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1. Classical Mechanics:
Two identical carts of mass m move without friction on a horizontal track,
between two fixed walls as shown in the figure below. Each cart is attached
to its adjacent wall by a massless spring with spring constant k, and the carts
are also attached to each other by a massless spring with spring constant k.
The carts’ positions x1 and x2 are measured from their respective equilibrium
positions.

a) Derive the equations or motion for the system. Express them in matrix

form M~̈x = −K~x. Here ~x represents a vector of displacements ~x ≡
(
x1

x2

)
,

and M and K are matrices.

b) Calculate the normal frequencies and the corresponding normal modes for
the system.
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2. Thermodynamics:
Two thin metal discs of different heat capacities, are initially at tempera-
tures T1 and T2 respectively, with T2 > T1. In this problem you may assume
that the temperatures of the discs always remain uniform. The discs are
then brought into thermal contact on their flat surfaces. The discs come to
equilibrium under atmospheric pressure, in thermal isolation.

a) What is the relevant heat capacity for this situation, i.e, CP or CV ? As-
sume that the heat capacities are constant with respect to temperature.

b) Find the final temperature.

c) Find the increase in entropy of the universe.
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3. Electricity and Magnetism:
A simple pendulum of length l has at its end a mass m with total charge
q. The pendulum is set in motion with small amplitude. Considering the
radiation emitted by the charge, calculate how long it takes for the system
to lose half of its energy.
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4. Mechanics:
Two people are holding the ends of a uniform rod of length l and mass m.
One person suddenly releases their end. Find the linear acceleration of the
free end of the rod at the instant of release.
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5. Electricity and Magnetism:
A point charge +q is located a distance h above the surface of an infinite,
flat conducting plane that is grounded as shown in the figure below [Hint: it
is more convenient to use cylindrical coordinates].

a) Calculate the electric potential Φ(r) outside the conductor; i.e., calcu-
late the electric potential at point A.

b) Calculate the electric field E(r) on the surface of the conducting plane;
i.e., calculate the electric field at point B.

c) Calculate the surface charge density σ on the conductor.

d) Calculate the net induced charge qinduced on the conductor.

(Classical Electrodynamics) A point charge +q is located a distance h above the
surface of an infinite, flat conducting plane that is grounded as shown in the figure
below [Hint: it is more convenient to use cylindrical coordinates].

(a) Calculate the electric potential �(r) outside the conductor; i.e., calculate the
electric potential at point A.
(b) Calculate the electric field E(r) on the surface of the conducting plane; i.e.,
calculate the electric field at point B.
(c) Calculate the surface charge density � on the conductor.
(d) Calculate the net induced charge qinduced on the conductor.

Figure 3:
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6. Electricty and Magnetism:
A cylindrical capacitor stands vertically with one end in a tank of dielectric
oil of susceptibility χ and density ρ. The inner conductor of radius a is held
at voltage V and the outer conductor of radius b is held at ground. Find the
height h to which the oil rises in the space between the tubes.
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7. Mechanics:
Every planet moves in an ellipse with the sun at one focus. Consider a planet
of mass m orbiting the sun of mass M under the gravitational interaction−→
F (r) = −−→r GMmr−3, where G is the gravitational constant and −→r is the
position vector from the sun to the planet as shown in the figure below. For
simplicity, let us consider the planet and the sun as an isolated system, and
solve in the limit m << M . Note that this is a two-dimensional problem,
and the most convenient generalized coordinates are r and φ.

a) Derive the Euler-Lagrange equations for this system in these coordinates.
b) Show that a line joining the planet and the sun sweeps out equal areas
during equal intervals of time, i.e., Kepler’s Second Law: dA/dt = constant.
Note that the area of the small triangle swept out by the planet as shown in
the figure below is δA = 1

2
r2δφ.

c) Re-write the radial equation of motion in terms of the constant angular
momentum `o.
d) Write down the effective force fe(r), i.e., the net force [mr̈ = fe(r)], for the
radial equation of motion, and the corresponding effective potential Ue(r).
e) Determine the minimum distance ro of the planet from the sun in terms
of G, M , m, and `0.

(Classical Mechanics) Every planet moves in an ellipse with the sun at one focus.
Consider a planet of mass m orbiting the sun of mass M under the gravitational
interaction

�!
F (r) = ��!r GMmr�3, where G is the gravitational constant and �!r is

the position vector from the sun to the planet as shown in the figure below. For
simplicity, let us consider the planet and the sun as an isolated system. Note that
this is a two-dimensional problem, and the most convenient generalized coordinates
are r and �.

(a) Write down the kinetic energy T for the planet with respect to the sun.
(b) Write down the potential energy U for the planet with respect to the sun.
(c) Write down the Lagrangian L for the planet.
(d) Derive the Euler-Lagrange equations from the Lagrangian L.
(e) Show that the angular momentum lo of the planet moving in the gravitational
field of the sun is conserved, i.e., lo = constant.
(f) Show that a line joining the planet and the sun sweeps out equal areas during
equal intervals of time, i.e., Kepler’s Second Law: dA/dt = constant. Note that the
area of the small triangle swept out by the planet as shown in the figure below is
�A = 1

2
r2��.

(g) Re-write the radial equation of motion in terms of the constant angular momen-
tum lo.
(h) Write down the e↵ective force fe(r), i.e., the net force [mr̈ = fe(r)], for the radial
equation of motion, and the corresponding e↵ective potential Ue(r).
(i) Determine the minimum distance ro of the planet from the sun.

Figure 1:
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8. Optics:
A soap bubble produces constructive interference in the reflected light when
illuminated by light whose wavelength in air is 600 nm. The index of re-
fraction of the soap bubble is 1.33. What is the minimum thickness of the
bubble?
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9. Electricity and Magnetism (Optional):
The figure shows the cross section of an infinitely long circular cylinder of
radius 3a with an infinitely long cylindrical hole of radius a displaced so that
its center is at a distance a from the center of the big cylinder. The solid
part of the cylinder carries a current I, distributed uniformly over the cross
section and out from the plane of the paper.

a) Find the magnetic field at all points on the plane P containing the axes
of the cylinder.

b) Determine the magnetic field throughout the hole.

 page 1 of 7 
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SOLUTION 
 
(a) According to the principle of superposition, the field can be regarded as the 
difference of two fields H2 and H1 , where H2 is the field produced by a solid (without the 
hole) cylinder of radius 3a and H1 is that produced by a cylinder of radius a at the 
position of the hole. The current in each of these two cylinders is uniformly distributed 
over the cross section. The currents I1 and I2 in the small and large cylinders have current 
densities -j and +j respectively. Then as I = I2 - I1 = 2 2 29 8a j a j a jπ −π = π , we have 

2/ 8j I a= π and 
2 2

1 2/ 8 , 9 9 / 8I a j I I a j I= π = = π =  
Take the z-axis along the axis of the large cylinder with its positive direction in the 
direction of I2, which we assume to be upwards from the plane of the paper. Take the x-
axis crossing the axis of the small cylinder as shown in the figure. Then the plane P is the 
xz plane, i.e., the plane y = 0. Ampere's law gives H1 and H2 as follows (in the following 

2 2r x y= +  , 2 2
1 ( )r x a y= − + are the distances of the field point from the cylinder 

and hole respectively ): 
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On the plane P, 2 1 0x xH H= = . Hence, 2 10 ,x y y yH H H H= = − . Thus, we have 
 

(1) Inside the hole: 
2 2/16 ( ) /16

16y
IH Ix a I x a a
a

= π − − π =
π
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10. Optics (Optional):
A person has a far point of infinity and a near point of 83 cm. What is the
refractive power of contact lenses this person should wear in order to be able
to read a cell phone screen located 25 cm from her eyes?

10



11. Mechanics (Optional):

At the top of the Dennison building at height h = 50 m at latitude λ = 420 on

the earth, which rotates with angular velocity ω =
2π

day
, a marble is dropped

down an elevator shaft. Find the direction and magnitude of the deflection
from a perfectly vertical fall when the marble strikes the bottom of the shaft.
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12. Thermodynamics (Optional):
The emission of radiation from the sun can be modeled by black body radi-
ation using a temperature of 5800 K. The diameter of sun subtends an angle
of 0.53 degrees at the earth’s surface.

a) Assuming that the earth absorbs and re-emits as a black body the elec-
tromagnetic radiation incident upon it from the sun, calculate the surface
temperature of the earth at steady state.

b) Calculate the power per unit area that is incident on earth. If you have
trouble with (a), solve this in terms of TE.
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