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ABSTRACT. We extend the winning property of weighted badly approximable vectors
with weights (4,...,4,1),4 > [ in R™ from homogeneous to simultaneous inhomoge-
neous. In addition, we show the winning property of these vectors on certain types
of hyperplanes in R™. Besides, we extend the winning property of weighted badly
approximable vectors with any weights on non-degenerate curves from homogeneous
to dual inhomogeneous.
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1. INTRODUCTION

1.1. Dirichlet’s theorem and badly approximable numbers. .

It is well-known that Q is dense in R. But how well can a real number be approxi-
mated by rational numbers? Dirichlet somehow provided an answer to this by proving
the following theorem

Theorem 1.1 (Dirichlet). When ¢ =1, Vo ¢ Q, 3 infinitely many reduced fractions L
such that [z — | < 5

This theorem says that any irrational number can be approximated at a rate of 1
over the square of the denominators. Another question then comes up naturally: can
this approximation be improved?.

On one hand, it can be checked that the numbers that can be approximated by the
rate of qip for some p > 2 is of measure zero. In other words, the index ‘2’ in the

approximation cannot be improved.
1
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On the other hand, fortunately, we can improve the constant ¢ in Theorem 1.1 to
arbitrarily small for almost every real number. We call the numbers avoiding this
improvement badly approximable numbers, defined as follows

Definition 1.1. x € R is badly approximable if

c(x) = inf x| > 0,
(z) qu\{O}QHC] |

where ||qx|| := inf,ez |qz — p|.
We usually denote the set of badly approximable numbers as Bad. The set of badly

\/5;1) = \/Lg > 0 and the golden ratio is

approximable numbers is non-empty, e.g. ¢(
badly approximable.

Though it is proven by Khintchine that the Lebesgue measure of Bad is 0, the
structure inside Bad is very interesting.

1.2. Hausdorff dimension. .

Continuing from last subsection, Bad is "thick” over R. In particular, Bad is of
full Hausdorff dimension. We can show this thickness by constructing a (R, 2)-Cantor
set inside Bad for any sufficiently large integer R. If so, since it is known that the
Hausdorff dimension of a (R, 2)-Cantor set is lngf;%z), the Hausdorff dimension of Bad
is no less than 1 when R — oo, while the other direction of the inequality holds trivially.

Before giving the details of the construction, we would like to give some other defini-
tions. How do we make sure that a real number is badly approximable? The property
of irrational numbers is too vague for us to explicitly compute ¢(z),x ¢ Q. Therefore,

we’d rather start from rational numbers and remove some dangerous intervals.

Definition 1.2. Given § > 0,§ € Q, the dangerous interval is

p p, 0
As(=)={zeR: |z —=| < =1}
a(q) { | ql qg}

It can be checked that after avoiding all the dangerous intervals for certain 9, the
number must be badly approximable, i.e.

R\ uzeQaa(g) C Bad.

Then, the goal of the Cantor set construction will be removing these dangerous intervals
layer by layer. The key idea of the construction is the following lemma

Lemma 1.1 (Simplex Lemma). For any integer R > 4, and an interval I,, of length
R~ there is at most one p/q € Q such that R"3/2 < ¢ < R"=2/2 gnd I, N
Aia(p/q) # 0.

We can do so because the rational numbers are relatively sparse when the denomi-
nator no larger than a certain bound, which is unique for rational numbers. Moreover,
since R is sufficiently large, that unique dangerous interval intersects at most 2 of the
subintervals of I,,. Thus, the (R, 2)-Cantor set follows from this construction.
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1.3. Schmidt’s game and winning property. .

In the 1960s, Schmidt provided us a even stronger property than full Hausdorff
dimension, called winning property. It is defined via the notion of Schmidt games.

Schmidt games are defined as follows. There are two players A and B, together with
two indexes 0 < «, f < 1. At first the player B would choose a ball By in a metric space
M. Then inductively, in n-th round, the player A would choose a ball A, C B,_; of
radius «|B,,_1/|, while the player B also chooses a ball B,, C A, of radius 8|A,|. Thus,
these balls would finally converge to a limit point zo = N, A,,.

Definition 1.3. A subset X C M is called («, ) —winning if the player A can always
make sure xqg € X regardless of how the player B plays.
In addition, if for a fivzed o, X is (o, ) — winning for all B € (0,1), X is called

a — winning, or in short, winning.

As mentioned before, this winning property is stronger than full Hausdorff dimension.
It is also closely related to Diophantine approximation. In fact, the classical examples
of winning sets in Euclidean spaces are the set of badly approximable vectors, which
is the higher dimensional analogue of badly approximable numbers as follows.

Definition 1.4. Given r € R" such that 0 <r; <1 and ) ., r; = 1, we define

R n. 11/r
Bad(r) :={x e R": qé\lrg{o}qg{aéﬂqxzﬂ > 0}.

Note that the definition involves a weight vecctor r, which gives the distribution
of the 'badness’ along different directions. It is shown in [10] that the unweighted
bad, i.e. Bad(1/n,1/n,...,1/n) is winning. However, it seems quite difficult to step
from unweighted to weighted. It is not until recently[5] that the set of weighted badly
approximable vectors is proven to be winning.

It is also worth noticing that besides R", the winning property of weighted bad
is also proven in various situations, including non-degenerate curves|(] and certain
hyperplanes|2], which will be introduced along the demonstration of our work.

1.4. Inhomogeneous Diophantine Approximation. .

There are two equivalent definitions of weighted bad. The one we have introduced
is also called simultaneous badly approximable vector. The other one, or dual badly
approximable vectors. is defined via the following lemma:

Lemma 1.2. Given r € R" such that 0 <r; <1 and ), ,r; = 1, € Bad(r) if and
only if
inf lag + a- 2| max |a;|"/" > 0.
ao€Z,acZm\{0} 1<i<n
Correspondingly, if we are first giving the definition of the integer norm.

Definition 1.5. Ify € R
= inf |y + p|. 1.1
ylz ;}gzw Pl (1.1)

There are two distinct definitions of inhomogeneous badly approximable vectors:
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Definition 1.6 (Simultaneous Inhomogeneous Bad). Given © = (6;), we define

Bado(r) = {x € R": inf i — 01l |q] > 0}.
ado(r) :={z €R": inf max |gz;—0il;"|q| >0}

Definition 1.7 (Dual Inhomogeneous Bad). Given 6 € R,

Bady(r) = {x e R": inf la -+ 6|z max |a;|" > 0}.
a=(a;)€Z"\{0} 1<i<n
The primary goal of this project is to extend the recent results from homogeneous
to inhomogeneous.

2. MAIN THEOREMS

2.1. Simultaneous Inhomogeneous Bad. .

In the last decade, many attempts and efforts have been made to prove the winning
properties of the set of weighted bad vectors. One of the breakthroughs is to apply
the method of attaching a hyperplane to each rational vector and further classifying
rational numbers[!], so that we can still control the width of the strip to remove and
adapt the proof in [10]. For now, the best result it accomplishes is to allow at most two
distinct indexes in the weights, or explicitly the weight of the form r € R™ such that
ry = ... =1ry_1 > 1r,[8, Theorem 1.5]. In this paper, we extend this winning property
to simultaneous inhomogeneous bad using the technique from [2]. Formally, we get the
following result, which extends [8, Theorem 1.5] from homogeneous to inhomogeneous,
i.e., from © = 0 to any © € R

Theorem 2.1. Given © = (6;),7 € R? such that vy = ... = rq_1 > 714, we have
Badg(r) is hyperplane absolute winning.

Notice that hyperplane absolute winning is a property even stronger than winning,
which will be introduced later.

In [2, Theorem 1.2}, the winning property of inhomogeneous bad with such weights
is also proven within certain lines in R?. We extend this result to higher dimensions
by applying the method in [8].

Theorem 2.2. Suppose © = (0;) € R? and the hyperplane

d—1

Ley :={(w1,...,7q) 1 24 = Zewk + b}

k=1

Ifi>1>0,(d—1)i+1=1 and

Fe>0, st co:= lim g max{|qblz, [ger|s" ' > 0,
q—00

then Badg(i, ...,1,1) is hyperplane absolute winning within Le.
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2.2. Dual Inhomogeneous Bad. . The dual inhomogeneous bad sets are equally
interesting to study, and much less is known about them. A recent breakthrough [0]
was to show weighted bad sets to be absolute winning inside nondegenerate curves.
Also, in [5], weighted bad vectors in R™ was shown to be hyperplane winning. The
methods in both of these papers use homogeneous dynamics, to be specific quantitative
nondivergence estimates from the famous work [9].

In this paper, we prove the dual inhomogeneous analogue of the result in [0, Theorem
1.1] as follows.

Theorem 2.3. Let 0 € R be the dual inhomogeneous index, r be n tuple of weights, and
p: U CR — R"” be amap defined on an open interval. Suppose ¢ be an analytic map
that is nondegenerate. Then = (Bady(r)) is (hyperplane) absolute winning within U.

Note that hyperplane absolute winning, though weaker in general, is equivalent to
absolute winning in one-dimensional case.

3. PROOF OF THEOREM 2.1

3.1. Preliminaries. .

Hyperplane absolute winning (HAW) is introduced in [7] and it is stronger than
winning. The definition can be checked in [3]. To prove HAW, we need another
winning property called hyperplane potential winning(HPW). HPW is defined via the
following hyperplane potential game.

There are two players A and B. Given two parameters, § € (0,1) and v > 0. In
the i-th round, the player B chooses a ball B; of radius p; such that p; > Bp;_1 and
B; C B;_1(if i = 0, By can be any ball). Meanwhile, the player A chooses a countable

family of hyperplane neighborhood {ﬂ-fii,’f Heen such that

S 6k < (Bpi). (3.1)

keN

Here the hyperplane neighborhood is defined as follows.
Definition 3.1. Given a hyperplane H and 6 > 0, the hyperplane neighborhood
H = {x :d(zx,H) <6}
Now we can define the corresponding winning property.
Definition 3.2. A set S is called (B,7) — winning if the player A can always make
o BnESu FC) # 0, (3.2)
i€EN i,keN

no matter how the player B plays.
In addition, S is HPW if it is (8,7) — winning for any § € (0,1),v > 0.

The following proposition as stated in [, Proposition 2.2] can be used to show HAW
via HPW.

Proposition 3.1 ([3]). S C R? is HAW if and only if HPW.
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3.2. Notations and Results from [3].
Fix R > 0 large enough.
For each P € Q?, we attach a hyperplane

Hp:={z eR: Fp(x Z T + C = 0}, (3.3)

while a,,, C' € Z satisfies the following property:
ampm 6 qZ7 vm’

lam| < ¢™,1<m <d,

FP(P) = 07
which can be done according to [%, Section 3.1]. And a,,, C will be related to P € Q?
by default.
Let
§ := max 1y, (3.4)
1<i<d
1
ci= gd_onR_lgdZ, (3.5)
A(P) :={z e R?: |2, | < - qm V1 <m<d}, (3.6)
H(P):= qlngagg Jail,
H, = dcpy'R",

P, :={PeQ" H,<H(P)< Hyu},
O Hl/ 14s) pd(k— +12d2
Ppii={P € Py i Hy/UT) < g < HYOHIR12EY
C:={PeP:IP € P st.A(P)C A(P)},
Pop ={P €Pr:0n <q<Onpyr}, k>2,

BCRY @ u(B) :={PcP,,NC A(P)NB # (}.
Without loss of generality, we want a larger R than that in [3] such that

1 32
7 —1)7! 3.7
(R -1 < (o (37)
Also, we list the key proposition, [3;, Corollary 4.6], to remove all these dangerous

cubes.

Proposition 3.2. Ja hyperplane E.(B) C R such that VP € €, 1 x(B),A(P)N B C
Ey(B)rf "
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3.3. From Homogeneous to Inhomogeneous. .

We introduce some new notations: ¢ = fcR™* and H] = 3dpy'R".Let © =
(,-)/1’ "'77d>7
V,={PecQ':H, <q¢V"<H_}
and )
Pit c
A@(P):{LEGRdZ‘ZEi— P |<q1+7’i}.

Lemma 3.1. If diam(B) < poR™""" and Vk < n,VP € P, BN A(P) = 0, then there
is at most one v € V,, such that Ag(v) N B # (). Moreover, the corresponding Ag(v)
can be contained in a hyperplane neighborhood G(B)époR_n.

Proof. Given such B, and suppose there are two vy,vy € V,, such that A(vs) N B #
0,s =1,2. We let x5 € Ag(vs) N B and WLOG, ¢1 > ¢o
Then by assumption we have

C/

GsTis — (Pis + )| < =5 =1,2,i =1,2,....d.
ds

Thus,
(1 — @2)win — (Pig — pi2)|l < @lrin — ol + |Qi@in — pig — Vil + |@2xi2 — pi2 — Vil
2 /
< gopoRTT + —C
q
(3.8)
First, we show that ¢; = ¢». Suppose not then
i1 — Di 1 . 2c
|21 — Pt — iz < (g2po R~ + —)
q1 — 42 q1 — 42 ds
1
S - q’”q R*ﬂri»l_i_QClR
(n — Q2)1+T"( L a0 )
. ) (3.9)
c
<—— (=4 -cR™
(1 — o)1t (2 3 )
< c
- (C]1 _ q2)1+7‘¢ :
Thus, let Py = (B2=£2),_, , then z; € A(F). Now denote ng such that Py € P,

q1—q2
and by assumption ng > n, otherwise A(Py) N B # () violates the assumption stated in

the theorem. Now '
(QI - Q2)1+1 Z Hno Z Hn == dcpaan

However, it contradicts the fact that
, , 1
(ql_q2)1+1§q%+1§H;L+1:§Cp01R 1.
Therefore, ¢g; = q2. Moreover, by (3.8) we have that

27
|pi,1 - pz’,2| < QQPOR_n+1 + q_’“ <c+2d <3c< 1.
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Thus, Di1 = pi’g,i = 1, ,d and V1 = V3.
The second part of the theorem is true since Ag(v) is a box and contained in a
hyperplane neighborhood G(B)37R ™" O

3.4. Proof of Theorem 2.1. .

Let i(n) be the smallest number of round such that SR™"py < |Bim| < R™"po.
In [¢], the player A chooses {Ek(Bi(n))poR_n_k}keN, where Ej(B;)) is as described in
Proposition 3.2.

Let Bg(n) = Bj(n)—Uj_1Upep, A(P), then By Lemma 3.1 Vn, 3Gy, s.t.Uyev, ,, Ag(v)N

1 —n—
B;(n) € G%pOR 1. Thus, we add this hyperplane neighborhood to the neighborhoods
Alice chosen in the i(n)-th round. It is a legal move because

n+1

1 —n—1\v —n—k\vy —n—k
SR (g R 2 (poR" 7R < (Bpi).
(3,00 ) k=1(p0 )7 < k:1<p0 )7 < (Bpi)

Now
NienB; C Bad(r) N Bade(r) U (Ul (Usev,,, Ao (v) N Bi,)
= Bad(r) N Bad@(r) U (U?LO:1GEPOR_TL U Uz;Ek(Bi(n))poRinik).

Thus, Bad(r)NBadg(r) is HPW and so Badg(r) containing this set is also HPW and
by Proposition 3.1 HAW. O

4. PROOF OF THEOREM 2.2

4.1. Notation. .
For n € N,z € R", we will denote by = (z1,- -+, x,).
For P € Q?, we will denote it by P = (&,...  B4),

q’ ' q
Let 4,1, e, b, co and ,e be the ones appearing in Theorem 2.2.

4.2. Some definitions. .
For each P € Q¢, we attach a hyperplane

Hp:={x €R*: Fp(x) = > amm+C =0}, (4.1)

m=1
while a,,, C' € Z satisfies the following property:
AP € qZ,Nm,
lam| < ¢, 1<m <d—1,
|aq| < ¢,
Fp(P) =0,

which can be done according to [3, Section 3.1]. And a,,, C will be related to P € Q?
by default.
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Let
d—1 .
: 0
o:=1+ er|, c1 := min{cg, ,
kzz;| ¢l e feo (d—l)max|a:|maw+p0}
where |24, = max{max |zy|t=1,. 4-1,% =€ By}
Then choose
1
A= max(d, —).
le
Meanwhile, choose p > 0 such that R* > max (c; ', d?)o. Now let
= min(%d_zpoR‘lgdA> (3od =gy B2 "), (4.2)
o
AP) = {z e R* : fa, — P2 < —— V1 <m <d—1}, (4.3)
q g

H(P):=q 1§r1?231{—1{|ad6k + ag|},

H, = odcpy ' R",

SW1 erpr — Pa oc
P.={PeQ’: ByNAP)£0,|b+ qu |<ql+l}’
Pn={PeP H,<H<H,},
O = (ﬂ)l/(lJri)R,\(kJ)sz,\w
K O’ 3
H, ; H, .
P ={PeP,: (7)1/(1+) <g< (7)1/(1+ )R12>\d+u}’

C:={Pec?P:}P P st.A(P)C AP},
:Pn,k = {P < :Pn : On,k <g< On,k—i—l}; k> 2,
BCR™ Coi(B):={PecP,NCAP)NB#0}.

4.3. Extensions of Results from [2].

The HAW property is invariant under diffeomorphisms[7], so it suffices to prove
that w(Bad(i, ...,4,1) N Ley) C R4 is HAW, where 7 : RY — R4 w(2q, ..., 24) =
(21, ..., q_1) is the projection onto the first d — 1 coordinates. For now, we denote this
projection Bad” (4,...,1,0). Similarly, we define its dual inhomogeneous analogue and
denote it as Bady (i, ..., i, ).

We extend some useful lemmas from [2] to suit Theorem 2.2.

The following lemma is the analogue of [2, Lemma 6.2].

Lemma 4.1. As defined above, removing the dangerous intervals would exclude all the
good points, i.e.
R\ UpepA(P) C Bad"(i, ..., i,1).
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Proof. Suppose x ¢ Bad”(i, ...,4,1), then there exists P € Q¢ such that

Pm c
—I P

d—1
Pd c
m=1

Vi<m<d-1,|z, —

Thus, = € A(P) and moreover,

Zi;} €xPr — Dd = Pd — Pm oc
b+ | <10+ emtm — =+ D lemllzm — = < =7
q — q A~ q q
so P ¢ . O

The following lemma is the analogue of [2, Lemma 6.2].
Lemma 4.2. VP € P, ¢ “H(P) > ¢,.
Proof. By assumption in Theorem 2.2,
¢ “max(q7 H, |agh + C|) > |ad|%_6 max(q~ ' H, |agb + C|) > co.

If g7'H > ¢y > ¢, then the conclusion holds. Otherwise, ¢'~*|agb + C| > ¢y, then for
x = (21, ...,2q-1) € Bo N A(P), which is nonempty since P € P,

d—1 d—1
(4.1)
¢ (d = V) H| %[ e > ¢" 7] Z(adekz +ap)zr| > co—qlFp(T1, s a,, b+ Z erTy)|
j=1 j=1
(4.3) (4.2)
> ¢g— 2doc > (d—1)c1]2|maz,
which implies that ¢~“H(P) > ¢; O

The following proposition is the analogue of [2, Lemma 6.5]
Proposition 4.1.
P = U;.lozliprm an = UZ;%:Pn,k

Proof. The first statement follows from H; < ¢; and Lemma 4.2.
To prove the second half, it suffices to show thatq < O,,,,. Notice that by Proposi-

1+ +i_q

tion 2.1, 0q'" < o(c¢; ' Hysy) e = HyRoc; (¢ " HyR™) e =1 < H, ROH)Ont1) - which
implies the result we want. 0

4.4. Attaching a Line to Rational Vectors. .
Similar to [8], we also attach lines to rational vectors, but with different constrainets

Lemma 4.3. For each P € P, we can also attach a line Lp := {P+ \v,\ € R}, where
v satisfies the following properties:

e Z,zeZ% s.t. v=>bP +z,
V| < (d—1)g" =t wp(d—1)g ", 1<m<d—1

d—1
|vg — Z emUm| < (d—1)g " H =: (d — Dwaq™".
m=1
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Proof. Let Dy, = |epaq + @), m < d and Dy = a4, and choose j such that w;D;q™"7 =
max{w,, D,,q~"™}. Moreover, let y,, = x,,,m < d and yg = x4— Zi 11 emTm, we define
Hj ={z € R": |ym| < wmg™"™,j # m, |Zi1 1am$m| <1}

If j = d, then the volume V([];) = |aq|™* et gi>q"

If j # d, then the volume V(Hj) > qH twyq =gt

Thus [T, NAp # 0, and |24 | =0, thus |y;| < (d — 1)w;q™7s. O

Lemma 4.4. Let wy be as defined in Lemma 4.3, then wg < g R™AF—10M=n

P?“OOf. Wy = q—l—z’H < O;}g_iHnJrl — O_Rl—(1+i)()\(k—2)+12d>\+,u) < g R~ k—10Ad—p 0

4.5. Avoiding Homogenous Dangerous Cubes.

Proposition 4.2. For B C R with diam(B) < poR™™ ,P\, P> € C, 1 1.x(B), then

Sod? R 21 | = 1
FriB)l < Sod? R Mg—le | > 1 (4.4)
Proof.
d—1 ) ,
1Fp, (P =) (emas + o) (R — 22
m=1 q1 go
Zgn_:ll EmPm,2 — Pd,2 Zi_:ll emPm.1 — Pd.1
+ ad,g( m . . )‘
2doc 2(d—=1)o R "poH
q]. q]. q2 q2
- o (242 R? + 2d) RPN gl | = 1
U(2d2Rk‘+1 +2d)R)\q1 C,k 1
- 30d2R2+u+12d)\ k 1
N 3od’RF M gte k> 1
O

Corollary 4.1. Py, P, € Coip1(B), then P, € Hp,.

Proof. When k =1, ¢1|Fp,(P1)| < 1 and since ¢, Fp,(P,) € Z, we have Fp,(P;) = 0.
When k > 1, let the lines attached to these points to be v, ; = bjp;"j‘j + Zmj,m =
.,d and suppose the opposite, i.e. Fp,(P;) # 0. Then there are two cases:
First, if Lp, is parallel to Hp,, then ap, - vp, = 0. Thus, bi¢;'ap, - p; € Z, 50
QUm1Fp,(P1) € Z,m =1, ...,d. Therefore, ¢ Fp,(P) Zizl [Um,1| > 1 since vp, # 0.
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However, this contradicts to the fact that

d
1 Fp,(P1) Z |Vm,1| < 30d* RF A emax(qy, wa)
m=1

S rnaX(303nd4Rk-i—)\—i-l—)\k—10)\dc7 302d4_1/d 1/dR_2 12d 1 l/d)

< 1.

Thus, it always falls into the other case that Lp, intersects with Hp,. Let the
intersection point be Py € Q4. We want to show that P € P and A(P;) C A(P) to
get a contradiction. First, the denominator of Py can be no larger than ¢|ap, - vp,|,
which satisfies

o < |aP2 VP1|
1
d—1 d—1
= laa2(var = Y emtma) + D (Uma2 + Ga2€m)Vm, |
m=1 m=1
d—1

< (d-— 1>(wd,1(Q2/QI)Z + (¢2/q1)"waz)

< d*R* max(wy 1, Wa2) < od?

< R—)\k—G)\d‘

3
[

RA-Mk—10Ad—p

And in particular Z—‘; < 1/2. Now for any 1 <m < d — 1,

i1 Pm,0 Pm, i FP Pl
q1+‘ o ‘ — q1+‘ 2( )

m,l’

* g a1 0 ap, " Vp
< dq:|Fp,(P1)|lap, - vp '
< 3d*R*™¢
- c
20
Then,
PDa, D, Fp, (P,
| Py g TR,
ap, "Vp
Fp, (P Fp, (P,
<q0+l| P2< ) dl—ZQm’l}m1 |+Z’em‘q1+z P2( 1) m’1|
ap,

<

N O
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And
1+ Zi_:ll EmPm,0 — Pd,0 141 1+l Zi_zll EmPm,1 — Pd,1 14, Pdo  Pdi
9|0+ | < (/@) "™ [b+ |+ == — =]
qo Q1 qo q
Pmo  Pm,
+q0+lz | m||L _ L

< oc.

Therefore, Py € P. Moreover, given x € A(P;), we have that for any 1 <m <d—1

1H|l’m . pm,0| < qé”lxm _ Pma q1+z‘pm0 Pm
4o 41 Al
<e,
which implies that € A(F,) and we get the contradiction we want. O

Corollary 4.2. Ja hyperplane Ex(B) C R such that VP € Cphyx(B),A(P)N B C
Ep(B)PR "

Proof. Let P be the rational number such that ¢ = min{q : P = v € Cryni(B)} and
En(B) = {(x1, ., Ta1) : Fa(ar, .y Ta1, b4+ 0 emtm) = dab + Cp + S0 (am +
aq€m)Tm = 0}. Then for any x € A(P)N B for some P € €, , its distance to Ey(B)
1s

Fp(1, a1, b+ S entin) _ ag(b+ Zmmrtonpay | S (Gt ) (o, — 22|

q

VI a4 emaa? G H(P)

U

4.6. From Homogeneous to Inhomogeneous.
To prove the inhomogeneous case, we first introduce some new notations: ¢ = %CR_Q

and H! = 3cpy ' R".Let 0 = (71, ..., 7a4)

S en(pr + ) — pa— ) ocd

V:={PeQ: ByNnA(P)#0,[b+ . qm}

={PeV:H,<¢"<H_ }

and
/

pm+%”|< Vi<m<d-—1}
q ql—i-z

Proposition 4.3. If diam(B) < poR™™ and Vk < n,YP € Py, BN A(P) = 0, then
there is at most one v € V,, such that Ng(v) N B # 0. Moreover, the corresponding
Ag(v) can be contained in a hyperplane neighborhood G(B)3PR ™"

Ag(P) = {zx e R" |2, —
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Proof. Given such B, and suppose there are two vy,vy € V,, such that A(vg) N B #
0,s =1,2. Welet x5 € Ag(vs) N B and WLOG, q; > g2 Then by assumption we have
/

|4sTums — (Prms + Ym)| < %,s —1,2m=1,2,...d—1,

S

d—1 ,
ocC
‘bQS + Z em(pm,s + 7m> - pd,s - f}/d’ S q_l

m=1

Thus,
’(Ch - CIQ)iUm,l - (pm,l - pm,2)’ < QQ‘xm,l - 9€m,2| + ’Chib"m,l — Pm,1 — ’Ym|

+ |C]2$m,2 - pm,? - 7m| (4 5)
2¢ '
< @poRT + —.

T

And

d—1
20c
(g1 — g2) + Z em(Pm,1 — Pm,2) — (Pa1 — Pa2)| < / (4.6)
2

m=1

First, we show that ¢; = ¢». Suppose not then

pm, - pm, 1 —n 26,
- 2| < (g2po R + ?)
2

|xm,1 - ~
q1 — Q2 q1 — q2

1 .
< m(%%ﬂofz_nﬂ +2c¢R)

4.7
< 1 (c n 1 R_l) ( )
S m-e) 23
< C
T (=)t

And similarly,

an_; em(Pm,1 — Pm2) — (Da1 — Pd,z)’ < 1 200’)
= 7
q1 — Qg2 q1 — (1206 qs e (4.8)

< < .
T 3R(1 — @) T (1 — @)t

Thus, let Py = (%)izlmd_l, then z; € A(Fy). Moreover, notice that Py, € P

by (4.8) we can denote ng such that Fy € P, and by assumption ny > n, otherwise
A(Py) N B # () violates the assumption stated in the theorem. Now

b+

o Huy  Ha 1 pon
(1 — )" > =2 > —= = depy ' R™

o o
However, it contradicts the fact that

n

i i I e
(n—@)'"" <qg™ <H,, = §cp01R L
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Therefore, g1 = g2. Moreover, by (4.5) we have that
—n+1 26/ /
Ipin — pi2] < qapoRR —I—? <c+2d <3e<1.

Thus, pi1 = pi2,i = 1,...,d — 1 and together with (4.6) we get pg1 = pa2,50 v1 = Va.
The second part of the theorem is true since Ay(v) is a box and contained in a
hyperplane neighborhood G(B)37R ™" O

4.7. Proof of Theorem 2.2. .
Let i(n) be the smallest number of round such that 3R™py < [Bim)| < R™"po.
Then player A includes {Ek(Bi(n))poR_n_k }ren into his i(n)-th hyperplane neighborhood
collection, where Ej(Bj(,) is as described in Corollary 4.2.
Let Bz{(n) = Bim) — Up_1 Upep, A(P), then By Proposition 4.3 Vn, 3Gy, 5.t. Uyey

AQ(U) N B!

n+1
1 —n—1

in) € G%pOR . Thus, we add this hyperplane neighborhood to the neigh-

borhoods Alice chosen in the i(n)-th round. It is a legal move because

o0

B + 3 (R <23 (R < (5p)"

’ k=1 k=1
Now
m’iGNBi C BadL(Zy ceey 7;7 l) N Badé(% ceey 7;7 l) U (UZO:1 (Uvevn+lA@(/(]) N B;(n))
U (Up2) Upee, sy AP) N Bin))
C BadL(iy ey i, l) m Badé(l, ceey 7:7 l) U (U;?ZngpoR*n U UzOZIEk(Bi(n))pOan—k)‘
(4.9)

Thus, Bad”(i, ...,i,1) N Bad§(i, ...,4,1) is HPW and so Badj(i, ..., 4, 1) containing this
set is also HPW and by Proposition 3.1 HAW. O

5. PROOF OF THEOREM 2.3

5.1. Preliminaries. .
In view of [0, Lemmata 1.2-1.4], to prove Theorem 2.3 it suffices to show the following
theorem:

Theorem 5.1. Let r be n tuple of weights, and ¢ : U C R — R"™, be a map defined on
an open interval. Suppose p be a (C, «)-Ahlfors reqular measure such that UNsupp pu #
) and © be an analytic map that is nondegenerate. Then

™" (Bady(r) N Bady(r)) | supp p # 0. (5.1)

The goal of this section would be to prove Theorem 5.1. The definition of Ahlfors
regular measure can be found in [0, Section 1]. Also, this definition would only appear
when stating results from [0].

We then give the definition of generalized Cantor set.
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Definition 5.1. Given R € Z*, I C R a closed interval, the R-partition of I is the
collection of closed intervals obtained by dividing I to R closed subintervals of the same
length R~Y|I|, denoted as Parg(I).

Also, given J a collection of closed intervals,

Parg(J) := UjegParg(I).
To define a generalized Cantor set, we first let § = {I}, where [ is a closed interval.

Then inductively J,4; = Parg(d,). In addition, we remove a subcollection éq from
Jg+1. In other words, we let J 41 = Jyq1 \ dg-

fKoo::ﬂU]

qeNIe]d,
1s a generalized Cantor set determined by the process above.

Definition 5.2.

Finally, we include a result in [1] to help us get the non-emptiness of a generalized
Cantor set.

Theorem 5.2 ([1]). If Vg € N, J, can be written as J, = ngogm, and we denote
hp,q == maxyeg, #{I € Jpq: I C J}, such that inductively
g
tyi=R—heg—» —21 >0, (5.2)

J

j=1 11li=1 tg—i

then Koo # 0.

5.2. Notations and Results from [(].
Without loss of generality, ry > 17y > ... > r, > 0.
Let pg as defined as [0, (1.4)] and Iy as in [0] satisfying 3" I, C U and 3|I,| < po.

a(t) == diag{e!, e, .., e ™}, b(t) := diag{e V", ¢!, eV 7MY u(x) == (1 X) ,

0 I,

(5.3)

10 0

Logh(z) - gn(x)

z(x) = 1 . (5.4)

1

Let 8,8’ > 1 such that

e(Hr)B — p — o(I+1/n)5" (5.5)
In [6], a non-empty generalized Cantor set K., determined by éq = ngoép,q has

already been constructed within ¢ ~!(Bad(r)) Nsupp p. In particular,
Guq = {1 € Tyri, () < (3C) |17}, (5.6)



INHOMOGENEOUS DIOPHANTINE APPROXIMATION: WINNING PROPERTY AND BEYOND17

Specific definition of other parts in this partition is not involved in the proof of The-
orem 5.1. Also, denote hy, 1= maxjeg, #{1 € Jpq : I C J},0 < p < g, [0] provides
upper bounds for A, .

Proposition 5.1. Let C,« be as defined in Theorem 5.1 and R® > 21C?

hyq < R— (4C)2R". (5.7)

Proposition 5.2. There exist constants Ry > 1,Cy > 0 and ng > 0 such that if R > Ry
g < CoRO—MN =P o <y < ¢ (5.8)

5.3. New idea. In [0], a non-empty generalized Cantor set inside the intersection of

the support of the measure and the preimage of a homogeneous bad set was con-
structed. Now, based on this and Theorem 5.3, to get a non-empty set that is also
inside the preimage of inhomogeneous bad set, we would only have to further remove
the inhomogeneous “dangerous set” with respect to one integer vector, rather than all
of them as done for the homogeneous case in [6]. The good thing about this, is that we
don’t need the inhomogeneous version of quantitative non-divergence estimates, which
for now we don’t have in hand.

5.4. From Homogeneous to Inhomogeneous. .
It can be checked that

x € Bady(r) <= 3k >0,b>1,s.tYag € Z,ac Z¢, (59)
we cannot find t € N, s.t.Jag +a-x+ 0| < kb~ |a;| < b7, V1 < i <d. '

Let fo := maxyep,.i=12...4 |¢}(x)] which makes sense since ¢} is continuous.
Moreover, we can find £ > 0, s.t Vy with ||y|| > ™, we have ||u;(O(1))"1b(—3') -
y|| > &. In particular, according the result proven in [0, Equation 2.34],

Vge N,Vz e Jed,V8<q <q,a(Bg)u(e(x)Z" € Ke. (5.10)

Let 3, 3" be as in (5.5). We define the following constants:

2n(n +1)follo| 18, m+1

¢ ) (——

_ & e
n+1

k?g = 2_3_1/T"I{?1,

Ag = ﬂn 21/57"1,

0= maX(f16T11,[ s

2).
YE )\1—|—>\2-|7 )

Theorem 5.3. Given ¢ € N, and an interval I € Jgyx,+x,, there is at most one
ag € Z,a € Z" such that 3 x € I with

lag + a- o(x) + 0] < koe ™ |a;| < €715 > 0. (5.11)

A1 := [Inmax{( )gin7€8}17

k’12 5
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Proof. Suppose there are two such integer vectors a;s,7 = 0,1,...,d,s = 1,2., and
x1, T € I are the corresponding numbers that satisfies Equation (5.11).
Now Vi > 0, |a;; — aio| < P02 then r; > r,, and |a;1 — a;»| < 2791 < eriflath)
Moreover, by Mean Value Theorem,

|01 — ao2 + (a1 — a2)p(21)| < |az - (p(z1) — p(22))| + Z |ao,s + asp(xs) + 0|
s=1,2

1
< emﬁqnfo|]O|e—(1+r1)ﬁ(q+>\2+>\1) + Zkle—ﬁ(q—s—)\z) < kle_ﬁ(q+>‘2).

(5.12)
Qp,1 — Ap2
11 —a12
Thus, we observe that w := a(8(q+ A1 + Aa))u(p(z1)) - _ has norm less
Qd,1 — Qd,2
ap,1 — Ap,2

a11 — A12 . .
) is non-zero violates

than &, which together with the assumption that
ag1 — Q4.2

(5.10) and leads to a contradiction. The reason why the norm is small is that by

previous calculation |wg| < kjef* < n%l and Vi > 0, |w;| < 7" < n%l and the norm

; £
is less than T <é. 0

Lemma 5.1. |so + 8- () + 0] < kee P9 |s;] < Pi9.1 < i < n implies ||b(8)a(B(q +
8 —€
Al @) - ()<

Proof. By definition and the last paragraph in the proof of Theorem 5.3, we can see that
sl +0] < e 0 s < .1 0 < mimples 3o+ (e (2) ()1 <

€. Now ,||b(B8)a(B(q+ \1))u(?*(x)) (SSO) | < e=?, otherwise by [0, Equation (2.33)]it
violates the definition of &. 0

First, we introduce some new inhomogeneous notations .
Definition 5.3. Given the function ¢ : U — R"0 # s € Z",0 € R with j =
min{i, s; # 0} we define a new function ¢%*: U — R"™ as follows
o .
O Ll 519
Piri F J-
5.5. The new cantor set K’ . Now we define a new generalized cantor set in the

following way. If @) € N and there does not exist ¢ € N such that Q(qg + A + \2), we
define M, o :=0,¥0 < p < Q.



INHOMOGENEOUS DIOPHANTINE APPROXIMATION: WINNING PROPERTY AND BEYOND19

For simplicity we denote

H (2) = H" () = b(BDa(Ba + M))2(@)u(e™ (2). (5.14)

If not, i.e. @ = Q(q+ A\ + Ag) for some g € N, Mg o := ). Meanwhile, define M, ¢ to

be the collection of I € Jg+1 — dg,g such that there exists [ € Z with max(1,Q/8) <
[ < @Q/4 satistying

Js0 € Z,0# s € Z" s.t.]so+ 5 p(x) + 0| < koe P |5;] <91 <i<n

0.15

and ||H*(z) - (?) | < e !, for some z € I. (5.15)

f0<p<Q@Q/2o0r0<p<Qwithp+# @ mod 4, as usual we let M, o := (). Finally if
Q/2<p<Qand p=Q — 4l for some | € N, we define

MI%Q = {I c jQ—i—l - (HAQQ @) UOSP’<pMp’,Q> . (515) hOldS}

Remark 5.1. We use Q) that is larger than q, because we want to remove the additional
imhomogeneous “dangerous set” a bit later than the original homogeneous “dangerous
set”, such that the uniqueness as described in Theorem 5.3 is ensured.

Now, by induction on g € N we define X/ by letting EAJ;W =0, N (Mg Udpg), VO <
pP=gq

Lemma 5.2.
KL, C Kooy
where Ko, is the cantor set defined in [0, Section 2.5].

Proof. Note that by definition, ép,q cJ .VpqgeN, so d, C 34,¥q € Nand X, =

p,q’
MgeN Ujegil I C Ngen Ureg, I =K. O

Lemma 5.3. X C o !(Bady(r)).

Proof. Note that Vg > 1,1 € Ja(g4r,+2,), since by construction Q(g + A1 + Ag) > 8, for
[ =1, (5.15) does not hold. Moreover, by Lemma 5.1, [sg+s-o(x) + 0] < kpe %, |5;| <

efria 1 <4 < nimplies ||b(8")a(B(q+ 1)) z(z)u(e”*(z)) - (?) | < e, sowhenl =1,

(5.15) does not hold is equivalent to there does not exist sg € Z,0 # s € Z" such that
|s0 + 5 o(x) + 0] < koe P9, |s;| < €41 < i < m, shich is exactly the definition of
Badg (r)
O
Now by Lemma 5.3 and together with the fact proven in [6, Proposition 2.6] that
X, C Koo C ¢~ (Bad(r)) Nsupp p,

where g is as in Theorem 5.1. Thus we have

K C o H(Bady(r)) Ne H(Bad(r)) Nsupp u = ¢ ' (Bady(r) N Bad(r)) N supp p.

Now to prove Theorem 5.1 it is left to show that K’ _ is non-empty, which will be the
content of next few sections.
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5.6. Upper Bounds for ;.

Similar to [0], we give an upper bound for hj, , := max ;g #{I € j;,q : 1 C J}. Note
that 3 C J,, while #{I € J I CJ} <#{I €y I C I} +#{I M, : I C J},
we only have to find an upper bound for f,, := max ey, #{I € X, ,: I C J}.

Proposition 5.3. Suppose R* > 21C?, then for every ¢ > 0 we have

-2 pa
h,, < R—(4C)°R”. (5.16)
Proof. By definition f,, = 0,Vq € N. Thus, h , < hgq + fq still satisfies the upper
bound in Equation (5.7). O

The following is analogous to Equation (5.8).

Proposition 5.4. For 0 < p < q, there exist constants R, > 1,C, > 0 and n,, > 0
such that if R > RY,

h;,q < CéRa(l—né)(q—erl). (5.17)

Proof. If Q # Qg+ M + X2),Vg € N, f,0 = 0,Vp < Q. These are the trivial upper
bounds.

If Q = Q(g+A1+X\2) for some ¢ € N, as defined, f,o =0if0<p < Q/20r0<p<Q
with p # @ mod 4. If otherwise, @/2 < p < @ and @ = p + 4l for some | € N, and
J € 3, is a fixed interval, then p > g+A;+ A2 and by Theorem 2.5, sg, s that make (5.15)
hold are unique within J, so it suffices to check this unique integer vector. Now, since [

is fixed,Note that the function ¢(x) = |H%*(z)- (SSO) || is (C,7)-good for some universal

positive constants by [0, Corollary 5.16] , and we have If sup,,||H%*(z) - (SS()) | > 1.

Hence , we have that u({z € J, ||H%*(z)- (880) | < e < 0397 | [H|* R~P* and

since I ¢ Jo., we have #{I € M, : [ C J} < C3F1e= 10| [)|* R-P*C|[y|~* R¥@+D),
thus hj, o < hyq + fpq still satisfies the upper bound described in Equation (5.8).

Here we give reasons why the other case is impossible. First, we provide a simplified
version of [0, Lemma 3.1].

Lemma 5.4. There exists Ry such that VR > Ry, 0 < [JI! < Q/2,x,x9 such that

r=x0+ ORI for some |0] < |Io| and any v € Z"', we have

u(OR" )P (w)u] _
[ H%5(z)v]] -

< 2. (5.18)

1
2

We can borrow this lemma because z(z), i.e. the derivatives of p(z) and ¢%*(x)
are the same, so the calculations can follow the ones in [6] and this lemma holds with

respect to ¢?*.
HG,S(x) . (5:90)

Lemma 5.5. sup,; ‘ < 1 is impossible.
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Proof. Suppose not, fix an zyp € J, and let b = H%*(z) (SSO). WLOG, we have

x = o+ LI|R"9'*" € J, where I = 41 + 1. Then by assumption and Lemma 5.4,
b+ 5IBR el < Jul LR el <21 () (%) <2
In particular, 1|Io|R"~!|bs| < 2+ |b1| < 4, so |be| < [%Rl_l, < R73. Then,
1225 o) (") = B < €2l el < 36 < e (19

This implies that (5.15) holds for 2[, but is a contradiction to I ¢ M, o, where p' =
Q—-8l<pifl<@/l6and p' =0<pifl > Q/16. OJ

Thus, by Lemma 5.4, the proof of upper bounds for h} ,0 < p < ¢ is done. 0

Proposition 5.5. For p = 0,there exist constants Ry > 1,C] > 0 and 1} > 0 such that
if R > R,
hy, < CLRO—mTHD), (5.20)

Proof. When p = 0, for some [ € N

{z € 1,(5.15) holds} C U, ma{x € Lo, || H"*(2) - (SSO) | < 3e '}, (5.21)

Notice that there are at most 6Mzne™P¢ distinct (?) satisfying (5.15) for fixed 0,

where M3z := 1+ sup,¢;, [|@(z)||. Thus, if we let N; to be the number of intervals in
My, such that (5.15) holds for [. Moreover, by [3, Corollary 4],

inf sup |ag +a - p(x) + 0| > 0.
(IOEZ,aGZ”l’Ha”ZHomegl 0 SO( ) |

Then again by [0, Corollary 5.16], V; < 6p‘1nC’M337IIOI_QR%QJFO‘(QH)_W. Thus,

fO,Q S 36p—1nCM33’y|]0|—aR1<:71T1q+a(Q+l)777lllmin S 36p—1nCM33’y|]0|—aRa(1—n71)(Q+l)7
and conditions in (5.8) still holds for hj o < ho g + fo.q- O

5.7. Proof of Theorem 5.1. .
It is time to prove the non-emptiness of KX/ . By Theorem 5.2, it suffices to prove

inductively that
q h/ )
/. / q9—79 —2 pa
th:=R—hj,—> = 2 (60) R (5.22)
j=1 Lli=1tg—i

Now by Equation (5.17) and Equation (5.20), we have that

h;,q < Cv(/)Ra(l—n{))(q—p+1)7 0<p<gq
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for some positive constants C{, ). Then together with Equation (5.16) and suppose
(5.22) holds for ¢ < ¢1, we have

th > (40)72 = RY(CyR ™ (

J=1

36C?
Rmo~

)).

1

367 and

Thus, we only have to make sure that R is large enough such that C{]R*”()a <

Z;’il(fﬁgz ) <1 to make the induction work. Thus the proof is done.

6. FINAL COMMENTS AND FURTHER WORK

These kinds of extensions from homogeneous to inhomogeneous largely depend on
the techniques used in the proof of homogeneous results. In other words, the methods
could for now only extend the homogeneous results to simultaneous inhomogeneous if
they are proved via the simultaneous homogeneous bad, and vice versa for dual bad.
The reasons behind it could be that we are in the lack of inhomogeneous versions
of corresponding techniques such as simplex lemma or quantitative non-divergence
estimates.

There are many interesting questions in both dual inhomogeneous bad and simulta-
neous inhomogeneous bad, and their intersections. For instance, extending the winning
property of weighted bad in R to inhomogeneous, which in this REU project we didn’t
have time to figure out.

Dream theorem 6.1. V0 € R,r € R* with r; > 0, ,r; = 1, Bady(r) is HAW.
Dream theorem 6.2. VO € R",r € R" withr; > 0,) .1, =1, Bade(r) is HAW.
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