards the Galactic
center. We also consider the cored Burkert profile fa-
vored, e.g., in the case of self-interacting dark matter
(SIDM),

⇢Burkert(r) =
Mb

4⇡(r + rb)(r2 + r2b )
, (19)

where Mb = 4⇡r3b⇢b is the Burkert scale mass and the
Burkert scale radius rB can be related to the NFW scale
radius as rB ' 0.7rs [].

We show induced power spectra for (truncated) NFW
and Burkert profiles in the right column of Fig. 1, for
proper motions (top) and accelerations (bottom). The
NFW truncation radius is parameterized through ⌧ ⌘

rt/rs and the concentration-mass relation from Ref. [] is
used. The cases ⌧ = 10 (dashed blue) and ⌧ = 15 (dot-
dashed blue) are shown for illustration. It can be seen
that truncation e↵ects generally manifest at higher mul-
tipoles, as expected. On the other hand, the presence
of a core in the Burkert profile leads to a suppression
of power at higher scales. Asymptotic high-` behavior is
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(truncated) NFW profile: cuspy, describes (tidally stripped) CDM subhalos

Burkert profile: cored, describes subhalos e.g. in case of DM self-interactions
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FIG. 9. Discovery significance of the fiducial CDM-inspired scenario using quasar velocity power spectra, shows as a heatmap
for di↵erent values of the proper motion noise �µ and number of observed quasars Nq. �

Eqs. (31) and (32) depend on the halos profile through
the concentration c200 ⌘ r200/rs. Given a present-day
characteristic mass M200, they can be simultaneously and
iteratively solved to yield consistent solutions for the con-
centration c200 and collapse redshift zcoll. The constant
C is calibrated to yield concentrations for cluster-mass
(M200 ⇠ 1013 M�) halos consistent with observations for
f = 0.01 [87]. We choose to go down to a minimum sub-
halo mass of 10M� in our expository scenario to avoid ex-
trapolating the derived concentration-mass relations and
mass functions to smaller values.

95% confidence interval sensitivity forecasts on scenar-
ios with a kinked power spectrum are shown in Fig. 11.
Shown are sensitivities achievable using quasar proper
motion measurements with SKA, as well as observa-
tions of Galactic stellar proper motion accelerations by
WFIRST and (end-of-mission) Gaia. Currently uncon-
strained parameter space can already be probed using
near-future Gaia astrometry.

We caution that our treatment is simplistic in sev-
eral ways; it is anchored to CDM simulations at higher
masses, while necessitating extrapolation of the modi-
fied power spectrum down to small scales and of the
subhalo mass function and concentration-mass relation
down to small subhalo masses. Although a more accu-
rate treatment would necessarily involve N -body simu-
lations consistent with the modified power spectra, our
semi-analytic prescription captures the essential physics
while making the point that enhanced primordial fluc-
tuations at small scales can be e↵ectively probed with
near-future astrometric observations, including the end
of mission of Gaia.

V. SIGNAL DISCRIMINANTS AND FURTHER
PROSPECTS

A. Toroidal modes as a control region

As described in Sec. IIA, the signal is sourced from
the gradient of the projected scalar lensing potential  , so
the signal is expected to exclusively populate the poloidal
component of the power spectrum decomposition. The
noise, on the other hand, is expect to contribute to both
the poloidal as well as toroidal modes. The toroidal
power spectrum can thus be used as a control region to
calibrate the noise.

B. Directional asymmetry

After inserting Eq. (7) into Eq. (4), integrating by
parts, and using r2

✓Y`m = �`(` + 1)Y`m and Eq. (5),
we find that for a single lens:

µ
(1)
`m = �

`(`+ 1)

Dl

Z
d⌦ (�)vl · ⇤

`m(✓), (33)

where  (�) = 4GN

R
d⌦0 ⌃(✓0

,✓l) ln� is the projected
scalar lensing potential, ⌃(✓0

,✓l) the projected surface
mass density at ✓0 from a lens at ✓l, � = ✓ � ✓l the
angular impact parameter,

R
d⌦ an integral over ✓ coor-

dinates, and
R

d⌦0 an integral over ✓0 coordinates.
Due to the Sun’s motion around the Galactic center,

the distribution f�(vl) for the e↵ective lens velocity is
asymmetric—see Eqs. (21) and (22)—with higher mag-
nitudes expected for velocity components in the Galactic
longitude direction than in the Galactic latitude direc-
tion. This will typically lead to an asymmetry in the
expected power at di↵erent m values at fixed `, because
the high-|m| (low-|m|) modes of  `m are preferentially
oriented along the Galactic longitude (latitude) direction.
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Compact objects from primordial fluctuations

-� -� � � � �-��

-�

-�

-�

-�

�

�����[�/���-�]

��
� �
��

ℛ
(�
)

��� �� ��-α

��� �/μ

���

�μ

�μ �α

Figure 3. Sensitivity projections and constraints on the primordial curvature power spectrum PR
as a function of comoving wavenumber k (in units of Mpc�1). Forecasts for where on-going and
future astrometric surveys can reach unit signal to noise ratio are shown by solid and dashed lines
respectively, using velocity templates Tµ (blue), velocity correlations Cµ (green), and acceleration
correlations C↵ (red), for the same parameters as in figure 7. Gray regions are excluded at 95% CL
by temperature anisotropies in the cosmic microwave background (CMB TT ), Lyman-↵ observations,
nondetection of spectral distortions of y� and µ-type in the CMB, and limits on primordial black holes
(PBH). The black dashed line is the best fit to the Planck CMB data assuming a constant spectral
tilt ns, while the yellow band indicates the parameter space where dns/d ln k and d2ns/(d ln k)2 were
allowed to float by 1� from their best fit values (dot-dashed yellow). We refer to sections 3.2 and 6.1
for more details.

10�9 level at scales smaller than those probed in Lyman-↵ observations and CMB experi-
ments. Short of this, there are a variety of motivated objects and scenarios that could be
discovered in the shorter term. Examples include:

• higher-density subhalos from an enhanced primordial power spectrum (subsection 3.2);

• exotic, point-like objects such as primordial black holes and dark stars, or more ex-
tended exotic structures that can form from rich DM microphysics, such as dissipation
mechanisms and phase transitions (subsection 3.3);

• new planets in our own Solar System (subsection 3.4).

We start by reviewing the standard spectrum of dark matter subhalos in subsection 3.1, along
with a basic model of the Milky Way’s own dark matter halo and baryonic disk.

3.1 Standard subhalos

The “holy grail” of this approach would be to measure dark matter substructure in the Milky
Way. If the primordial power spectrum is not enhanced at small scales (e.g. if it is given by
the black dashed line in figure 3), then this substructure is expected to consist of a broad,

– 9 –

Enhancement in small-scale power is unconstrained and motivated
—-can have abundance of small clumps

Running spectral index

Constant spectral index

Van Tilburg et al, 2018
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FIG. 10. Kinked primordial power spectra (Left) as well as derived present-day matter power spectra (Middle) and mass
functions (Right) shown for the representative set of “kink” parameters given in the legend. A kink in the primordial power
spectrum results in an overabundance of dense, low-mass substructure. �

FIG. 11. 95% confidence interval sensitivity forecasts on sce-
narios with a kink in the power spectrum parameterized by
the break location kB and kink slope nB , assuming a mini-
mum bound substructure mass of 10 M�. Shown are sensi-
tivities achievable using quasar proper motion measurements
with SKA, as well as observations of Galactic stellar proper
motion accelerations by WFIRST and (end-of-mission) Gaia.
�

Explicitly, we can see this directional asymmetry in
the expected power by computing the expectation value

of the square amplitudes µ
(1)
`m for a totality of lenses with

number density distribution nl(✓l, Dl):

⌦��µ(1)
`m

��2↵ = `
2(`+ 1)2

Z
d⌦l

Z
dDl nl(✓l, Dl)

Z
d2vl

⇥ f�(vl,✓l, Dl)

⇢
v
2
l,✓

����
Z

d⌦ `m,✓(✓) (�)

����
2

(34)

+ v
2
l,'

����
Z

d⌦ `m,'(✓) (�) sin ✓

����
2�

.

As stated above, the directional asymmetry in the rate of
change in impact parameter stems from the asymmetric
f�(vl) in Eq. (22), with higher expected proper compo-
nents in the Galactic longitude direction: hv

2
l,' sin2

✓li >

hv
2
l,✓i.

1 At high |m|/`, we also have that h| `m,'|
2
i >

h| `m,✓|
2
i over the celestial sphere, with the opposite in-

equality for low values of |m|/`. At low |m|/`, the domi-
nant contributions arise from the second line in Eq. (34),
while at high |m|/`, they arise from the third line. We
therefore deduce that for the astrometric lensing signal,⌦��µ(1)

`m

��2↵ is an increasing function of |m| at fixed `, which
is calculable from the 6D phase space distribution of the
DM subhalos. This |m| asymmetry is further exacer-
bated by the fact that the DM lens distribution n(✓l, Dl)
is peaked at ✓l ⇡ ⇡/2 in the latitude direction, where the
high-|m|/` modes have more support than the low-|m|/`

modes.
Asymmetries in |m| may also be caused by variations

in exposure and noise across the celestial sphere. For
optical astrometric surveys of quasars for example, there
is a lower background source number density and higher
astrometric noise per source near the Galactic equator,
causing µ to be more poorly measured there. Because

1
Note that the

R
d⌦ integral in Eq. (34) at high ` is dominated

by the region ✓ ' ✓l, due to the higher gradients in  (�) there.
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FIG. 8. Mass (left) and Galactocentric distance (right) dependence of the total proper motion power spectrum at multipoles
` = 10 (blue), ` = 30 (yellow) and ` = 1000 (purple). �

Compared to the standard ⇤CDM scenario, this leads to
an overabundance of low-mass halos which, having col-
lapsed at earlier times, would also be significantly denser
compared to the standard cosmological evolution. We
model this enhancement by introducing a kink in the di-
mensionless power spectrum of Gaussian curvature per-
turbations � parameterized by a break kB and high-k
slope nB ,

P�(k) =

8
><

>:

As

⇣
k
k⇤

⌘ns�1
k < kB

As

⇣
kB
k⇤

⌘ns�1 ⇣
k
kB

⌘nB�1
k � kB

(26)

where we take As = 2.105 ⇥ 10�9, ns = 0.9665 and k⇤ ⌘

0.05 [83].
The dimensionless matter power spectrum at a given

can be obtained through the matter transfer function
D(k, z) as

P�(k, a) = |D (k, z)|2 P�(k) (27)

and we use CLASS [84] to compute the transfer function.
Given the present-day matter power spectrum, the mass
variance (encoding the amplitude of fluctuations within
a sphere of radius R) can be computed as

�
2(R) =

Z
1

�1

d ln k P�(k) |D (k, z = 0)|2 |W (k, R)|2

(28)

where W (k, R) = 3(kR)�3[sin(kR) � kR cos(kR)] is the
Fourier transform of a top-hat smoothing function with
smoothing scale R ⌘ (M/(4/3⇡⇢m))1/3.

With the mass variance in hand, the modified mass
spectrum of subhalos in this scenarios is computed us-
ing the Tinker mass function [85] implemented in the
COLOSSUS [86] code and given by

dn

dM
= f(�)

⇢m

M

d ln �
�1

dM
(29)

where f(�) is parameterized as

f(�) = A

⇣
�

b

⌘�a
+ 1

�
e
�c/�2

(30)

with the constants A, a, b and c calibrated to (⇤CDM)
simulations (see Refs. [85, 86] for further details). We
calibrate the overall number of subhalos such that an
unkinked power spectrum yields the same number of
subhalos as in the ⇤CDM case we have considered in
Sec. IVB (150 between 108–1010 M� [75]) with this
pipeline. The left panel of Fig. 10 shows representative
examples of kinked primordial power spectra, with the
derived present-day matter power spectra and mass func-
tions shown in the middle and right panels respectively.

The present-day density (or equivalently, concentra-
tion) of subhalos is calculated following the procedure
outlined in Ref. [87]. Specifically, we assume that the
mean density h⇢si of subhalos (modeled as NFW) within
the scale radius rs is proportional to the critical density
of the Universe at collapse redshift zcoll,

h⇢si

⇢0
= C

⇢c(zcoll)

⇢0
= C


H(zcoll)

H0

�2
(31)

where C is a constant to be determined. The collapse
redshift corresponds to the redshift at which the current
characteristic mass M200 was contained in progenitors
more massive than a fraction f of this current mass.

Extended Press-Schechter theory can be invoked to re-
late the current characteristic mass M200 to the scale
mass [88],

Ms

M200
⌘ erfc

 
�sc (zcoll) � �sc (z = 0)p

2 (�2 (fM200) � �2 (M200))

!
(32)

where �sc(z) ⇡ �c/D(z), with �c = 1.686, is the density
threshold for collapse of a spherical top-hat perturba-
tion and D(z) the linear growth factor. The left sides of
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FIG. 11. 95% confidence interval sensitivity forecasts on sce-
narios with a kink in the power spectrum parameterized by
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mum bound substructure mass of 10 M�. Shown are sensi-
tivities achievable using quasar proper motion measurements
with SKA, as well as observations of Galactic stellar proper
motion accelerations by WFIRST and (end-of-mission) Gaia.
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Compared to the standard ⇤CDM scenario, this leads to
an overabundance of low-mass halos which, having col-
lapsed at earlier times, would also be significantly denser
compared to the standard cosmological evolution. We
model this enhancement by introducing a kink in the di-
mensionless power spectrum of Gaussian curvature per-
turbations � parameterized by a break kB and high-k
slope nB ,
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and we use CLASS [84] to compute the transfer function.
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Fourier transform of a top-hat smoothing function with
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with the constants A, a, b and c calibrated to (⇤CDM)
simulations (see Refs. [85, 86] for further details). We
calibrate the overall number of subhalos such that an
unkinked power spectrum yields the same number of
subhalos as in the ⇤CDM case we have considered in
Sec. IVB (150 between 108–1010 M� [75]) with this
pipeline. The left panel of Fig. 10 shows representative
examples of kinked primordial power spectra, with the
derived present-day matter power spectra and mass func-
tions shown in the middle and right panels respectively.

The present-day density (or equivalently, concentra-
tion) of subhalos is calculated following the procedure
outlined in Ref. [87]. Specifically, we assume that the
mean density h⇢si of subhalos (modeled as NFW) within
the scale radius rs is proportional to the critical density
of the Universe at collapse redshift zcoll,
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where C is a constant to be determined. The collapse
redshift corresponds to the redshift at which the current
characteristic mass M200 was contained in progenitors
more massive than a fraction f of this current mass.

Extended Press-Schechter theory can be invoked to re-
late the current characteristic mass M200 to the scale
mass [88],
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where �sc(z) ⇡ �c/D(z), with �c = 1.686, is the density
threshold for collapse of a spherical top-hat perturba-
tion and D(z) the linear growth factor. The left sides of
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Figure 3. Sensitivity projections and constraints on the primordial curvature power spectrum PR
as a function of comoving wavenumber k (in units of Mpc�1). Forecasts for where on-going and
future astrometric surveys can reach unit signal to noise ratio are shown by solid and dashed lines
respectively, using velocity templates Tµ (blue), velocity correlations Cµ (green), and acceleration
correlations C↵ (red), for the same parameters as in figure 7. Gray regions are excluded at 95% CL
by temperature anisotropies in the cosmic microwave background (CMB TT ), Lyman-↵ observations,
nondetection of spectral distortions of y� and µ-type in the CMB, and limits on primordial black holes
(PBH). The black dashed line is the best fit to the Planck CMB data assuming a constant spectral
tilt ns, while the yellow band indicates the parameter space where dns/d ln k and d2ns/(d ln k)2 were
allowed to float by 1� from their best fit values (dot-dashed yellow). We refer to sections 3.2 and 6.1
for more details.

10�9 level at scales smaller than those probed in Lyman-↵ observations and CMB experi-
ments. Short of this, there are a variety of motivated objects and scenarios that could be
discovered in the shorter term. Examples include:

• higher-density subhalos from an enhanced primordial power spectrum (subsection 3.2);

• exotic, point-like objects such as primordial black holes and dark stars, or more ex-
tended exotic structures that can form from rich DM microphysics, such as dissipation
mechanisms and phase transitions (subsection 3.3);

• new planets in our own Solar System (subsection 3.4).

We start by reviewing the standard spectrum of dark matter subhalos in subsection 3.1, along
with a basic model of the Milky Way’s own dark matter halo and baryonic disk.

3.1 Standard subhalos

The “holy grail” of this approach would be to measure dark matter substructure in the Milky
Way. If the primordial power spectrum is not enhanced at small scales (e.g. if it is given by
the black dashed line in figure 3), then this substructure is expected to consist of a broad,

– 9 –
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Gaia DR2 quasars

Gaia DR2 quasar number density map
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Proper motions

Velocity magnitude uncertainty

-1.67917 0.661613log10 σμ[mas/y]

Practically, need unbiased estimator to account for non-uniform noise and sky sampling

Velocity magnitude

-1.84165 1.20436log10 |μ | [mas/y]
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Proper motions
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Quasar power spectrum estimator
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Quasar power spectrum estimator
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FIG. 7. The total signal power spectrum expected for
the fiducial CDM-inspired subhalo configuration described in
Sec. IV B (blue line). Noise spectra for a few representative
cases, parameterized by the proper motion variance �µ and
number of observed quasars Nq are shown as the dot-dashed,
dashed and solid grey lines for increasingly optimistic obser-
vation scenarios. �

fact that the lensing signal is derived in aggregate from
a population of subhalos, and the power spectrum mea-
surement is probing the substructure population in the
bulk Galactic halo.

Using the procedure outlined in App. B, we may finally
obtain the sensitivity of a given set of observations to a
given signal configuration. Figure 9 shows the discov-
ery significance for the fiducial CDM configuration (left)
and the optimistic configuration without tidal stripping
(right), using quasar velocity power spectra, for di↵erent
values of the proper motion noise �µ and number of ob-
served quasars Nq. We see that the optimistic scenario
may be within reach of the next generation of interfero-
metric telescopes, assuming noise levels �µ ⇡ 1 µas yr�1

and Nq ⇡ 108. Prospects assuming the fiducial scenario
accounting for tidal disruption are less promising, and
will require methods beyond those presented here (see
Sec. VII), or astrometric precision beyond that expected
with next generation surveys.

C. Scalar dark matter

Dark matter may constitute of ultralight scalar fields,
sometimes denoted “fuzzy” dark matter, with masses po-
tentially as low as 10�22 eV. Scalar field dark matter
automatically exhibits unbound substructure due to in-
terference e↵ects, sourcing O(1) fractional density fluc-
tuations that can cause a stochastic weak gravitational
lensing signal. The contribution to the power spectra de-
scribed below (and calculated in App. A 3) is irreducible

because it originates from the unavoidable density fluc-
tuations of a free scalar field at the scale of the typical
de Broglie wavelength in a thermal ensemble.

Assuming the velocity spectrum and density distribu-
tion of the halo is known, the velocity and acceleration
power has only one free parameter—the scalar field’s
mass m. The density fluctuations of real scalar dark
matter can be attributed to random interference fringes,
which have a typical mass M0 and radius R0 equal to:

M0 = C⇢0

✓
⇡

�k

◆3

⇡ 5 ⇥ 105M� C

✓
10�22 eV

m

◆3

, (24)

R0 =
1

2�k
⇡ 58 pc

✓
10�22 eV

m

◆
; (25)

where C is a O(1) constant, ⇢0 is the local mean DM
energy density, and �k = m�v is set by the scalar mass
m and the known velocity dispersion in the MW, namely
�v ⇡ 166 km s�1.

These density fluctuations unavoidably constitute a
substructure fraction of 100%. We relegate the detailed
calculation of the velocity and acceleration power spec-
tra to App. A 3. The results of that calculation support
the interpretation of the scalar’s density fluctuations as
a 100% substructure fraction of dark matter, with mass
and size given by Eqs. (24) and (25). Indeed, with some
simplifying assumptions (spatially constant ⇢0, infinite
source distance, and no velocity asymmetry v� = 0), the
velocity and acceleration power spectra for scalar dark
matter are identical to that of a population of Gaussian
lenses with masses M0 and radii R0 that make up all of
the dark matter, provided we take C = 4/(3⇡

3/2) for ve-
locities and C = 32/(15⇡

3/2) for accelerations in Eq. (24).
Without those simplifying assumptions, the formula for
the velocity power spectrum is given by Eq. (A18) with a
completely analogous formula for the acceleration power
spectrum, also using the formulae of Eqs. (A15) and
(A16) for the power spectra of the time derivatives of
the density fluctuations.

Because of the correspondence to the Gaussian-lens
power spectrum, we can indicate on the right panel of
Fig. 6 the mass-independent halo density relation implied
by Eqs. (24) and (25) by the horizontal dashed line. The
e↵ective “halo” mass of these density fluctuations is in-
dicated by the vertical solid lines for m = 10�21 eV and
m = 10�22 eV. Our future projections imply that fuzzy
dark matter at very low masses should be detectable with
the assumed survey parameters. The acceleration power
spectrum signal is approximately scale independent and
thus could be a potential probe at higher scalar field
masses, although the magnitude of the signal is still far
out of reach of near-future surveys.

D. Enhanced Primordial Power

We investigate here a scenario in which the spectrum
of primordial perturbations is enhanced at small scales.
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Inferring substructure through collective effects
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Figure 8. Fisher forecast for the substructure convergence power spectrum in three logarithmic wavenumber bins. We
consider here observations with the wide-field camera � �WFC�� aboard the Hubble Space Telescope �HST� using the
F���W filter, resulting in a point-spread function FWHM of 0.07 arcsec. The source is placed at zsrc = 0.6 with an
unlensed magnitude mAB = 24. The error bars show the 1-� regions, while the green rectangles display the sample
variance contribution within each bin. We conservatively assume that only half of each orbit is available for observation.
The blue solid line shows the fiducial substructure power spectrum model used in the forecast, which corresponds to a
CDM population of subhalos modeled with truncated NFW profiles. The dotted magenta line shows the power spectrum
for SIDM, assuming a subhalo core size equals to 70% of the scale radius. For comparison, the orange dashed line shows
the substructure power spectrum for a thermal relic warm DM with mass of �.� keV �Viel et al., �����. Figure adapted
from Cyr-Racine et al. ������.

astrometric shifts if there are strong gradients in the surface brightness, as opposed to a smooth
light distribution. These properties lead to the need for sensitive high resolution observations of
the large samples of appropriate lenses that LSST will provide. The high-resolutions observations
can come from ELTs, which should provide milliarcsecond-scale angular resolution currently only
available from VLBI radio observations (e.g. Spingola et al., 2018). For the subset of LSST lenses
that are radio loud, VLBI and ALMA observations will provide excellent complementarity.

Small-scale Structure Power Spectrum

While gravitational imaging can detect highly significant and well-localized perturbers along lensed
arcs and Einstein rings, less massive perturbers or those located farther away from lensed images
typically lead to observational signatures that are too subtle to be detected individually. However,
the large number of such perturbers, both as subhalos within the lens galaxy and as field halos along
the line of sight, means that their collective e�ect might be detectable at the statistical level (e.g.,
Birrer et al., 2017). The power spectrum of the lensed deflection field is a particularly powerful
quantity for capturing the aggregate behavior of lensing perturbers. This approach was proposed in
Hezaveh et al. (2016a), and further expanded in Diaz Rivero et al. (2018), Chatterjee & Koopmans
(2018), and Cyr-Racine et al. (2018). Furthermore, Daylan et al. (2018) proposed a technique to

LSST D��� M�����

Power spectrum decomposition Trans-dimensional methods Summary statistics

Figure 3. The scanning results for �Ri of the HST data (left column) and two selected CDM semi-
analytic realizations with halo masses 1013.5M� and 1013M� (middle two columns) and the sensitivity
map (right column). The di↵erent rows indicate the analysis of observing band F814W (top), F555W
(middle) and combined F814W+F555W (bottom). Each pixel in the plot reflects �Di when placing
the perturber at the position of the pixel.

the statistical features imprinted in them. In principle, any metric can be applied to the
scann maps to compare two distributions. The challenge is to contract the information as
much as possible not to find our self to reject too many simulations while keeping most of the
contained information about the quantities of interest. The imprint of dark matter properties
is e↵ectively mapped to the abundance and density profile of subhaloes at di↵erent masses.
These primary quantities of interest in the deflection pattern result in the abundances of
deflection anomalies and their spacial patterns in the substructure scans.

To probe the abundances and masses of the subhalo population imprinted in the de-
flection anomalies, our primary statistics is the abundance and spacial pattern of negative
excess distance �Ri < 0 (equation 4.7 described in section 4.1). In this work, we restrict
ourself to the pattern emerging from �Ri < �4, which is more stable to artifacts in the noise
modelling of the simulations compared to the data.

We find that feasible distance measures for our aim can be constructed based the spher-
ical averaged two-point correlation function C(dr) = h�Ri(r)�Ri(r + dr)ir of the negative
residuals �Ri < 0. This function contains information about the number of anomalies
(normalization) and their spatial patterns (slope). We chose the metric to comparing two
correlation functions of two realisations of data C1(dr) and C2(dr) as

D(C1, C2) =

Z
2.5”

0”

(C1(dr)� C2(dr))
2
dr, (4.8)

– 11 –

18

(a) Host halo (b) External shear (c) All subhalos

Figure 11. Posterior median of the deflection field. The arrows indicate the local direction of the deflection field and have

lengths that represent the magnitude of the deflection field. However, the arrows in the left and right panels have been scaled

by 0.1 and 10, respectively, for better visibility. The positions of the true subhalos are shown with green Xs, the areas of which

are proportional to the masses of the subhalos. The radii of the green and dashed blue circles are the Einstein radii of the true

and sample macro lens models, respectively. They are only drawn to guide the eye in the absence of the observed image.

(a) Nominal (b) One-subhalo

Figure 12. Posterior median convergence map obtained from the transdimensional (left) and one-subhalo (right) inferences.

Green markers and the circle have the same meaning as in Figure 11.

The failure of the one-subhalo inference to reveal the
remaining features in the underlying true convergence
field can be traced back to the fact that the absence of
additional model subhalos causes the macro lens model
and the single subhalo to be biased so as to minimize the
residual deflection field. Without a way to probe trans-
dimensional covariances, the sampler explores a maxi-
mum in the conditional likelihood, given a one-subhalo
lens model. Note that the inference of lower-significance
features in the convergence map does not imply that
the additional subhalos are formally detected. In fact,

the overall increase in the goodness of fit between the
two approaches is only � logP (D|M) ⇠ 10. In order to
claim a detection of these model subhalos at 5�, they
would be required to individually improve the goodness
of fit above � logP (D|M) ⇠ 35 given that they have
five degrees of freedom.

The difference between the two inference schemes be-
comes more evident when the posterior predictions are
compared to the underlying true convergence field due
to subhalos. Figure 13 illustrates the residual between
the true subhalo convergence map and the posterior me-

Daylan et al [1706.06111] 

See also 
Brewer et al [1508.00662]

Birrer et al [1702.00009]Cyr-Racine et al [1806.07897] 

See also 
Rivero et al [1707.04590] 
Rivero et al [1809.00004] 

Brennan et al [1808.03501] 
Hezaveh et al [1403.2720]
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Applications to strong lensing

Figure 5. Left: 1-� (dark region) and 2-� (light region) posterior distribution estimated by ABC
method on the thermal relic mass vs halo mass plane from the lens RXJ1131-1231 . Right: The 1-d
marginals of the same distribution for the thermal relic mass. The shadowed area indicates the 2-�
exclusion region in mTH . The sample number is limited and the details in the posterior distribution
is not fully converged.

can provide higher resolution data than HST images, which leads to greater potential for
measuring smaller lens perturbations [see e.g. 30, 82, 83] if the information from these higher
resolution data can be properly tapped.

Our current constraints are mainly limited by the statistics of the single lens and the
moderate sample size of our simulations. The simulations and there analysis requires large
computational resources. A larger sample of simulations would allow us to apply stricter cuts
in the ABC framework which may lead to tighter constraints. The results we get are therefore
conservative estimates of the likelihood. Better data (more lenses, better quality data) can
discriminate models with higher significance. Tackling the partial degeneracy between parent
halo mass and dark matter thermal relic mass can also be done by incorporating additional,
independent, priors on the halo mass. For instance coming from abundance matching or
galaxy-galaxy lensing. What we do have from the strong lensing measures is an accurate
measure of the total mass (dark matter + baryonic mass) within the Einstein radius, which
for RXJ1131-1231 isM<✓E = 1011.9M�. The host galaxy of the lens is a very massive elliptical
early-type galaxy. A significant fraction of the mass within ✓E comes from baryonic matter.
These observations allow us to set a conservative lower limit on the expected halo mass of
the lens RXJ1131-1231 to be 1013M� from abundance matching and forward modeling of
the galaxy population through cosmic time [e.g. 84, 85].

Systematics in the lens modeling could be another limiting factor. In this work, we
focused on the source reconstruction scale and the intermediate lens model scale descrip-
tions. Further e↵ects that we do not include could mimic lensing substructure e↵ects, such
as micro-lensing by stars of the lensing galaxy, luminous structure of dwarf galaxies, sub-
structure displaced along the line-of-sight or dust extinction. For the current constraints,
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Constraints on warm 
dark matter with lens 
RXJ1131-1231  

[Birrer et al 2017]
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r (x, z |θ0, θ1) ≡
p (x, z |θ0)
p (x, z |θ1)

For each simulated event, we can calculate the joint 
likelihood ratio which depends on the specific 
evolution of the simulation:

Calculating the joint likelihood ratio

r (x, z |θ0, θ1) ≡
p (x, z |θ0)
p (x, z |θ1)

=
p (x |z)
p (x |z)

p (z |θ0)
p (z |θ1)
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We can calculate the joint likelihood ratio

We want the likelihood ratio function

(“How much more likely is this simulated event, including 
all intermediate states, for  compared to ?”)θ0 θ1

(“How much more likely is the observation     
for  compared to ?”)θ0 θ1

Machine learning

r (x, z |θ0, θ1) ≡
p (x, z |θ0)
p (x, z |θ1)

r (x |θ0, θ1) ≡
p (x |θ0)
p (x |θ1)
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Approximate 
likelihood 

ratio
<latexit sha1_base64="HjZ6RxRDdZu139wdkhmGLAXlGyY="></latexit><latexit sha1_base64="N0otbztN+sjGy9xqdVKMRIGUlNA="></latexit><latexit sha1_base64="N0otbztN+sjGy9xqdVKMRIGUlNA="></latexit><latexit sha1_base64="KGKYmyKWjUVupNzZY8DVUShrvqU="></latexit>

argmin
g

L[g]

2. Machine Learning

Augmented data

1. Simulation

z
<latexit sha1_base64="f522LujoBhKn9wlOc7FFO313Co4="></latexit><latexit sha1_base64="fjMwXa8gvAwN8tU5xBLqLqzCMFk="></latexit><latexit sha1_base64="fjMwXa8gvAwN8tU5xBLqLqzCMFk="></latexit><latexit sha1_base64="hd/uooQ/cbmembZ0KbEOgsdBgnk="></latexit>Latent

Simulator

x
Observables

✓
<latexit sha1_base64="uKih3q81UG5Y39UkSUDmaMgSwo0="></latexit><latexit sha1_base64="sg4BK8w5ytAcXmQyQ0tWWWn7/Y0="></latexit><latexit sha1_base64="sg4BK8w5ytAcXmQyQ0tWWWn7/Y0="></latexit><latexit sha1_base64="cLB/gHcLXKsvdN1Ss3kTuhimZm0="></latexit>Parameters

r(x, z|✓)
<latexit sha1_base64="n4ECwTYdCfuLwJXCZl6+ybiKm1E="></latexit><latexit sha1_base64="yfNfOs7ZyWqkNT8RpYmkj2bn/mA="></latexit><latexit sha1_base64="yfNfOs7ZyWqkNT8RpYmkj2bn/mA="></latexit><latexit sha1_base64="kQLQGJ4Xe+WRfsBc6Tu8qUqoqpg="></latexit>

We can calculate the joint likelihood ratio

We want the likelihood ratio function

                           

are scattered around 
                     r(x|✓0, ✓1)

<latexit sha1_base64="k59V76bLXyiH7OuukTPPHVZlof0="></latexit><latexit sha1_base64="k59V76bLXyiH7OuukTPPHVZlof0="></latexit><latexit sha1_base64="k59V76bLXyiH7OuukTPPHVZlof0="></latexit><latexit sha1_base64="k59V76bLXyiH7OuukTPPHVZlof0="></latexit>

r(x, z|✓0, ✓1)
<latexit sha1_base64="fl5Uy/UQaYszEkUPpCYIfsnLyrE="></latexit><latexit sha1_base64="0ofOSLz1PQ0X1AXUaAowo5LWSe4="></latexit><latexit sha1_base64="0ofOSLz1PQ0X1AXUaAowo5LWSe4="></latexit><latexit sha1_base64="Q2VD33WR+MOcBrvtoUBC3MrICLI="></latexit><latexit sha1_base64="BOVnZZ89dk2OF3HoTtFB/u1su8A="></latexit><latexit sha1_base64="BOVnZZ89dk2OF3HoTtFB/u1su8A="></latexit><latexit sha1_base64="FVvdpb+AE0O0VTTOcGKKoPgVoQ0="></latexit><latexit sha1_base64="FVvdpb+AE0O0VTTOcGKKoPgVoQ0="></latexit><latexit sha1_base64="0ofOSLz1PQ0X1AXUaAowo5LWSe4="></latexit><latexit sha1_base64="0ofOSLz1PQ0X1AXUaAowo5LWSe4="></latexit><latexit sha1_base64="0ofOSLz1PQ0X1AXUaAowo5LWSe4="></latexit><latexit sha1_base64="0ofOSLz1PQ0X1AXUaAowo5LWSe4="></latexit><latexit sha1_base64="FVvdpb+AE0O0VTTOcGKKoPgVoQ0="></latexit>

Machine learning

r (x, z |θ0, θ1) ≡
p (x, z |θ0)
p (x, z |θ1)

r (x |θ0, θ1) ≡
p (x |θ0)
p (x |θ1)
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✓i
<latexit sha1_base64="l7N+1zwpgVSD9LHyu2N3Zdptxos="></latexit><latexit sha1_base64="A0803SRxkfT9iDkUxwV/3t5Rbms="></latexit><latexit sha1_base64="A0803SRxkfT9iDkUxwV/3t5Rbms="></latexit><latexit sha1_base64="wu6Hts1TOb3rsEaGlT7xgnbYqiA="></latexit>

✓j
<latexit sha1_base64="I43qAb/N9+gEleDQ88LUjU6gBUM="></latexit><latexit sha1_base64="caXfti+QmnIlgO/vw7RCZ7mPWrs="></latexit><latexit sha1_base64="caXfti+QmnIlgO/vw7RCZ7mPWrs="></latexit><latexit sha1_base64="isTL59a2OifKddQT14KzRD58m1M="></latexit>

3. Inference

t(x, z|✓)
<latexit sha1_base64="BMHppIHEY/0iNNG8Fhs+Hd4wokw="></latexit><latexit sha1_base64="WhfdL6HX9XmJ7WXSrLsNwv05onI="></latexit><latexit sha1_base64="WhfdL6HX9XmJ7WXSrLsNwv05onI="></latexit><latexit sha1_base64="GuTW9do3dzdd+I9ZbAmjhvNlqcg="></latexit>

r̂(x|✓)
<latexit sha1_base64="NPA37tSEX6NJZFS7lgnMywc24Uw="></latexit><latexit sha1_base64="OWtH3yFwQxlgBBM8LzzB+Kr7/wE="></latexit><latexit sha1_base64="OWtH3yFwQxlgBBM8LzzB+Kr7/wE="></latexit><latexit sha1_base64="8WBmztmqRcTSWIh+NwhKhjUiPqA="></latexit>

Approximate 
likelihood 

ratio
<latexit sha1_base64="HjZ6RxRDdZu139wdkhmGLAXlGyY="></latexit><latexit sha1_base64="N0otbztN+sjGy9xqdVKMRIGUlNA="></latexit><latexit sha1_base64="N0otbztN+sjGy9xqdVKMRIGUlNA="></latexit><latexit sha1_base64="KGKYmyKWjUVupNzZY8DVUShrvqU="></latexit>

argmin
g

L[g]

2. Machine Learning

Augmented data

1. Simulation

z
<latexit sha1_base64="f522LujoBhKn9wlOc7FFO313Co4="></latexit><latexit sha1_base64="fjMwXa8gvAwN8tU5xBLqLqzCMFk="></latexit><latexit sha1_base64="fjMwXa8gvAwN8tU5xBLqLqzCMFk="></latexit><latexit sha1_base64="hd/uooQ/cbmembZ0KbEOgsdBgnk="></latexit>Latent

Simulator

x
Observables

✓
<latexit sha1_base64="uKih3q81UG5Y39UkSUDmaMgSwo0="></latexit><latexit sha1_base64="sg4BK8w5ytAcXmQyQ0tWWWn7/Y0="></latexit><latexit sha1_base64="sg4BK8w5ytAcXmQyQ0tWWWn7/Y0="></latexit><latexit sha1_base64="cLB/gHcLXKsvdN1Ss3kTuhimZm0="></latexit>Parameters

r(x, z|✓)
<latexit sha1_base64="n4ECwTYdCfuLwJXCZl6+ybiKm1E="></latexit><latexit sha1_base64="yfNfOs7ZyWqkNT8RpYmkj2bn/mA="></latexit><latexit sha1_base64="yfNfOs7ZyWqkNT8RpYmkj2bn/mA="></latexit><latexit sha1_base64="kQLQGJ4Xe+WRfsBc6Tu8qUqoqpg="></latexit>

Machine learning

r(x, z|✓0, ✓1)
<latexit sha1_base64="fl5Uy/UQaYszEkUPpCYIfsnLyrE="></latexit><latexit sha1_base64="0ofOSLz1PQ0X1AXUaAowo5LWSe4="></latexit><latexit sha1_base64="0ofOSLz1PQ0X1AXUaAowo5LWSe4="></latexit><latexit sha1_base64="Q2VD33WR+MOcBrvtoUBC3MrICLI="></latexit><latexit sha1_base64="BOVnZZ89dk2OF3HoTtFB/u1su8A="></latexit><latexit sha1_base64="BOVnZZ89dk2OF3HoTtFB/u1su8A="></latexit><latexit sha1_base64="FVvdpb+AE0O0VTTOcGKKoPgVoQ0="></latexit><latexit sha1_base64="FVvdpb+AE0O0VTTOcGKKoPgVoQ0="></latexit><latexit sha1_base64="0ofOSLz1PQ0X1AXUaAowo5LWSe4="></latexit><latexit sha1_base64="0ofOSLz1PQ0X1AXUaAowo5LWSe4="></latexit><latexit sha1_base64="0ofOSLz1PQ0X1AXUaAowo5LWSe4="></latexit><latexit sha1_base64="0ofOSLz1PQ0X1AXUaAowo5LWSe4="></latexit><latexit sha1_base64="FVvdpb+AE0O0VTTOcGKKoPgVoQ0="></latexit>

r(x|✓0, ✓1) = argmin
r̂(x|✓0,✓1)

Lr[r̂(x|✓0, ✓1)]
<latexit sha1_base64="SRkO9GOrtrOtmUSNsdPuJ0MDqQU="></latexit><latexit sha1_base64="8yRocSOec05lxpp932DldWiXwbA="></latexit><latexit sha1_base64="8yRocSOec05lxpp932DldWiXwbA="></latexit><latexit sha1_base64="dm6ZaQXmwM2PQcxGe/4yN7YudwY="></latexit>

Lr[r̂(x|✓0, ✓1)] =
Z
dx

Z
dz p(x, z|✓1)

h
(r̂(x|✓0, ✓1)� r(x, z|✓0, ✓1))2

i

<latexit sha1_base64="GyugbT1NogCabgcd72+Zdw4fp4Q="></latexit><latexit sha1_base64="4Q+fE2uaX7Bnj1xHO7g3lR5nRdg="></latexit><latexit sha1_base64="4Q+fE2uaX7Bnj1xHO7g3lR5nRdg="></latexit><latexit sha1_base64="AMxtivrgnprdONRPLVfL25UAznM="></latexit>

p(x, z|✓)
<latexit sha1_base64="pvv1szQrwLDVdXQvYCUXNeqRnhY="></latexit><latexit sha1_base64="pvv1szQrwLDVdXQvYCUXNeqRnhY="></latexit><latexit sha1_base64="pvv1szQrwLDVdXQvYCUXNeqRnhY="></latexit><latexit sha1_base64="pvv1szQrwLDVdXQvYCUXNeqRnhY="></latexit>

With                            , we define a functional like 
 
                                                                                                                                              
 

It is minimized by  
 
                                                                         
 

(And we can sample from                    by running the simulator.)
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increasing the depth [50]. For instance, the ResNet-50 architecture is about 20 times and eight times
deeper than AlexNet and VGGNet, respectively.

In particular, the network architecture adopted in this paper is based on the ResNet-18
architecture, which represents a good trade-off between depth (that is computational time) and
performance. The network architecture includes five convolutional stages (see Table 1 for further
details). The network is pre-trained on the set of images defined by the ILSVRC 2015 challenge.
The goal of this challenge is to identify the scene and object categories depicted in a photograph.
The total number of categories is 1000. Although the network is pre-trained on scene and object images,
it has demonstrated, in preliminary experiments, to work much better than a ResNet-18 pre-trained
on texture images [47,51]. The visual appearance of textures is certainly more similar to the visual
appearance of the SEM images considered in this paper. Notwithstanding this, the performance
obtained by exploiting the texture-domain network are much worse than the performance obtained
using a scene- and object-domain one. Actually, recognizing scenes and objects is more complicated
than recognizing textures, and thus the network trained to recognize scenes and objects is more capable
of recognizing unexpected anomalous patterns within SEM images.

Table 1. ResNet-18 Architecture.

Layer Name Output Size ResNet-18

conv1 112 ⇥ 112 ⇥ 64 7 ⇥ 7, 64, stride 2

conv2_x 56 ⇥ 56 ⇥ 64
3 ⇥ 3 max pool, stride 2

"
3 ⇥ 3, 64
3 ⇥ 3, 64

#
⇥ 2

conv3_x 28 ⇥ 28 ⇥ 128

"
3 ⇥ 3, 128
3 ⇥ 3, 128

#
⇥ 2

conv4_x 14 ⇥ 14 ⇥ 256

"
3 ⇥ 3, 256
3 ⇥ 3, 256

#
⇥ 2

conv5_x 7 ⇥ 7 ⇥ 512

"
3 ⇥ 3, 512
3 ⇥ 3, 512

#
⇥ 2

average pool 1 ⇥ 1 ⇥ 512 7 ⇥ 7 average pool

fully connected 1000 512 ⇥ 1000 fully connections

softmax 1000

Given the network, the output of a given layer is linearized to be used as a feature vector.
We experiment with the use of two different layers of the network: the linearized output of the fifth
convolutional stage (that is conv5_x) and the output of the average pooling layer (that is avgpool).
The size of the feature vector is 25,088 (that is 7 ⇥ 7 ⇥ 512) in the case of the conv5_x layer and
512 in the case of the avgpool layer. The size of the feature vector affects the computational cost;
then, the size is therefore reduced by applying dimensionality reduction techniques such as Principal
Component Analysis.

4.2. Dictionary Building

The degree of abnormality of a patch is obtained by computing the visual similarity between the
given patch and a reference dictionary W of normal subregions. The dictionary is built from the set
of training images I train = {I1, · · · , IL}. For each image Il , T patches {P1, · · · , PT} of size wt ⇥ ht are
extracted following a regular grid and using a stride s. The total amount of patches extracted from the


