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1. INTRODUCTION

Let k be a finite field. This article is about representation theory of the group GLa(k) X
GLa2(k) x GLy(k). Representation theory as a subject studies groups G via their linear
actions on vector spaces; we refer to [Pia83] for the relevant background on the representation
theory discussed in this article. For finite-dimensional complex representations of a finite
group G, such representations can always be decomposed into irreducible ones, so the goal of
representation theory is to understand these irreducible representations as well as possible.

For example, [Pia83] fully classifies the irreducible representations of the group GLa(k),
and these ideas can approximately be extended to classify representations of GL, (k) for
n > 1. However, as the group becomes more complicated, explicit enumeration becomes un-
reasonable. Instead, one can hope to attach invariants to these representations and then hope
to understand desirable properties of these invariants and perhaps show that the invariants
are enough to classify the irreducible representations.

For this paper, we interest ourselves in the “v-factor” attached to a representation. To
explain the motivation, we note that the groups of interest to us, such as GL,(k) or
GL, (k) x GL,,(k), have number-theoretic significance. Notably, understanding represen-
tations of these groups when k is replaced by a local field is the main content of the local
Langlands correspondences, and it is in this context that we first find the v-factor as a largely
analytic normalizing factor attached to some representations.

In number theory, one frequently expects finite fields to have the most controlled structure,
so with such strong conjectures on the local field situation, we might hope to gain some
traction by finding finite-field analogues for these results. And indeed, in recent years, there
has been work both to establish what the analogues are [Nield; SZ23; YZ20] as well as to
relate the two situations together [Yel9; YZ20].

This paper is a continuation of the work described in the previous paragraph. In short,
our goal is to tell the relevant story for the group GLa(k) x GLa(k) x GLa(k). Notably, a
nontrivial part of our exposition closely follows the corresponding work over local fields as
worked out by [Ike89; PR&7].

1.1. Layout. We briefly explain the sections of this paper. In section 2, we review the
relevant background on Whittaker models and Bessel functions needed in this article; we
refer to, for example, [Pia83] for any other background on representation theory needed. In
section 3, we review the theory for the group GL, (k) x GL, (k) with the goal of providing a
direct proof of the y-factor at n = 2, which is achieved in Theorem 20. In section 4, the main

content of the article begins, where we define and prove the basic properties of the y-factor for
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GLa(k) x GLa(k) x GL2(k). This discussion is then continued in section 5 where we compare
the built theory with the story for local fields. Lastly, section 6 defines and computes these
same y-factors on the “Galois” side of the Langlands program; notably, the rest of the article
lives on the “automorphic” side. The appendices contain some miscellaneous computations
to supplement the content of section 4.

1.2. Acknowledgements. The authors would like to thank their advisors Elad Zelingher
and Jialiang Zou for their eternal patience and invaluable guidance over the course of this
research project. Without them, much of the content of this article could not exist. The
authors would also like to thank the REU at the University of Michigan, during which time
this research was conducted.

1.3. Notation. In this article, all representations are complex and finite-dimensional. Let
q be a prime-power, and let k& be the finite field with ¢ elements. We fix now once and for
all an additive character 1 of k.

For now, fix a positive integer n, and we will name some subgroups and elements of
GL,, = GL, (k) of interest. For any partition (ni,ns,...,n,) of n into positive integers, we
define the diagonal subgroup

dy
dy
Dnl,ng,..,,nr = . : dz S GLnl(k) for each 17 ,
dy
and the unipotent subgroup
I, *
I, -+
Unl,ng,...,nr = . . : [nl € GLnl(k) for each i ,
I,

each sitting inside the parabolic subgroups P, ns...n. = Uninone X Dayong..on. (Here, *
signifies an arbitrary submatrix.) Most notably, we set D,, == Dy, 1 and U,, == Uy 1,
and we let P, = P,_;; be the mirabolic subgroup. Observe that P, is the stabilizer of
e, = (0,0,...,0,1).
Continuing, we define the Weyl elements W, to be the permutation matrices in GL,.
Particularly important are the elements
]n

T

Most notable is the long Weyl element w,, := w1 ;.
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Note that ¢ extends naturally to a character ¢, on U, defined by

1 Uy Ok
1 U9
(0 =Y(ur Fug+ -+ up_q).

1 Un—1
1

Later on, we will want to denote the symmetric n x n matrices by Sym, and the invertible
symmetric n X n matrices by Sym:.

2. WHITTAKER MODELS
In this section, we review properties of Whittaker models.

2.1. Existence of Whittaker Models. Here is our definition.

Definition 1 (Whittaker type). A representation 7 of GL, is of Whittaker type if and only
if Resy, m has exactly one eigenvector (up to scalar) with eigenvalue ,,.

Remark 2. One can show that the definition above is independent of the chosen character

0.

For example, it is known that any cuspidal irreducible representation is of Whittaker type.
By definition, a representation 7w of Whittaker type has dim Homy, (¢, 7) = 1, which by
reciprocity is equivalent to

dim Homgy,, (77, Indgf” wn) = 1.

Thus, we see that any representation 7w of Whittaker type has unique image W(w, ) in
Ind%n 1, which is called a Whittaker model. Throughout, we may choose to write a specific

Whittaker model by W, € IndSTI;” Yy, for each v € V. Note that this image {W, : v € V;}
of 7 is only unique up to scalar.

While we are here, we provide a relatively explicit Whittaker model for a representation
7 of GL,, of Whittaker type.

Lemma 3. Fix an irreducible representation m of GL,, of Whittaker type. Further, let (-,-)
be a G-form on Vi, and let vy, € V. be an eigenvector with eigenvalue 1, with (vy, vy) (which
exists and is unique by scaling). Now, for each v € V. we define

Wv(g) = <gU,U¢>-
Then W(m, ) = {W, : v € V. } is a Whittaker model for .

Proof. We run the checks directly. The map W,: 7 — Indgf" ¥, is well-defined because

Wo(ug) = (ugo,vy) = (go,u™"v) = (gu. Du(u)vg) = b (u){gv, v3).
Continuing, the map is of course linear in v, and it is G-equivariant because
Wanyo(9) = (ghv,vy) = W, (gh).

Lastly, the map is injective because v # 0 implies that {gv : ¢ € GL,} spans V, because 7

is irreducible. Thus, (gv,vy) # 0 for some g € GL,,. O
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2.2. Bessel Functions. Fix an irreducible representation 7 of GL,, of Whittaker type. Here
is our definition.

Definition 4 (Bessel function). Fix a Whittaker model W(m, 1) for m. Then the Bessel
function J , is the unique eigenvector in W(w, ¢) with eigenvalue ¢, and with Jy ,,(I,,) = 1.

Certainly if Jr , exists, then it is unique because the eigenvectors with eigenvalue v, are
unique up to scalar. To see that J , exists, we have the following lemma.

Lemma 5. Fiz an irreducible representation © of GL,, of Whittaker type. Then the Bessel
function exists.

Proof. Use the notation of Lemma 3 to set
jﬂ,’l[)(g) = Wv¢(g) = <gv¢7vw>'

Because vy, is an eigenvector with eigenvalue v, the same is true for J ., and further, we
see Jry(In) = (vy, vy) = 1, as required. 0

We will want the following property of Bessel functions, whose proof we omit. Roughly
speaking, the following result is useful when combined with the Bruhat decomposition GL,, =
U.D,W,U,.

Proposition 6 ([Gel70, Proposition 4.9]). Fiz an irreducible representation © of GL, of
Whittaker type. For d € D,, and w € W,, if Tr(dw) # 0, then

A,

dw =
Ay g
Ay Iny

for some partition (nq,...,n,) of n and elements A\, ..., A\, € k.

2.3. A Symmetry on Whittaker Models. Whittaker models of irreducible represen-
tations have a special symmetry which will be important later. Given g € GL,, we set
g' = g~ T. Then note (-)": GL, — GL,, is an automorphism of GL,,. This symmetry on GL,
can be upgraded to a symmetry on representations by taking a representation 7 of GL,, to
7t defined by 7*(g) = m(g¢"). This 7" is useful because of the following lemma.

Lemma 7. Let  be an irreducible representation of GL,, of Whittaker type. Then w* = 7V,

Proof. Tt suffices to show that 7¥ and 7* have the same character. Well, for any g € GL,,,
we note g is conjugate to g7, so

trr'(g) =trr ((¢97")") =trm (¢7") = trm¥(g),

so we are done. O

Namely, 7 provides a way to talk about 7" without dual spaces. Observe, however, that
()V is a contravariant functor while (-)* is covariant, so we should not think about these as
the same functor.

Continuing, we may upgrade our symmetry on representations to a symmetry on Whit-

taker models.
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Lemma 8. Let w be a representation of GL,, of Whittaker type, and let Wo: m — Indgf” Un
be a Whittaker model. Then the map~: W(m, ) — W (n*,4~1) defined by

Wv(g) = Wy (wng")
provides a Whittaker model W (m, ™) of m*.

Proof. 1t suffices to show that Wt — Indg:" ¥, is a well-defined injective map of GL,,-
representations.

e Well-defined: for v € V,, we show that WU € Indgj:” Y1, The main computation
here is that

_ . _ -
1w *x - * 1 —uy * ..
1 wuy --- * 1 —us
Wy, : w;l =
1 Up—1 1 —Up—1
1 1

Thus, for any u € U,, we see that w,u‘w;! € U,, and v, (wutw,; )™ = 1, (u). As
such, we see

Wy (ug) = W, (wpu'g') = (wnuLw;I) Wy (wng') = wgl(u)fwvv(m

e Homomorphism: of course the map v — W, is linear in v. This is G-equivariant
because

Wn‘(h)v(g) = Wﬂ(hb)v(wngL) = W, (w,(gh)") = Wy(gh).

e Injective: note that if v € V, has Wv = 0, then W,(w,g") = 0 for any g € GL,, so
W, =0, so v =0 because W(m, ) is already a Whittaker model. O

To properly view the map W +— W as a symmetry, we note that we have the following
lemma.

Lemma 9. For any g € GL,, the following diagram commutes.

md3 o, —— Indg- ;!

| v
Indg™" ¢, —— Ind§hm ¥t
Proof. This is a direct computation. Fix some g € GL,. For any W € Indgf" Y, We want
to show that gW = ¢*W. Well, for any gy € GL,,, we compute
9gW (g0) = (gW) (wngs) = W (wngog) = W (wn(gog")) = W (wngog*) -
This equals (gL/W)(wngo), as desired. O

3. GAMMA FACTORS FOR GL,, x GL,

In this section, we review the construction of the ~-factor attached to two cuspidal irre-

ducible representations ¢ and 7 of GL,. We use the Rankin—Selberg method.
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3.1. A Multiplicity One Result. The backbone of the approach is a multiplicity one
result which we will prove in the present subsection. The correct statement requires test
functions, which we introduce now.

Definition 10. Let S (k™) denote the space of functions k" — C, and we make S (k™) into
a GL,-representation by defining

(gp)(v) = p(vg)

for any ¢ € GL,, and ¢ € S (k") and v € k™. Lastly, we let Sy (k") denote the G-
subrepresentation of functions ¢: k™ — C vanishing at 0.

And here is our result.

Proposition 11. Fiz cuspidal representations o and T of GL,,. Further, let Sy (k™) denote
the functions k™ — C vanishing at 0. Then

dim Homgr, (c @ 7 ® Sy (k") ,C) = 1.

Proof. Because o and 7V are cuspidal, we see Res%“" 0 = ResGt 7V = Ind!" ¢, are isomor-
) P, P, Un

phic irreducible representations, so

dim Homp, (C,0¥ @ 77) = 1.

>~

The main result now follows from Frobenius reciprocity. Indeed, we claim that Sy (k")
Ind3" C. In one direction, send ¢ € Sy (k") to the function f,(g) = ¢(e1g); in the other
direction, send f € Ind%nL" C to the function ¢(e1g) = f(g). One can check that these maps
are G-equivariant and mutually inverse, which provides our isomorphism. Anyway, the point
is that

dim Homgr,, (c®7®S, (k") ,C) = dim Homgy,, (So (k") ,0Y @ 7¥) = dim Homp, (C, 0" ®7"),

which is 1. O

A multiplicity one result is not very useful without actually have elements in the needed
vector space, so we go ahead and exhibit an element. Because ¢ and 7 are cuspidal and
hence of Whittaker type, we see that we may embed o — Indgf" Y, and T — Indgf" Pt
so it suffices to exhibit a map

Indg™ 1, ® Indgi™" ¢, ' ® S (k") — C.
Here is our definition.

Definition 12 (Z-function). For any W € IndSﬂL” t, and W' € Indgf” Yt and ¢ € S (k),
we define

ZW, W)= Y W)W (9)p(eng),

geU,\ GL,
where e, = (0,0,...,0,1).

Let’s run our checks.

Lemma 13. As defined above, Z provides a well-defined G-equivariant map Indgf” Up ®
Indg ot @ S (k") — C.
7



Proof. For now, fix W € Indgj" Y, and W' € Indgf" Pt and ¢ € S(k"). Quickly, we
check that each summand W (g)W'(g)¢(e,g) is independent of the coset U,g. Indeed, for
any u € U,, we see that

W (ug)W'(ug) = ¢u(w)W(g)dy" (W)W (g) = W(g)W'(9)
by definition of W and W', and ¢(e,ug) = ¢(e,g) because u € U,, C P,.
Additionally, we see that Z is linear in W and W’ and ¢, so we have defined a linear map
Z: dS™ ¢, @ IndSH 7' @ S (k") — C.
It remains to check that Z is G-equivariant. Well, for any h € GL,,, we compute
Z(W @ hW' @ hg) = Y W(gh)W'(gh)p(engh) = Z(W @ W' @ ),
9€U,\ GL,

where the last equality has reindexed the sum. 0

With some effort, we can even show that Z # 0 in our cases of interest.

Lemma 14. Let 0 and T be cuspidal representations of GL,. Let p,: k™ — C denote the
indicator function for e, = (0,0,...,0,1). Then Z(Tyyp, Tryp-1,0n; %) = 1. In particular,
Z # 0 as an element of Homgy,, (0 @ 7 ® So(k™),C).

Proof. By definition,
(T, Trap=s s V) = Z To(9) Trp-1(9)n(€ng)-
g€Un\ GLy,

The main point is to use Proposition 6. Fix some g € GL,,, and suppose that the summand
To(9) Trp-1(9)n(€ng) is nonzero. We claim that g € U, which will complete the proof.

Indeed, ¢, (e,g) # 0 requires e,g = e,, so g € P,. Now, using the Bruhat decomposition,
we may write g = udwu’ where u,v’ € U, and d € D,, and w' € W,,. Now, J,.,(g) # 0, so

0 # o (udwnd') = b, (w) Ty o (dw),

so Proposition 6 forces dw to have the form

A1,
dw =
Aoy
Ay Iny
However, e,g = e, requires e, dw = e, so dw € P, as well, and the only matrix of the above
form which lives in P, is dw = I, so g = uu’ € U, as promised. 0

3.2. The Functional Equation. Thus far, we have provided an element Z which spans
Homgp, (0 @ 7 ® So(k™),C). To produce our functional equation, we want to find another
element in that space. For this, we will exhibit a map

ocRTRS (k") > o @1 xS (k")
with good duality properties, and then we will pass Z through. In fact, this map will be

found by restricting a map

Fi Indi™ ¢, @ Indg b, ' @ S (k") — Indg 4, ' @ Indg 4, @ S (k™)
8



with good duality properties, and then we will restrict it. Well, this last map will be found
component-wise. The map W +— W of section 2.3 provides maps Indgf” Uy — Indgj" Pt

and Indg:” Pt — Indgf” . Lastly, we desire a map S(k™) — S(k™), for which we use the
Fourier transform: for ¢ € S(k™), set

P(x) = o) ((z,)),

where (-, -) is the standard symmetric bilinear form on £". Each of the component maps we
defined are linear, so they will glue into a linear map

Fi Indi™ ¢, @ Indg b, ' @ S (k") — Indg 4, ' @ Indg ¢, @ S (k™)
defined by F(W @ W' ® ¢) = WeW ©. The aforementioned “good duality properties”

are recorded in the following lemma.

Lemma 15. For any g € GL,, the following diagram commutes.

Ind§ " ¢, ® Ind§™ ¢! @ S (k") —7— Indg o' @ Ind§ 4, © S (k™)

| b

Ind§"" ¢, ® Indg™ ¢! @ S (k") —7— Indg o' @ Ind§™ 4, ® S (k™)

Proof. We can check this on each component. The diagram commutes on the left two com-
ponents by Lemma 9. Lastly, for any ¢ € S(k™) and = € k", we see

gp(x) = > elyg)v((z, ) = > e ((wyg™) = D e ((xg',v) = (9'P) (x).

yek™ yekn yekn

The claim follows. O

We now restrict F and extract our functional equation.

Lemma 16. The function F restricts to a function c @ 7 @ S (k") — o' @ 70 ® S (k™).

Proof. We check this componentwise. We already know that the map W +—» W restricts to
a map W(o,v) — W (¢*,%~1) by Lemma 8, and similar holds for 7. O

Theorem 17. Fizx cuspidal representations o and 7 of GL,. There is a unique complex
number (o X T,1) such that

Z(W, W, 3:9) = y(o x 7,9) Z(W, W, g;1))
for any W € W(o,¢) and W' € W(r,v™") and p € So(k").
Proof. Define FZ: 0 @71 ® So(k™) — C by FZ(W @W'® ) = Z(W, W', $:1). The square
in Lemma 15 implies that FZ is GL,-invariant because Z is, so the result follows from

Proposition 11. Technically, we must know that Z # 0 to carry this argument out, which is
established in Lemma 14. 0

Corollary 18. Fix cuspidal representations o and 7 of GL,,. Then
7(0- X T, 77Z)) = Z jcr,d)(.g)jﬂ',dfl (QW (<€ng_17 61>) )

geUy,\ GL,,
9



where e, = (0,...,0,1) and e; == (1,0,...,0).

Proof. Combining Theorem 17 with the computation of Lemma 14, we see upon plugging
everything in that

VoxT )= D Top(wng)Try1(wng")Pn(eng).

g€Un\ GL,,

Note that g — w,g¢" is a well-defined involution U, \ GL,, — U,\ GL,, (this is included in the
computation of Lemma 8), so we may reindex the sum as

YoxTd)= Y Top(9)Tru1(9)Pnlerg").

g€Un\ GLp

We must now compute the Fourier transform as

Galerg) = 3 oulw)bllerg'.v) = wl{erg' en)) = ¥ ((eng ™ e1))

yekn

Plugging this in completes the proof. U

3.3. Computation for n = 2. In this subsection, we compute (o X 7,) as the product of
two Gauss sums when ¢ and 7 are cuspidal representations of GL,. For brevity, let w, and
w, denote the central characters of o and 7, respectively. Because o and 7 are cuspidal, the
characters w, and w, arise from non-decomposable characters on £*, which we will continue
to denote by w, and w, respectively.

Lemma 19. A set of representatives for Us\ GLy is given by Do U DowsUs.

Proof. By the Bruhat decomposition, we may write GLy = By LI BowsUs, but U\ By is
represented by Dy because any element of By takes the form

a b |1 b/d| |a
d| 1 d|”
Thus, we see that Dyl DywoUs succeeds in representing Us\ GLg. To see that each element of
Dy U DywsUs belongs to a unique equivalence class, note that there are (¢ —1)?+ (¢—1)%q =

(¢ — 1)* (¢ + 1) elements in Dy L DowyUs and (¢* — 1) (¢* — q) /q = (¢ — 1)*(¢ + 1) elements
in,lﬂf\(}lg. O

Thus, Corollary 18 gives

(0 x70) = Toup(d)Tripr(d) + D T (dwott) Ty -1 (dwu)p ({ez(dwu) ™ e1)) .
de Doy deDs
g s uels
SDZ: N -~ J/
Spuwu=

10



The sum over D, can be evaluated to

5= 2, T ({a dD T ({a dD

ackX
=1 fwele =w g,
0 else.

Importantly, = has used Proposition 6. The sum over Dow,Us is harder to simplify. The
u € Uy does not alter any summand, so we can begin by writing out

Spwr = qadze;X T ({d aD Trp—1 ({d aD Y(1/a)

Now, [Pia83, p. 63] computes

Tos (| g ) = -2 S wtrtaentto) = 1 3 wtrtodentin),

to€lX to€lX
Nt,y=d Nty=d

where ¢/k is the quadratic extension, and tr: £ — k and N: ¢ — k denote the trace and
norm maps, respectively. A similar formula holds for 7, so we see

1

Spur == Y wela) two(a) Mp(a) D Ultrt, — trt)wa(ts) twe ()
aer N
_ % S w(0) (@) a) 3D ety + et (t) e ()
ackX to,tr €L%
Nt,=Nt,

To continue, we note that there is a group homomorphism ¢* x £* — {(t,,t,) : Nt, = Nt¢,}

given by (z,y) — (xy,zy?). Observe that this homomorphism is surjective: for any (t,,t,)

with Nt¢, = Nt,, we have N(¢,/t;) = 1, so Hilbert’s theorem 90 promises some z € £*

such that t,/t, = y/y9, so x = t,/y yields (t,,t;) = (zy,zy?). Now, the kernel of this

homomorphism requires 2y = zy? = 1, or = y~ ! = y =9, meaning x =y~ € k*. Thus, the
11



kernel has ¢ — 1 elements, implying

wr(—1 -1 g\—1
Spur = 57 . wla(an) + t(ay) + ahaplay) s
z,yel™
o wT(—l) -1 q\—1
e ezk U(tr(z) tr(y) + a)wo (azy) ™ wr(azy?’)
= M ’ M a ) wy(xy) tw, (xy?)
—q(q_l)a%;w( - +> o(zy) w (zy?)

At this point, we would like to send a + tr(y)/a, but this is only legal when tr(y) # 0.
Thus, we go ahead and isolate the tr(y) # 0 terms now: over these terms, the summation is

Wr —1 -1 -1 -1 g\—1
ﬁ S (@) 3 wnla) )Y waly) e ()

a€kX reLX yeLx
tr(y)=0

If w, # w; !, then the second sum vanishes. Otherwise, we can collapse the sum down to

2 2
g —1 -1 1 g —1
—— wo(y)” wr(=y") " = - ‘
q(qg—1) y%: N ~ q
tr(y)=0
Thus,
O‘)T(_l) -1 q\—1 q2 -1
SDwU = 7~ Z ¢ (tl"(CLCC) + tr(y/a’)) wa(‘ry> wT(xy ) - ]‘w[,:w;
gl¢—1) == q
T,ycl”
tr(y)#0
wr(—1 -1
= D S (e + tr(y)) o (o) () — S
q T,yel> 4
tr(y)#£0

We would now like to re-add the y € ¢* with tr(y) = 0, where the summation looks like

WT(_l) - - - -
SO = Z ¢(tr<x))wa(55) lwf(x) ! Z wo(!/) 1w7_(,yq) 1'
q relx yeex
tr(y)=0

If wy|x # w |k, then the right sum will vanish because we can send y — cy where ¢ € k*
to pick up a factor of w,(c) tw,(c)™! # 1; thus, Sy = 0 in this case. If w, = w_!, then the
summation collapses to

qg—1

,wT_yqflz _q_l_
q o) = e

¢ -1

Lastly, suppose w,|x = w |, but w, # w . This case is harder because we must evaluate

the Gauss sum. For brevity, set y := w;'w !, which we know is nontrivial but trivial on k*.
12



The right-hand sum is

we(=1) Y wely) () = ) x(w)
yelLx yeLx
tr(y)=0 tr(y)=0

There are ¢ — 1 elements y € ¢* such that tr(y) = 0, and multiplying by an element of k*
preserves this property. Thus, fixing some y, € £* such that tr(yy) = 0, we see that the
above summation is (¢ — 1)x (o).

It remains to evaluate the Gauss sum. To begin, we use the fact that x is trivial on £* to

write
> wltr@)x(z) = > x(@) > dlctr(z)).

xel> xelX [k cckX

If tr(z) # 0 (of which the above class shows is true for all but = = yg € ¢*/k*), then the
inner sum is a sum of ¥ on £* and so evaluates to —1. However, erzwkx x(x) = 0 because
X is nontrivial, so we have

> x@) ) (etr(@) = (g —Dx(wo) + Y, —x() = ax(vo)-

welx [k cekx vl [kX
T#£Yo
Bringing everything together, we see that Sy = (¢ — 1)x(y0)?, but y2 = —Nyy € k%, so

actually Sy = (¢ — 1).

Combining all cases of Sy, we see

wr(=1) > Wlte(x) + tr(y))wo (2y) " wlzy) ™ = (¢ = Dluy ozl

[RVISIAS

SDwU::

Adding back in Sp, we have proven the following result.

Theorem 20. Let 0 and T be cuspidal representations of GLg with central characters w,
and w,, respectively. Then

7o %7, 1) = TN S it )y (1) e (23 by () e (7).

q xelX yeLx

Remark 21. The above work has also shown the following: let £/k be a quadratic extension
of finite fields, where k has order ¢q. Let i be a nontrivial character on k, and let x be a
nontrivial character on ¢* with is trivial on k£*. Then

> ytra)x(z) = x(zo)g.

xelX
where z € 0%\ k* satisfies 3 € k*.!
4. GAMMA FACTORS FOR GL; x GL; x GL,

In this section, we define and prove some basic properties of y-factors of GLy x GLy x GLs.
Throughout this section, k is a finite field with ¢ elements, where ¢ is odd.

IThis appears in Elad’s work on the Bessel function, Proposition A.2
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4.1. Review of Symplectic Spaces and Notation. We review basic properties of sym-
plectic spaces and define some subgroups. In this subsection, £ is a field of characteristic not
equal to 2.

Definition 22 (symplectic). Fix a k-vector space V. A form (,-): V xV — kon V
is symplectic if and only if (-,-) is bilinear, non-degenerate, and skew-symmetric. Once
equipped with the symplectic form, V' is called a symplectic space.

Note that any v € V' has (v,v) = —(v,v) and hence (v,v) = 0 because chark # 2. Just
to make the point that we can, we define the group GSp(V') now.

Definition 23 (symplectic group of similitudes). Fix a symplectic k-vector space V. Then
the symplectic group of similitudes GSp(V') is given by

GSp(V) :={g € GL(V) : there is A(g) € k™ with (gv, gv") = A(g){v,v") for v,v" € V'}.
Here, A\(g) is called the multiplier of g.

This definition is perfectly adequate, but it will be helpful to have access to explicit
models of symplectic spaces in the sequel. The following lemma explains how to explicitly
think about symplectic spaces.

Lemma 24. Let V be a symplectic space of finite dimension d. Then d is even, and there
is a basis {x1,...,Ta2, Y1, .., Ya2} of V such that

(T 2j) = (Winy;) =0 and  (x5,y;) = Liy
for any indices i and j.

Proof. For this, we use a modified Gram—Schmidt process. Pick up any basis {v1,...,v,} of
V', and begin with z7 := v;. Because (-,-) is non-degenerate, we can find some basis vector
v; such that (xq,v;) # 0. Note v; # x1, so without loss of generality, we say (x1,v9) # 0, and
by scaling vy, we may assume (zq,v3) = 1, so we set y; = vy. Now, for each v; with ¢ > 3,

we replace v; with
v = v — (Vi Y1) @1 + (Vi 1)y
A direct computation shows that (v}, x1) = (v}, y1) = 0 for each v}, so we can repeat the above

process (namely, set xo := v3 and extract yo so that (z2,y2) # 0 and scale) inductively. O

Because the dimension of a finite-dimensional symplectic space is always even, we set the
convention to say that V' has dimension 2n for a positive integer n. Lemma 24 allows us to
express each symplectic space in some standard way. In particular, writing vectors v,v" € V
in terms of our basis as v = ayx1 + - - - + a,x, + b1y + - - - + by, and similarly for v/, we see

(w,0') = [aT b7 Do m :

=l
Wop — I .

Using the above as an explicit basis for k%", we can write the condition {(gv, gv’) = A(g){v,v’)
for all v,v" € V as vTgTWa,gv" = A(g)vTws, v for all v € v/ € V. Equivalently, we are asking
for gTws,g = \(g)Way,, so we may explicitly define

GSp,, (k) == GSp (/{2”) = {g € GL, (k) : @ngﬁgl = )\(g)g‘} )
14
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Our next point of discussion is of isotropic subspaces.

Definition 25 (isotropic). Fix a symplectic k-vector space V. Then a subspace W C V is
isotropic if and only if (w,w’) = 0 for any w,w’ € W.

Example 26. Given the symplectic space V' a basis as in Lemma 24. Then we see that
X = span{xy, zs,z3} is an isotropic subspace.

Lemma 27. Fiz a symplectic k-vector space V' of finite dimension. Then an isotropic
subspace X C V' is a maximal isotropic subpsace if and only if dim X = %dim V.

Proof. Given any isotropic subspace X C V', we can extract any basis of X, extend it to
a basis of V', and then use a modified version of the Gram—-Schmidt process akin to the
argument of Lemma 24 to show that X is contained in an isotropic subspace of dimension
%dim V,so dimW < %dim V. On the other hand, if X is maximal, we see equality must
hold, so we conclude. 0

Remark 28. The proof of Lemma 27 shows that any maximal isotropic subspace X of V' has
a “dual” maximal isotropic subspace Y such that V = X @& Y. Indeed, this follows from
letting the “rest” of the n basis vectors extracted via Lemma 24 be a basis for Y. Note that
this choice of Y is not unique because extending the basis was not unique.

Thus, we will want to let P*(V) C GSp(V) denote the subgroup fixing some given
maximal isotropic subspace. In our concrete situation, we define Po" (k) C GSp,,(k) as
fixing the subspace {z1,...,z,}, so

PP(k) = {[A g} c GSp2n(k)}.

Now, to be in GSp,,(k), we are asking for

AT _[4 B] _DTA
BT pr| W D| T |AT™D —B'D+ DB

to be a multiple of @Ws,. As such, we see that we require D = A\A* for some A € k* and A™'B
to be a symmetric matrix. Thus, any matrix in Pj (k) can be uniquely written as

AA I, Z| |XNA MNAZ
At I,| At
where A € GL,(k) and A € k* and Z € M, (k) is symmetric. This motivates us to define
the subgroups

D3P (k) = Dy, , N GSpy, (k)

A4 AL} Ae GLn(k)},

|
U3i(k) i= Unn 0 GSpy, ()
|

I, Z
I

} : Z e kMM s symmetric}
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so that Pyn(k) = D3 (k)Ush (k). For completeness, we note that the corresponding Borel
subgroup contained in Py (k) is

BY (k) = { {)\A AL} : A e GL,(k) is upper—triangular} -UsP (k).

For example, the diagonal matrices of GSp,,(k) make up a maximal torus Ty, of Bs (k),
and the unipotent radical in B3} (k) is

Uy = { {A A‘} : A € GL, (k) is upper-triangular and unipotent} -USP.
We let U, denote the analogous family of lower-triangular matrices, namely
Uy, = { [A AL] : A € GL, (k) is lower-triangular and unipotent} Au:uT e Us}.

Continuing, we for brevity let W (GSp,,(k)), and for each w € W, we define the subgroups
U, =U NnwU,,w' and U} =U, NwlUw".

This allows us to define the standard intertwining operator attached to a Weyl group element
w € W(GSp,,(k)): fix a character x of T,,, and extend it to B;, using B;, = Tar X Usy.

2n»

Then we define the operator M, : Ind o y — IndS5P vy by

Sp sp
BQn BQn

(Muf)(9) = > f (v ug).

u€Uy
Most notable is
(sznf)(9> = Z f(w2nu9)'
uelUs?

One can check that M, is well-defined and G-invariant. Furthermore, it is a general fact
about root systems and the Weyl groups attached to them that the multiplication map
Ul x U, — Uy is a bijection. Thus, if £: W (GSp,,,) — Z denotes the length function, then
0(wy) + L(wy) = £(wyws) implies that M, o My, = My, w,-

The whole point of investigating GSp,, (k) is that we will be able to approximately
embed GLy(k)"™ into GSp,, (k). Indeed, using the basis provided by Lemma 24, we em-
bed GLy(k)" < Gla,(k) by having the g; in the tuple (g1,...,9,) € GLa(k)" permute
span{x;, y;}. Concretely, this looks like

ai by

ai b1 an, bn . (7% bn
C1 d1 T Cn dn C1 d1

Cn dy

Using the above as out notation for g;, we see that (g;z;, g;y;) = (a;x; + c;y;, biz; + diy;) =
a;d; — b;c; = det g;, so (g;v, g;v') = (det g;){(v,v’) for any v,v" € span{z;,y;}. It follows that
16



we want to define the subgroup
GLS" (k) :== GLj (k) N GSp,, (k)
= {(g1,...,9n) € GLY(k) : det g = --- = det g,, } .

4.2. Double Coset Computation. In this subsection, we use the notation and conven-
tions of the previous subsection. Because no confusion will arise, we will omit the field k

when notating our groups. We will compute GLgn) \ GSp,,, /P for 2n = 6. We start with

Lemma 29. Fiz a symplectic vector space V' of finite dimension. Then GSp(V') has a tran-
sitive left action on the set X (V') of mazimal isotropic subspaces of V' by left multiplication.
In particular, if P®(V) is the subgroup fixing some mazimal isotropic subspace X, then

GSp(V)/P*®(V) is in natural bijection with X (V).

Proof. Set n == dimV. Lemma 27 tells us that X (V') consists of isotropic subspaces of
dimension n/2. Now, our left action is defined simply by translation: for g € GSp(V') and
X € X(V), we set g- X = gX. Here are the checks on this action.

e Well-defined: note that gX is indeed an isotropic subspace because g € GSp(V).
Indeed, for any x,2" € X, we see that (gx,gz’) = A(g)(z,2") = 0 for some given
constant A(g) € k. Further, dim gX = dim X = £ dim V' verifies that ¢X is maximal.

e Transitive: given X, X' € X(V), we want g € GSp(V') such that X’ = gX. Well, via
the modified Gram—Schmidt process of Lemma 24, we obtain can extend a basis of
X to a basis {@1,...,%n/2,y1,...,Yns2} of V satisfying the conclusion of Lemma 24
and such that X = span{x,...,2,/2}. The same process for X’ produces another
basis {z},..., 2/, /o> Yl Yl /2} of V with the analogous conclusions.

We now define g: V' — V by g: x; — 2} and g: y; — y;. By construction, g X = X",
and we see that g € GSp(V') by checking on the basis coming from X: note
(9, gj) = <$27$;> =0 = (2, 7;), (9¥i, 9y5) = <?J§7?/;~> = 0= (Y, ;)
and
(924, 9y5) = (2}, y5) = Lizj = (2, y5)
for any indices ¢ and j.
The above checks establish the second sentence of the lemma. The last sentence follows

quickly from the Orbit-Stabilizer theorem: the bijection GSp(V')/P®(V) — X(V) is given
by gP® (V) — gX. O

For the remainder of the subsection, even though it is not totally necessary, we will set V' :=
k*" to be a symplectic space with basis {1, ..., Zn, Y1, .. ., yn} extracted by Lemma 24. This
allows us to identify GLg") with a subgroup of GSp,,. For brevity, we set V; := span{x;, y;}
so that V =V, @ --- @ V,; we also set Xy, = X (k*").

In light of Lemma 29, we are interested in studying GL(zn) \Xa2,. The approach is to attach
invariants to various isotropic subspaces in A, and use those to classify the orbits. Here are
the relevant invariants.

Lemma 30. Fix notation as above.

(a) For any g € GLén) and X € X(V), we have dim(gX NV;) = dim(X NV;).
17



(b) For any X € X(V), we have dim(X N'V;) € {0,1}.
Thus, X — dim(X N'V;) defines a function GLén) \ X, — {0,1}.

Proof. To see (a), expand g = (g1, ..., gn), and we compute
dim(X NV;) = dim(gX NgV;) = dim(gX Nspan{g;z;, g;y;}) = dim(gX N'V;).
To see (b), we of course have dim(X NV;) > 0. On the other hand, note dim(X NV;) > 2
would imply that V; = (X N'V;) € X, but this cannot occur because (z;,y;) = 1 and X is
isotropic. [
In light of Lemma 30, we define
4 =1{X € &, : dim(X NV;) = d; for each i}.

Each X4, .. 4,) provides a good candidate for an orbit when nonempty. Now, these invariants
d; are pleasant to work with because they allow an inductive process. Here is our “base case.”

-----

Lemma 31. Fiz notation as above with 2n = 2. Then X, = X{y), and Xy) is a GLgl)—orbit.

Proof. Here, V = V| = k?, so any maximal isotropic subspace X € X, will have dim(X N
Vi) =dim X =1, s0 X € &Xy). It follows X, = A{y). Lastly, note that GLS) = GLy = GSp,,
so the GLgl)—action on Aj is transitive by Lemma 29, so Xy) is indeed a single orbit. 0

Here is our “inductive step.”

Lemma 32. Let V be a symplectic space, and let V- =W @& W’ be a decomposition of V'
into symplectic spaces. For any maximal isotropic subspace X of V', if X "W is a mazimal
isotropic subspace of W, then

X=XnW)eXnW),

and X N W' is a mazimal isotropic subspace of W'.

Proof. To see that X = (X NW) @ (X NW’), we must show that any x € X allows us to
write x = w+w’ where w € XNW and w' € X NW'. Well, we may at least write z = w+w’
for w € W and w’ € W’, and it remains to show w,w’ € X. Well, any xo € X N W has

(g, w) = (xg,w + w') = (x9,2) =0,

where (xg,w’) = 0 because V.= W @& W' is a decomposition of symplectic spaces. Thus,
(X NW)Uspan{w} is an isotropic subspace of W, so maximality assures us that w € X NW.
To finish off, we see w’' = x — w € X as well.

It remains to show that X N’ is a maximal isotropic subspace. If V' is finite dimensional,
one can see this by counting dimensions, but we will avoid this. Suppose w(, € W’ satisfies
(w',wj) = 0 for any w’ € X NW’'; we must show w(, € X. Well, for any x € X, decompose
x =w+ w where w € W and w’ € W’. As above, we know w € X, so v’ € X, so

(e wh) = (w, wp) + (!, wh) = 0.

Thus, maximality of X implies w(, € X, completing the proof. 0

.....

..........
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Proof. The second sentence follows from Lemma 32, where we are decomposing k?" into
k*=2 @ V,,. The point is that d,, = 1 implies that X NV}, is a maximal isotropic subspace of
V..
It remains to prove the last sentence. Well, our bijection is given as follows.
Xy, dn) = K1) X 1)
X = (Xnk2 XNV,

X, @ Xy ¢ (X1, Xo)
The rightward map is well-defined by Lemma 32. Checking that the leftward map is well-
defined and that the maps are inverse is direct from what we’ve already established.

Lastly, we must check that the bijection is an isomorphism of GLén)—sets. It’s enough to
show that the leftward map is GLgn)—equivariant, for which we note

(glu S 7gn)(X17 X2) - ((917 s 7gn—1X17 anQ)
gets taken to (g1,...,9n_1)X1 ® goX,, which is indeed (g1, ..., 9,) (X7 & Xs). O

Corollary 34. Fiz notation as above. If X, . 4,) € Xon is a nonempty GL(zn)—orbit, then
Xd....dn,1) C Xonto is a nonempty GLg"H)—orbz't.

Proof. Lemma 33 grants us that
X(dl,...,dn,l) = X(d17~--,dn) X X(U’

so we will show that the right-hand side is a transitive GLgnH)—set. (Note the right-hand side
is nonempty by hypothesis.) Well, for any two pairs (X, X5) and (X7, X3) in Xg, .. 4,) X X(1),
we may find ¢, € GLg") and go € GLy so that X| = ¢; X7 and X}, = g, X5. But now

g = ((det g2)g1, (det g1)g2) € GL%"H)
has (X1, X?) = g(X1, Xo). O

As a starting step, we address 2n = 4.

Proposition 35. Fix notation as above with 2n = 4. Then Xy = Xo0) U X(1,1), and these
are GL%Q)—orbits.

Proof. Fix some X € X{4, 4,). We have two cases. Quickly, if d; =1 or dy = 1, without loss
of generality take do = 1. Then Lemma 33 lets us decompose

XMary) = Xay) X X,
but X4,y must be X(;) by Lemma 31. It follows that we are looking at X 1), and X{y ) is
an orbit by Corollary 34.

Lastly, we must deal with Xgg). Observe that this collection is nonempty because it
contains X0y = span{z; — &2, y1 + y2}, so it remains to show that it is an orbit. We will
show that any X € X{g,) is in the same orbit as X ).

Because X € X{o), a nonzero element takes the form v; + v, where v; € V; and v, € V5
are nonzero. Using an element of GLgQ) to move the lines span{v;} C V] and span{vy} C V;
around, we may assume c;T, — oy € X for some nonzero ci,cy € k. Adjusting X by the

element ([ ],[Ye2,]), we may assumeltghat ry— 19 € X.



Now, let {x1 —x9, (@121 +b1y1) + (asxa + bays) } be a basis of X. Adjusting the second basis
element by z; — x5, we may assume that a; = 0. Checking that X is isotropic, we see that
b == by = by, which we see must be nonzero, so without loss of generality our basis looks like
{x1 — 29,11 + Y2 — axo}. Adjusting X by ([ ], [! ¢]) turns out basis into {z1 — x2, y1 + ¥o},
so X is in the same orbit as X ). O

We are now ready for 2n = 6.

Proposition 36. Fiz notation as above with 2n = 6. Then Xy = X 0,0) U X(1,0,0) L X{0,1,0) L
X0,0,1) U X0,0,0), and these are GLg)—orbitS.

Proof. The argument is the same as in Proposition 35 but a little harder. Fix some X €
X(d, do,d5), and we have two cases. Quickly, if any of the d; are 1, take d3 = 1 without loss of
generality. Then Lemma 33 lets us decompose into the n = 4 case, where we see

Xy ) € {X0,0), Xan}

by Proposition 35. Thus, we either have X1y or &(11,1), and each of these are orbits by
Corollary 34.

It remains to deal with X{g0). Again, this is nonempty because it contains X0y =
span{x; — xa, o — T3,Y1 + Y2 + Y3}, SO it remains to show that it is an orbit. We will show
that any X € X(,0,0) is in the same orbit as X 0.

The key claim is that dim(X N (V5 @ V5)) > 1. To see that the dimension is at least 1, let
m3: V' — V3 denote the projection. But then, dim X > dim V3, so ker(ms|x) = X N (V1 & Vs)
must be nonempty.

Thus, we may let v; + vy be a nonzero vector in X N (V; & V3). Adjusting X by an element

of GLé?’) as in Proposition 35, we may assume x; — x5 € X. A symmetric argument to
the previous paragraph also allows us to let wy + w3 be a nonzero vector in X N (V4 @ V3).

Adjusting X by an element of GL§3) again to move v3 around, we may assume our element
has the form (agzy + bays) — x3. However, we must have

(x1 — X9, (a2x9 + boys) — x3) = 0,

so by = 0 follows. Now, adjusting X by (1’27 [1/“2 a2],[2) grants ro — 23 € X.
Now, let a third basis vector of X be given by v; + vy +v3. Adjusting this vector by x; — x5
and zo — x3 allows us to assume that it takes the form csx3 4+ diy1 + doyo + d3yz. Testing

(w1 — 29, c323 + dyy1 + days + dsys) = (x2 — 13, c3w3 + diyy + doy + dsys) = 0

implies that d .= d; = dy = d3, and we must have d # 0 because X N V3 = {0}. Thus, by
scaling, we may take our vector to have the form y; + y» + y3 — c3x3, whereupon adjusting
X by (I, I, [' ¢]) grants y1 + y3 + y3 € X. It follows that X = X0 O

In the sequel, it will be helpful to have explicit representatives for P;"\ GSpg / GL(23). We
follow [Tke89, Lemma 1.1].

Corollary 37. We have the following representatives of Pg"\ GSpﬁ/GLgﬂ.
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(a) The element

00 0 —1 0 0
01 -1 0 00
oo 1 0 00
=111 -1 0 00
00 0 -1 10
00 0 0 1 1]

has ny' X € X00). Further, the “stabilizer” GLY) nng ' PsPrg is the subgroup

S(no)::{({a lﬂ,[a %],[a %DGGLQ :b1+b2+b3:0}.

(b) The element

00 0 —1 0 0
010 0 00
_loo1 0 00
m=1110 0 00
000 -1 10
000 0 0 1

has Ny ' X € X01). Further, the “stabilizer” GLY) nny PPy, is the subgroup

son={([e al [ @] [ ) ey

Rearranging the rows and columns appropriately produces elements ns and ns with
ﬁ;lX c X(O,I,O) and ﬁng c X(I,O,O)-

(c) The element ns = I has 13 ' X € Xa1,). Further, the “stabilizer” Gng) Nns L P5Pns
18 the subgroup

{1 e

Proof. We work with each class one at a time. We omit the checks that each 7, lives in GSp.

(a) Note

"0 —10 1 0 0]
0 1 10 0 0
. o 0o 10 0 o0
=11 0 00 0 0]
1 0 00 1 0
1 0 00 —1 1]

s0 1y ' X is spanned by {—y; — Y2 +ys, o — 1, T3+ 22 }. Adjusting ny ' by (Il Ir, — 1)
produces the element X ) constructed in Proposition 36, so the first assertion

follows.
21



For the stabilizer computation, we set g = ([“1 b ], [“2 b2 ], [“3 bs ]) and compute

c1 di co da c3 d3
i dl C1 0 —C1 0 0 T
—bg — b5 (05} a9 — A3 0 b2 + bg —bg
b 0 a 0 —b b
-1 _ 3 3 3 3
(421) gio -~ = —b1 — bg — bg a9 — a1 G2 — Qs aq bz + b3 —bg
d1 — dg C1 + Co Co —C dg 0
d3 — dQ Co Cco + C3 0 dQ — d3 d3 |

Thus, nogn,* € P¥ if and only if g € S(np).
(b) We will only prove the assertions involving 7;; the proofs of the others follow by
rearranging the basis. Note

0 -1 0 1 0 0
0 1 0000
. |0 0 1000
=11 0 000 0f°
10 0010
L0 0 000 1

so n;'X is spanned by {—y; — y2, —1 + T2, 73}, which we can see is span{z; —
T2, Y1 + Y2} @ span{ws} and thus in X 1). (Note span{z; — xa, 91 + y2} € X0, as
in Proposition 35.)

For the stabilizer computation, we we set g = ([‘“ o ], [“2 b2 ], [“3 bS]) and com-

c1 d1 () d2 C3 d3
pute
—b2 (05} 0 0 b2 0
o 0 0 ag 0 0 bs
(4.2.2) I =y by —ayd+as 0 ay by O
dy—dy c1+c 0 —cp dy O
L 0 0 C3 0 0 d3_

Thus, nign; * € B® if and only if g € S(m).
(c) All assertions follow directly from the fact that s is the identity. 0J

Remark 38. Though it is not clear from the computation, we use the term “stabilizer” for
S(n;) because S(n;) consists of the elements of GLgS) fixing some isotropic subspace in the

corresponding class of GL;B) \As. We have chosen a more explicit exposition because it will
be helpful to have explicit matrices computed later on.

4.3. Multiplicity One. In this subsection, we prove a multiplicity one result which will
become the functional equation. For the rest of this section, k& will be a finite field, and
1, o, T3 are irreducible representations of GLg; note that m ® my ® w3 is a representation of
GL3 and hence of GL§3) by restriction. For each 7, we let w; denote the central character of
7;, and we set w = wywaws. Using the decomposition Pg” = D?Ug", we define the characters
Xo and x1 on Pg® by

Xo+- AL

M x
AL

} = A and X1:

22
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(Notably, xo is the restriction of the multiplier character m: GSp; — C*.) We now set
T e— — GSpg (~
w = wo xox1 and [(w) := Ind s (0).

6

Example 39. The definition of w is perhaps a little strange. As an example computation,
we note any ¢ € k* yields

~ _(|(1)c I _
w(cls) =@ QC (1/e- L) (1/c- ]3)LD =w (?det(1/c- I3)) = w(c) ™"
Computations of @ (of which we will do many below) tend to look like this.

The goal of the present subsection is to prove the following result.

Theorem 40. Fiz notation as above. Suppose one of the following holds.

e Permutations of the following condition: m is cuspidal, and m % 7y, and m % 3.
e Permutations of the following condition: m and my are cuspidal, and w % w3 .
e Fach m; 1s cuspidal.

Then
dim HomGL;g,) (I(w)®@m @M ®m3,C) < 1.

To begin, we make the following observation to allow us to use Frobenius reciprocity.

Lemma 41. For any group G with subgroups Hy and Hy, any representation p of Hy has
the decomposition

a G o~ Hy
Resy, Indy, p = EB Inde,1H177 P
77€H1\G/H2

where p,(g) = p(ngn").

Proof. The forward map sends f € Indg,1 p to (f,), where f,(hy) = f(nhsy) for any hy € H.
To see that this map is well-defined, note any h € Hy N 'Hyn has f,(hhe) = f(nhhy) =
p (nhn™) f(nha) = py(Rh) f,(h2). All group actions are translation on the right, so this map
is Hy-invariant as well.

Continuing, the backward map send (f,), to f defined by

f(hinhy) = p(h1) f(ha)

for any hy € Hy and hy € Hy. To see that this is well-defined, note hynhy = hinh’, implies
n~thythin = hy(hh)~Y, so this element is in Hy N5~ Hn, so we see

p(h) fo(h2) = p(hy)py (ha(hh) ™) fo(Rh) = p(hY) fo(hs).

Continuing, by construction, we see that f € Indg1 p, and this map is in fact inverse to the

forward map, so we have exhibited the needed isomorphism. O
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The above lemma allows us to use Frobenius reciprocity to write

HomGng) (I(w) ® M ® T8 @ 3, C)

12

cLyY .
@ HomGL<3) Ind ™2 Wy @ m @M ®my,C
2 n

GLgB) ﬂn*ngp
ne PP\ GSpg / GLYY
@ HOII]GL;S) rm71ng17 (wn X Ut X T2 X 73, C)
nePP\ GSpg / GLEY
o @ Hom . 3 (7T & Ty ® T &371)
GL§ rm_1pgp77 1 2 3, %

nEPIP\ GSpg / GLSY

1%

5
=~ (P Homgy, (m @ m @ m5,0,") -

i=1
We now go through and examine Homg,, (7r1 ® My ® m3, W, 1) for each n;.

Lemma 42. The representation m = Ind% o 18 naturally isomorphic to the vector space of
functions f: k* — C with Py-action given by

([ ﬂ / ) (x) = ¥(bx) f(az).

Proof. By definition of 7, a function f € 7 is uniquely determined by its values f ([* ]) for
x € k* because f ([*%]) = (b)f ([*1]), so we may regard each f € 7 as a function on k*.
To finish, we track through the P;-action as

(1" S)@=s (|7 1" )= (]" 5l o)) =eonsa,

which completes the proof. 0]
Lemma 43. Fix everything as above. Assume that at least one of the m; is cuspidal. Then

dim Homgy,) (7T1 R Ty ® 7T3,c~u7;01) < 1.

Proof. Without loss of generality, say that 7 is cuspidal. It will make no difference in the
argument, so immediately restrict our attention to the subgroup

P::{({a ﬂ,[a bﬂ,[“ bf’]):b1+bg+b3=0}§5(770),

and in fact for much of the argument we will use

(N R e

Using (4.2.1), we can compute that w,, vanishes on N. Now, because our representations m;
are higher-dimensional, we may write Resp, m; = 7 & J(7;) where 7 := Indgz e and J(m;) is
the Jacquet module of Us-invariants; notably, J(m) = 0. Thus, by expanding out the tensor

product, we have the following cases.
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([

We show dim Homp(m @ 7 @ 7, C) < 1. We argue explicitly; namely, we claim that a
P-linear map T: 7 ® m ® m — C is uniquely determined by T'(11,1;,1;) € C, where
1; denotes the 1-indicator. Here, we are using Lemma 42’s description of .

By linearity, 7" is determined by its values on indicators T'(1,,, 14y, 1a,). Now, we
see

({a ﬂ 1%) (2) = ¥(bx)1,,(ax) = 1 (bx) 14, /0(z) = 1 (bai/a)la, /a(T).

Thus, for example, if a; # ag, we may find (by, b, b3) such that by + by + b3 = 0 while
W(a1by + asby + agbs) # 0; explicitly, set by = 0 and by = —ayby/ay while letting by
vary. Then the element ([!%],[*%],['%]) implies that T'(1,,, 1,,,14,) = 0. An
analogous argument shows that as # ag forces T'(1,,, 1a,, 1las) = 0.

Thus, T is determined by its values on T'(1,4,1,,1,). But the above work shows

that

T(ly, 10, 1) =T ({“ 1} 1, la 1} i [a 1} 1a> =T(13, 15, 1),

so T is indeed uniquely determined by T'(1, 14, 14).
We show dim Homy (7 @ 7 ® J(73), C) = 0. Well, fix some N-linear map T: 7 @ 7 ®
J(m3) — C. Because J(m3) is Us-invariant, we find

b 1 b 1 b 1 b 1 —=b—0>
11:| U1, [ 12:| U27U3> - T <|: 11:| U1, |: 12:| V2, [ 11 2:| U3> - T<U17U27U3>

for any (vi,ve,v3) and by,by € k. Thus, we can view T as a function J(m3) —
Homyy, xp, (m @ 7, C). But this target is zero-dimensional: note

Res{2% (2 (m @ m) = Res;? ™ @ Res(? 7 = @ (V' @ ¢")
7})’,71)”6];-;
Y'Y #1
by expanding out the tensor product. Thus, we see that there are no (Us x Us)-
eigenvectors with eigenvalue 1, so dim Homy, «xp, (C, 7 ® ) = 0.
We show dim Homy (7 @ J(m2) ® J(m3)) = 0. Arguing as above, an N-linear map
T: 7®J(m)®J(m3) — C can be thought of as a map J(m) ® J(m2) — Homy, (7, C).

However, we see dim Homy, (7, C) = 0 from decomposing Resgz T = @w’eﬁ,¢’¢1 (I

Summing the above cases (and their permutations) completes the proof. O

Lemma 44. Fix everything as above. Assume that one of the following conditions holds.

w3 18 cuspidal.
Y%
T E Ty

Then dim Homg,,y(m ® m ® 7T3,¢~0;11) =0.

Proof. Quickly, we use (4.2.2) to compute w,, Lon S(n;) to see that the symmetry condition
on T' € Homg,)(m ® mp @ 73,@,") is

a; b a —b a= b
T(Li di] %[_; df] [ dj vg)zwug)T(vl,vz,vg)_

We now argue each case independently.
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e Suppose w3 is cuspidal so that Resf;L2 w3 = 7. As above, any S(n)-linear map

T:m @m®mg — Wy, ~1 can be thought of as a map m ® my — Homp, (73, (1,w)),
where (1,w): By — (C is given by (1,w)[ 23] = w(ds).
However, Homp, (73, (1,7)) € Homp,(73, C) = Homp, (7, C) is zero-dimensional
because of the decomposition Resgi T=ep PR 41 (T
e Suppose m 2 my. As above, any S(n;)-linear map T: 7 ® m ® 73 — @7711 can be
thought of as a map 73 — Homgr, (m ® 72, C) where GLg acts on m ® my by

a b (11 @ vp) = a b ® a —b
c d|\rP T e g™ ¢ 4|
Now, we claim Homgp,(m ® my,C) = 0, which will complete the argument. Well,

set w := [~ ], and the isomorphism 7 — 7 by ma(g) — m2(wgw) sends the above
GLsy-action on m; ® my to the diagonal action

[Z Z] (11 ® v2) = [CCL 2} v1®[i 2} v,

Thus, Homgy, (1 ®79, C) = Homgy, (71, 7y ), where everything has the standard GLo-
action. Because m; 2 73, we see that Homgy, (71, 75 ) vanishes, so we are done. [

Lemma 45. Fiz everything as above. Assume that at least one of the m; is cuspidal. Then

dim Homg,,) (7?1 ® Ty ® T3, CJ;;) =0.

Proof. Without loss of generality, suppose 7 is cuspidal. We immediately restrict to the
subgroup Uy x Uy X Uy C S(n5), upon which 657751 is trivial. Now, a (Us x Uy X Us)-linear map
T: 1 ® my ® m3 — C can be thought of as a map T: my ® 73 — HomU2 (71, C). However,
Homy, (71, C) = 0 because of the decomposition ResU ™ = ResU2 @w'elﬁ,w'# Y. O

Combining Lemmas 43 to 45 (and their natural permutations) proves Theorem 40.

4.4. Normalizing the Intertwining Operator. Let 2n be a positive even integer. At
this point, we recognize that (M,,, © My,,): I(w) — I(w), so one might hope that this
composite is a scalar and then to compute this scalar. However, there are cases (which we
will discuss later on) where (w) fails to be irreducible, so we cannot expect M, o M,,,
to be a scalar. With that said, there is a reasonably large subrepresentation of I(w) upon

which M,,, o M,, is behaved.

Before going into the following statements and proofs, we define some notation. Given
some finite-dimensional k-vector space V' and operator T € GL(V'), we define the character
Yr: End(V) — k* by

Ur(A) = o(tr(AT)).
In our application, T will be an inverible symmetric matrix in GL,, and we will view ¢p
as a character of Uy? by mapping Ush — k™" by [ ] — A. Now, the main point of
introducting ¢ is to achieve a multiplicity-one result of eigenvectors with eigenvalue .
Before stating our multiplicity one result, it will be helpful to understand characters on Pjr.

Lemma 46. Let x: Pyt — C* be a character. Then x 1is trivial on the subgroup

{[A AL} F ﬂ :detAzl,ZESymn(k)}.
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Proof. We will show that the subgroup above is contained in the commutator subgroup. We
proceed in steps.

(1) We show that x is trivial on Ush. Well, for any u := [! 4] in U5> where Z € Sym,, (k),
we use the fact that 2 € k™ to note that

1 I e e

so u is a commutator.

(2) We show that x is trivial on the subgroup of matrices of the form [4 .| for A €
SL,(k). Well, it is well-known that the commutator subgroup of GL, (k) is SL, (k)
(in the case that, say, k& has odd characteristic), so we can find B,C € GL, (k) such
that A = BCB~'C~!. Tt follows that

A _[B C B 1'[c 17
At - Bt CL Bt CL )
so [4 4] is a commutator.

The above two cases complete the proof. O

Remark 47. Another way to state Lemma 46 is that any character x: Pyr — C* factors
through (m, Xaet): Pap, — Fy x FX, where m is the multiplier character, and X is the
“Siegel determinant” defined by

SO

In other words, there are characters a,, 3 : Fy — C* such that x = (o, o m)(By © Xdet)-

Example 48. Let x: PP — C* be a character of the form x = (o, o m)(fy © Xdet) Where
Qy, By By — C* are characters. Then we compute

oA (e [ ] )
(1 )

(VBN "By (det A) .

Thus, (W2r)y = (o By om) (Bt © Xaet)-

We now state our multiplicity one result.

Proposition 49. Fiz notation as above. For any invertible symmetric matrix T € GL,, and
character x: Py? — C*, we have

dim Homys» (IndGSan X @bT) =1,

Sp
P2n

where Yr is a character on Usy as described above.
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Proof. We use Mackey theory. To begin, we use Frobenius reciprocity and Lemma 41 to note

GSan
Homyg, (Indf xvvr) = @@ Homugy (Induggn,agzy X 1)
VEPE S /U,

@ HOI’HU;EQ”*IP;ZW (Xn7 ¢T> :

n€P2STPL\ GSan /U;E,

I

(4.4.1)

To continue this argument, we need a rough idea what Py~ \ GSp,,, /Us" is, for which we use
the Bruhat decomposition

GSpo, = || BRwBy,
weW (GSpy,,)

where W (GSp,,,) is the Weyl group. In particular, we want to understand the Weyl group.

Lemma 50. Let 2n be an even positive integer. Let Yo, be the set of permutations o € S,
such that o(i +n) = o(i) +n (mod 2n) for each i.

(a) For each w representing a class in W(GSpy,), there exists a unique permutation
o € g, such that w = do for some diagonal matriz d.

(b) For each o € 3, there exists some diagonal matriz d with entries in {£1} such that
do € GSp,,. In fact, d = diag(dy,ds, ..., ds,) is uniquely determined by the values

{da(l)v s 7da(n)}’

Proof. We will show the parts independently.

a) Recalling that the diagonal matrices of GS make up a maximal torus in BiY. we
(a) g g Doy, p oo

note that diagonal matrices are normalized by the semidirect product of permutation
matrices and diagonal matrices (this is even true in GLg,), so we can view elements
of W(GSp,,,) as permutation matrices with elements adjusted by a diagonal element
to lie in GSp,,,.

In particular, we may write w = do for some diagonal matrix d, and this o is
unique. It remains to show o € ¥,,. Well, the main point is that do € GSp,,
requires

dO”l/ﬁQnO'TdT = 1/172”.

Setting d := diag(dy, ..., ds,), we now pass through a basis vector €x(i) to compute

(4.4.2) (=)' dyin) o) €o(itn) = (—1) 7O €0y 4n,

where indices live in {1,2,...,2n} but are considered (mod 2n). Because the diago-
nal elements of d are nonzero, we must have o(i +n) = (i) + n (mod 2n), meaning
s 2271-

(b) We need a diagonal matrix d = diag(dy,...,ds,) such that do € GSp,,, meaning
doWo,oTdT = Wsy,,. Well, it suffices to check this on basis vectors €q(i), for which we
see it is enough (4.4.2). But because o € 3, it is equivalent to require

(= 1) do(iysnlogy = (=1) " do(ipmydogy = (—=1)10>n

for each index i. Observe (—1)*+m>n = —(—1)t>n and (—1)leGrm>n = —(—1)le@>n
(indices are still taken (mod 2n)), so if the above equation is satisfied at index i,

then it is satisfied at index 7 + n.
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As such, given signs {dyq1), ..., dym)}, We must set dy(y4n = (—1)'c@>nd,;) for
each i € {1,2,...,2} to satisfy the equation at the indices i € {1,2,...,n}, and this
choice of signs will work. 0

In light of Lemma 50, we represent each w € W(GSp,,,) by d,o, where d,, is a diagonal
matrix with entries in {£1} and o, € 3s,; the permutation o, is determined by w.

The Weyl elements W (GSp,,,) provide representatives for double cosets Bah\ GSp,,, /Bs).
It follows that each g € GSp,, can be expressed as po,d,du where p € P,b and w €
W (GSpy,) and d € D and u € U;». In other words, we have found that elements of
W (GSp,,) D5, succeed in representing all double cosets in P\ GSp,,, /Usr. It will be helpful
later to have the following “normal” form for elements in Ys,.

Lemma 51. Fix notation as above, and suppose o € Xg,.

(a) There exists o' € DY MYy, such that o'o(i) =i (mod n) for each i € {1,2,...,2n}.
(b) For any o' € D5 N X,

{ie{l,2,....n}:00) <n}={ie{l,2,...,n}:0'0(i) <n}.
Proof. We show the parts independently.

(a) The point is to “rearrange” the outputs of o on {1,2,...,n}. Indeed, we define
o'(o(i)) fori € {1,2,...,n} by

N & if (i) <n,

7 (oli)): {z +n if o(i) > n.
Then, to have ¢’ € 3, we must have o'(c(i+n)) = o’(c(i) +n) = o’'(i) +n for each
i€{1,2,...,n}, so the above values have uniquely determined an element ¢’ € 3,,.
Now, by construction, we have 0’0 (i) =i (mod n) fori € {1,2,...,n}, and this ex-
tends to all i € {1,2,...,2n} because 0’0 € ¥,,. Lastly, we see ¢/ maps {1,2,...,n}
to {1,2,...,n} and maps {n + 1,n+2,...,2n} to {n+ 1,n+2,...,2n}, so as a

matrix o’ looks like
;A
o' = { D] .

Here, A and D are permutation matrices, and o’(i + n) = o’(i) + n implies A = D =
D', so o’ € D).

(b) By hypothesis, o’ sends {1,2,...,n} to {1,2,...,n} and sends {n+1,n+2,...,2n} to
{n+1,n+2,...,2n},s0 o(i) < nif and only if 0’c(i) < n. The equality follows. [

Now, according to (4.4.1), we would like to understand x,, and ¢r on H, = Ush Ny~ ' Pyrn
for representatives 7 of our double cosets. We begin with x;,.

Lemma 52. Fix notation as above. Fix some w € W(GSp,,), and set n = o,d,d where
d € D55, Then x, is trivial on H, = Us> Nn~'Pyn.

Proof. For any u € U,, we compute

Xo(w) = x (nun™') = x (owdy (dud™) dy' o) = Xowa, (dud™) |

so it is enough to show that x4, is trivial on H, g, . (Notably, dud™! € Us® still.) In other

words, we may assume that d = I,.
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Now, fix any u € H,; we want to show x (o,dyud,'o,') = 1. By Lemma 46, it suffices to
show that o,d,ud o' has multiplier 1 and has top-left quadrant with determinant 1. To
begin, we recall m: GSp,,, — F; denotes the multiplier character and compute

m (dewud;lagl) = m(oudy)m(u)m(owd,) ' =1,

-1

1) = 1. We will show this by Gaussian elimination.

so we now want to show x; (owdy,udy,to
The following lemma will be useful.

Lemma 53. Let k be a field, and let z € M, (k) be called “sparse” if and only if zv =0 or
vTz =0 for each v € k™. If z is sparse, then gzg~" is sparse for any g € GL, (k) satisfying
g =g

Proof. For any v € k™, we note either zg~'v = 0 or vTgz = (¢ 'v)" z = 0, which is what we
wanted. 0

To use Lemma 53, we note that dy,udy,' — Iy, is sparse: indeed, we may check being
sparse on a basis, for which we note that any basis vector e; has dwudgjlei = ¢;. Thus,

owdyud, ol — Iy, is still sparse, so we write

1 - A+ B
1 1 _ n
owdyud, o, = [ 0 D+ [n] .

Recall our end goal is to show x; (0,d,ud,'c,') =1, so we want to show det(A + I,,) = 1,

which we now do Gaussian elimination to establish.

For each basis vector e; with 1 <14 < n, we know that either Ae; = 0 or e] A = 0, meaning
that for each 4, either the ith column of A+ 1, is e; or the ith row of A+ 1, is e]. For example,
if the ith column is e;, then Gaussian elimination allows us to subtract this column from each
other column, thus zeroing out the entire row while leaving the rest of the matrix unchanged.
A similar process works for columns, from which we find det(A + I,,) = det([,,) = 1, which
is what we wanted. 0

Combining Lemma 52 with (4.4.1), we want to count classes n € PP\ GSp,,, /Usy so that
Y is trivial on U,. To complete the proof of the proposition, we thus must show that ¢ is
trivial on U, for precisely one class 1. To begin, we explain which class that is.

Lemma 54. Fix notation as above.
(a) Yr is trivial on Hg,, = UsE N Wy, Pyl
(b) Fixz some w € W(GSp,,), and set n = o,d,d where d € D5, If 0,(i) > n for each
i€{1,2,...,n}, then Po*nUsE = Pyr s, Usr.

Proof. We show the parts independently.

(a) Suppose u == [ 7] lives in Hg,,. Then @a,uity, = u" = [ ; | lives in Pk, so
we must have Z = 0. Thus, u = Is,, and it follows ¢y (u) = 1.

(b) We use Lemma 51, which provides o € D3} N %y, such that oo,(i) =i (mod n) for
each i € {1,2,...,n}. However, o,(i) > n for each i € {1,2,...,n}, so Lemma 51

enforces

oow(i) =1i+n
for each i € {1,2,...,n}. Because oo, € Xy, this extends to oo, (i) = i +n for each
i€ {l,2,...,2n}, where indices are taken (mod n) as usual.
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Continuing, we define the diagonal matrix d, so that od,o,d,, = Ws,; more pre-
cisely, we may do this by the uniqueness of (b) in Lemma 50. Now, we see that
od, € GSp,,, but o maps {1,2,...,n} = {1,2,... ., n}and {n+1,n+2,...,2n} —
{n+1,n+2,...,2n}, so od, € D¥.

All that remains is computation. We see

PypnUsy = Panody0,dydUsy = Py s, dUsy = Papd e, Usy = Pay s, Usy
which completes the proof. 0
Thus, to complete the proof, we want to show that 17 is nontrivial for each double coset
n € PoPnUsk distinct from Pyb s, Usk.
Lemma 55. Fiz notation as above. Fix some w € W(GSp,,), and set n = o,d,d where

d € D3b. If PsPnUst £ Pyhie, USP, then iy is nontrivial on H, = Uy Nn~tPyrn.

Proof. Quickly, we claim that H, = H,,q4,. Indeed, if u € H,, then d~'(0,d,)  u(oywd,)d €
PP but d € PP implies (0,dy) ‘u(owd,) € PP, so u € H, A symmetric argument
establishes the other inclusion.

wdw'

Thus, we may assume that d = I5,. Now, by Lemma 54, Py nUSP £ P;Pws,Us), implies
that 0,(i) < n for some i € {1,2,...,n}; without loss of generality, assume (1) < n.
Now, by adjusting o, by a permutation in D5’ N Xy, via Lemma 51, we may assume that
ow(i) =i (mod n) for each i € {1,2,...,2n}. In particular, o,,(1) = 1.

We are now ready to compute H,. Fix u = [I” Ii} for Z7 € Sym,,, and we test for
n~lun € PY. Fix indices 4,5 € {1,2,...,n}, and we want to compute

T -1_-1 o ) T N — T )
el inly Oy UTwdywe; = £(0weipn)Tu(oywe;) = j:egw(iHnuegw(]).

We have the following cases.

o If 0,,(i) = i and 0,(j) = j, then we are looking at +e], ue; = +e], e; = 0 because
J<n<i+n.

o If 0,,(i) = i and 0,(j) = j + n, then we are looking at +e], ue;i, = +£1;—; = 0,
where ¢ # j because 0,(i) = i while o,,(j) # J.

o If 0,(i) =1+ n and 0,(j) = j, then we are looking at +elue; = £1,-; = 0, where
i # j as in the previous case.

e Lastly, if 0,,(i) = i+n and 0, (j) = j+n, then we are looking at £e],  ue; = £u;; iy

Thus, we see
H,={uecU, : Un; =0if 0,(i) =i+ n and 0,(j) = j + n}.

Because 0,,(1) = 1, we thus see that

Up U2 -+ Ulp
U12 0 cee 0
. . ZUll,U12,.--,U1n€k’ ana

where we have identified Sym, with U;> in the usual way. However, for any invertible
symmetric T' € Sym.*, we see that ¢r is nontrivial on the above subgroup, so we are done. [J

The above lemma completes the proof of Proposition 49. O
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GSan
P
UsP-eigenvector with eigenvalue 1)7. However, it is not so difficult to write one down. The
following is a finite-field analogue of a “spherical vector.”

Now, one way to think about Proposition 49 is that we have shown Ind X has a single

Lemma 56. Fiz notation as above, and fix some T € Sym,: and character x: Py — C*.
Define fr,: GSp,, — C by

I xw)r(u) if g = plyu for p € PP u € UP,
fralg) = 0 else.

GSpZn

Then fr, ts well-defined, nonzero, and lives in IndPQSE X Further, fr., is a U3 -eigenvector

with eigenvalue Y.

Proof. We begin by checking that f is well-defined; note fr, # 0 follows quickly because
Jra(W,) = 1. Well, suppose we have pi,p, € Pyr and uy,us € Ush such that pywa,u; =
Polianue; we claim p; = po and uy = ug, from which W(py)r(ur) = @(p2)r(usz) follows
immediately. Well, set p := p,'p; and u = uyu; ', and we want to show that p = u = 1. For
this, we observe

o~ ~—1
D = WapUl,y, = u'.

Setting u = [* 4], we note u* = [, ;] lives in P’ if and only if Z = 0, which means
Uu=p= Iy,

1(%852" x- Well, fix go € GSpg and p € P,Y, and we want to

show fr.,(pgo) = x(P) frx(90)- This follows directly from the definitions. For example, if g
does take the form pyws,ug, then pgy = ppots,ug, and

Next up, we show fr, € Ind

fT,X(Pgo) = X(ppo)Yr(uo) = X(P)fT,X(go)

Otherwise, go does not take the form pyws,ug, so pgy also does not live in the double coset
Ponton,Usp, 50 fry(pgo) = 0= X(p) fr.x(90)-

Lastly, we show that fr, is a Uj.-eigenvector with eigenvalue 7. This again follows
directly from the definitions. Fix gy € GSp,, and u € Us-, and we want to show that
frx(gou) = Yr(u) fry(go). Indeed, an identical argument to the above but switching ps with
us (and direction of multiplication) establishes the claim. O

GSan
P
multiplicity-one result of Proposition 49 to achieve the following result.

Now, using fr, written above as a concrete U -eignvector of Ind we can use the
) sX 2n )

Proposition 57. Fiz notation as above, and let x: Py? — C* be a character of the form
X = (ay om)(By © Xaet) where ay, By: Fi — C* are characters. Then

My, frxc = an(=1) By (=1)"" 2 g, (B, 9, T) fr wamr

Here, ")y is a character on Py> given by “2")x(du) = x(wandway,) for any d € DY and

w € U Additionally, g,(By, ¥, T) is the Gauss sum considered in Appendiz B.
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Proof. Quickly, we check that (“2#)y is in fact a character: for any dy,dy € D52 and up, uy €
Uy, we see
(wor)y (dyurdaus) = ) x (didy - dy urdaus)
= X<w2ndld2w2n)
= X(wandi1way,) X (W2ndowsy, )
= @2n)y (dyuy) 20y (dyuy).

Now, we note that M,,,, is a G-invariant operator, so because fr.,, is an Usp-eigenvector with
eigenvalue ¥, we see

Moo, [T = My, (0 - fry) = hr(w) - Moy, fr,
GSpa,, (wan)

80 My,, fr.,, continues to be a Usy-eigenvector with eigenvalue 17 but in the space Ind P X-

By Proposition 49, the space of such eigenvectors is one-dimensional, and Lemma 56 grants
us a nonzero eigenvector fr (w,,),. Thus, there is a (unique) constant ¢ such that

w2nfTX - CfT (w2n>x

It remains to compute the constant c¢. Well, plugging in w,,, we see that

- sznfT,x({ﬁQn)

= Z fT,X (anuw2n) .

uelsh

Now, fr, is supported on PP i, UsP. so to have fr . (wa,utls,) # 0, there must exist v € Us»
such that wy, Uiy, v~ W, € PyY. Writing u == [*X] and v = [! Y] we compute

1 T wy| |1 X[ |1 w,Y Wy,
WonUWonV ~ Wy = W2pUV" = Wy 1 v 1 = U)n<1+XY) w, X

This lives in Py" if and only if X is invertible and Y = —X~!. So in the case where X is
invertible, we note that the above work gives the decomposition

1 X] . —w, X' w, | - [1 =X71
Wap, 1 Waop = wa. X W,

It follows that

[—w, X' w, | - [1 =X"1]
= 3 g et )

XeSym) (k) - - -
nA Wn,
)
AeSym) (k) "
- O‘X(_l)ﬁx(_l)n(nil)ﬂ Z Bx<det A)wT(A)a
AeSym) (k)
as desired. Notably, detw,, = (—1)""=1/2, O

33



Corollary 58. Fiz notation as above, and let x: Pyy — C* be a character of the form
X = (ay om)(By © Xdet) where ay, By: FX — C* are characters. Then

(ngn w2n>(fo) dn (@Mﬂ,T) 9n (5;1,¢71>T) fT,X'
Proof. The main point is that plugging Example 48 into Proposition 57 implies

w2nfT<w2n)x O‘x(_1)Bx<_1)n(n_1)/2/3x(_1)n Z By (det A)_I@DT(A)

AeSym>X (k)

= ay (1)B (=12 N By (det A) b (A)

A€eSym (k)
= oy (=1)B(=1)"" g, (B, 07T
Combining with Proposition 57 completes the proof. O

Example 59. Take x = @ so that a, = 8, = w. If w? # 1, then Theorem 89 implies that

In (Bxﬂ/% )gn (ﬁX ,w ! T) = q2<n+l>,

Corollary 58 tells us that M,, o M,, behaves as a scalar on the particular vector fr,.
To extend this to all of Ind sspp2” X, we check when Ind an X is irreducible.

Proposition 60. Fiz notation as above, and let x: Pzﬁ — C* be a character of the form
X = (ay om)(By © Xdet) where ay, By: Fx — C* are characters. Then

n+1 if 5}( =1,
dim Endasp,, Indger™ x = { [(n+1)/2] if f # 1 and 52 =1,
1 if BE # 1.

In particular, if w? # 1, then I(w) is irreducible.
Proof. We compute dim Endgsp,, Ind Pspp *» v using Mackey theory. The proof uses many of
the same tools as Proposition 49. Usmg Frobenius reciprocity and Lemma 41, we see
Endcsp, , Indgfpp " x = Hompsr (Indgsspp n X,w)
= @ Hompsey -1 p52, (X, X)-

nEP;\ GSpyy, / Payy

Thus, we are interested in studying double cosets Py, \ GSp,, /Psr. As in Proposition 49,
we use the Bruhat decomposition, which tells us that double cosets in Bs,\ GSp,,, /B are
uniquely represented by the Weyl elements {o,,d,, : w € W(GSpg)}, so these Weyl elements
also provide representatives of the double cosets in Py \ GSp,,, /Ps-. As in Lemma 51, we
want to provide a “normal form” for our Weyl elements.

Lemma 61. Fixz notation as above, and fix o1dy, oods representing Weyl elements wy, wy €
W(GSp,,,). Then

#{ie{1,2,...,n}:o1(0) >n}=#{i € {1,2,...,n} : 02(i) > n}

if and only if PaywyPar = Porwy PP,
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Proof. For brevity, define
r(w) =#{i € {1,2,...,n} : 0,(i) > n}.

We want to show that r descends to an injective map Psr\ GSp,,, /Pon — Z.

To begin, we show that the map is well-defined. Let X be the maximal isotropic subspace
of k* spanned by {ey,...,e,}, and we let Y be the maximal isotropic subspace spanned by
{€ni1,...,€0,}; we then let 7y : k* — Y denote the projection. Now, we begin by claiming

r(w) ~ dim Ty (wX).

Indeed, my(wX) is spanned by the vectors 7y (we;) for i € {1,2,...,n} and hence by the
vectors e, ;) where w(i) > n. The equality follows.

Now, we thus see that 7y (wpX) = my(wX) for any p € Py". so r is well-defined on
GSp,, /Psr. Furthermore, we note that dim 7wy (pW) = dim pry (W) = dim 7y (W) for any
subspace W C k2", so it follows that r further descends to a function on Py"\ GSp,,, /P5r.

Lastly, we must show that r is injective. Well, fix some r € {0,1,...,n}, and we will
show that any w € W (GSpg) with 7(w) = r is in the same double coset as some fixed Weyl
element. To begin, we may choose a permutation o of {1,2,...,n} so that

{ie{l,2,....,n}:0p0() >n} ={1,2,...,r}.

Then ¢ may be extended to a permutation in X5, as in Lemma 51, and we can see that
o € DY, Thus, replacing o; with o and doing similarly for wy, we may assume that

{ie{l,2,....,n}:0,(i) >n} ={1,2,...,r}

on the nose. From here, Lemma 51 grants us another ¢/ € D} N Xy, so that o'c(i) = i
(mod n) while also preserving {i € {1,2,...,n} : 0,(i) > n}, so by adjusting o,, by this ¢,

we may assume that
. 1 ifl1<i<r,
ow(i) =

i+n ifr<i<n.

These data uniquely determine o, € X3, and hence the Weyl element w. This completes
the proof of injectivity. d

The proof of Lemma 61 implies that there are n + 1 double cosets in Ps»\ GSp,,, /Psr,
which we can compute are given by

Infr
_Ir
= Lnv
I,

where 0 < r < n. Notably, 7' = nI. Now, for each n € F;"\ GSpg /5", we set P, =
PP N~ tPPn. We want to check when x,, = x. To begin, we compute P, : writing out
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some g € Py> as a block matrix, we compute
- -1

]n—r Al AQ Bl B2 ]n—r
-1 _ _[r Ag A4 B3 B4 _[r
T3 = In—r Dl D2 [n—r
I, Ds D, I,
_Al _BQ Bl A2
_ Dy —Ds3
B —Dy Dy ’
AS _B4 B3 A4

which live in P, if and only if A3 = By = Dy = 0. Thus, x,, = x if and only if we always
have

Al — BQ Bl AQ Al AQ Bl BQ

Dy —Ds _ Ay Bs

X D =X D
Bs Ay Dy D,

The multiplier of the left-hand side is m (n,gn.') = m(g), which is also the multiplier of the
right-hand side. Thus, we no longer care about «,. It remains to look at 3,, where we see
we require

B, (det Dy - det Ay)~" = B, (det D; - det Dy)~",
where we take the convention that the “empty” matrix has determinant 1. Equivalently,
we are asking to always have [, (det Ay) = By (det Dy). Now, for ¢ € P;., we see that
Ay = m(g)Dy, so we are asking for

By(det A4)* = B, (m(g))".
We have the following cases.

e If 32 = 1 and 7 is even, then both sides are 1.

o If r =0, then A4 is the empty matrix, so both sides are 1.

e Suppose 7 is odd and in particular nonzero; we claim x,, = x if and only if 3, = 1.
Here, A4 is an arbitrary nonempty invertible r X r matrix, so det A4 is an arbitrary
element of IFX; the same holds for m(g). Thus, we are basically asking for

Bx(x)Q = ﬁx(y)r

for any z,y € F,*. Setting y = 1 forces @2( = 1, and setting z = 1 forces 8 = 1.
Because r is odd, this is equivalent to 3, = 1.

Synthesizing the above cases completes the proof. 0
Remark 62. Adjusting the tallying portion of the above argument correctly, we find that

n+1 if y2=1,

dim Endgy, Indp?" y = {1 2 £ 1.

Here, P C Sp,,, is the Siegel parabolic Sp,,, N Psr.

Proposition 60 now assures us that in the case where x? # 1, the composite (M, o

My,): I(w) — I(w) must be a scalar, and in fact this scalar is ¢* by Example 59. When
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x? = 1, the composite no longer need to be a scalar, but we can understand it. The idea is
to build a reasonably nice basis.

Lemma 63. Fiz notation as above, and let x: P;? — C* be a character. For each irreducible
GSan

subrepresentation m C Ind Js,?" x, there is a vector v € m which is a x-eigenvector.
2n

Proof. Observe that

Hompsr (Res , x) = Homgsy, , (ﬂ,Ind}(fpr” X) >1,
n 2n

so we are done. O

Thus, if we want to understand how M,,, acts on its various irreducible subrepresentations,
we are allowed to only look at the y-eigenvectors. The computation of Proposition 60 explains
that x = (o, 0mm) (0 0 Xdet) With §, = 1 makes this space four-dimensional, and 37 = 1 while
By # 1 makes this space two-dimensional. Explicitly, such an eigenvector can be reduced to
a function on Pg”\ GSpg /P5", which a prior has four representatives 7o, 11, 72, 73, but 7, and
13 do not contribute in the quadratic case. Letting fy, f1, f2, f3 denote the corresponding
basis of eigenvectors (with f; = f3 = 0 in the quadratic case), we are able to write M,, as
a 4 x 4 matrix.

Example 64. In the case of x = 1 and n = 3, we have M, : I(1) — I(1) can be written as
the matrix

0 0 0 1
0 0 1/q (¢—1)/q
0 1/¢* (¢ —1)/¢ (¢—1)/q

/¢ (=1 /¢ (@-1)/¢" (¢"=¢—q+1)/q"
This diagonalizes and has all nonzero eigenvalues. A similar computation can be done in the

quadratic case to understand the composite (M, © My,).

Remark 65. It is our expectation that the eigenvalues of M,,, can all be understood as
(possibly signed) explicit powers of ¢ even in the cases where x? = 1, but we have not been
able to prove this.

4.5. The Zeta Function. To define our zeta function, we begin by defining the subgroups
Z =A{clg:ce k*} and

N::{([l ﬂ,[l Zﬂ,r 1)131):bl+b2+63:0}§GL§3).

Note that ZN C S(ng), so n0ZNny* C P5P, so define for brevity S(w) = Indi)szpjfim,1 w
0
1

where w™" is considered to be a character by its behavior on Z, which is canonically isomor-
phic to £*. We have the following definition.

Definition 66. We define Z: S(w) ® (Ind$ 1) “* — C by
Z(f, Wh, Wa, W3) = Z f(n0g)Wi(g1)Wa(g2)Ws(9gs),
g€ ZN\ GL{Y

where g = (g1, g2, 93). In the future, we may abbreviate W;(g1)Wa2(g2)W3(g3) to W(g).
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Indeed, Z is linear in each coordinate, so its definition on the tensor product is well-
founded. To see that the summands are N-invariant, the important check is that, by con-
struction of f € S(w), any cn € ZN has

f(moeng) = w™(e) f(109)

while W;(cni1g) = wi(c)a(n1)W;(g), so all the added terms cancel. (Notably, w = wjwsws
and 19(ningns) = 1 by construction of N.)

We would like to combine Z with our multiplicity-one result Theorem 40. For this, we
need the following two checks.

Lemma 67. Fix three irreducible representations w1, mo, and w3 of GLy of Whittaker type.
Then Z restricts to a GLg’)-linear map

I{w) @ W(m1,10) @ W(ma, 1) @ W(ms, 1) — C.

Proof. A direct computation shows that I(w) C S(w): indeed, for f € I(w), we need to
check that

f (noznmytg) = w(2)" f(g)

for any noznmn, ' € noZNny "', but this can be done by directly computing & (7702’71770_ 1). Thus,
it does make sense to say that Z restricts to I(w) ® W(m1, ) @ W(ma, ) @ W(ms, ).

It remains to see that Z is GLg3)—linear. This is also a direct computation: we see that

Z(gof ® goW) = Z (90.)(9)(90W)(9)

g€ZN\ GLY

= > fl990)W(g90)

geZN\ GLSY

= > fleWly)

geZN\ GL{Y
= Z(foW),
as desired. 0

Lemma 68. Fix three irreducible representations w1, mo, and w3 of GLo of Whittaker type.
Then the restriction

Z: I(w) @ W(m,1) @ W(ma, ) @ W(ms,v) — C

18 Nonzero.

Proof. We must find an input on which Z is nonzero. For this, we use Bessel functions
combined with the function f € I(w) defined by

w(p) if g = pno for some p € B5®
flg) = {1 " ’
0 else.

Note that f € I(w) by construction. We now compute
Z(fQ Tnip @ Trnop @ Typp) = Z F(109) T 0(91) Ty (92) T 0 (93)

geZN\ GL{Y
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where g = (g1, 92, g3) as usual. Now, f(10g) # 0 requires nogn, € P5¥, s0 19 € S(mp), so we

may write g as
(la bi] [a ba] [a bs
g - d ) d ’ d )

where by + by + b3 = 0. Using the fact that we only care about the coset ZNg, we may
assume that by = by = b3 = 0 and that d = 1. Indeed, modding out by Z allows us to assume
that d = 1, and then we see

(B T )t (R TR T (AR R R G

so modding out by N gets rid of the left term. Now, by Proposition 6, the only time we can
have Jr, o ([*1]) # 0 is for @ = 1. In total, we must have g = (I3, I3, I5), which is a single
coset. Thus, we find

Z(f ® jmﬂl) ® jﬂzﬂﬁ ® jﬂsﬂ/)) = f(no)jmﬂli(I2>k77r2,¢(12)t77r37¢([2) =1,
which is indeed nonzero. 0
4.6. The Functional Equation. We now combine Theorem 40 with the zeta function
constructed in the previous subsection to define our gamma factor.

Lemma 69. Fix three cuspidal irreducible representations my, me, and w3 of GLy. Then there
1s a unique constant v € C* such that

for any f € I(w) and W € W(my,¢) @ W(ma, 1) @ W(ms, ).

Proof. Because M,, is GSpg-invariant, we see that (f,W) — Z(M,,f, W) is also GL;S)—
invariant by Lemma 67. However, the space

HomGng) (I(w) ® M ® T ® 13, C)

is one-dimensional by Proposition 11, so existence of the needed constant ~ exists because
Z is a nonzero element of the above space by Lemma 68 and hence a basis. O

Definition 70. Fix three cuspidal irreducible representations my, mo, and w3 of GLy. Then
the v-factor is the unique I'(m; X 79 X 73, 1)) such that

Z<Mw6f7 W) = F(ﬂ-l X g X 3, w)Z(fv W)
for any f € I(w) and W € W(my,¢) @ W(m2, 1) @ W(ms, ).
Here are some immediate corollaries of our definition.

Corollary 71. Fix three cuspidal irreducible representations my, me, and w3 of GLy. Then

1 ~
F<7T1 X Ty X 773#?) = #(ZN) Z w(p)jmﬂﬁ(gl)jﬂ27¢(92)\7w37¢(93)'
9=(91,92,93)€GL§3)
nogn, ' =pweu
pePY weUg?
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Proof. Let fo € I(w) be the vector supported on Pg'ng and defined by f(pno) = @(p)
for each p € P;. Then the proof of Lemma 14 implies that Z(fo,J) = 1 where J =
Trv b @ Trpp @ Ty - Thus, by definition, we find

Y(m X Ty X T3, 7)) = Z Mo fo(1109) T (9)

g€ZN\ GL{Y
. (zfowﬁunog))j(g»
geZN\GLSY \ueUg?

Now, fo(weug) # 0 if and only if we can write wgunyg = pno for some p € P;", which only
happens when 1yg7, ' = u ™ wgp. Such a decomposition of nygny * in UgPws Ps® is unique (see,
for example, the proof of Lemma 56), so the result follows upon writing out the definition
of fo. O

Corollary 72. Fix three cuspidal irreducible representations my, mo, and w3 of GLy. Then

r (WY X Ty X W?Y,Q/FI) =T'(m X mg X w3,7).

Proof. This follows immediately from taking the conjugate of both sides of Corollary 71 and
noting that

Tr(9) = Tras (971) = Trv 1 (9)
by [Niel4, Propositions 3.5]. -

Remark 73. One can use Corollary 72 to compute the magnitude of I' by using the functional
equation twice, but doing this requires adjusting the functional equation somewhat. In
particular, one is able to show that I' is nonzero upon checking that none of the eigenvalues
of M,,, o M,,, are zero as done in Example 64.

5. COMPARISON WITH LOCAL FIELD SCENARIO

The Local Langlands Correspondence gives us access to gamma factor on the Galois side,
which are better understood as in §6, from the local p-adic scenario. In order to gain access
to the Galois side from our current scenario over finite fields, we will demonstrate a way to
lift our functional equation over finite fields to one over local p-adic fields, hence relating
their respective gamma factors.

In this section, K is a local p-adic field, Ok is the ring of integers of K, p C Ok is
the prime ideal of Ok, k = Ok/p is the residue field of K, ¢ = |k|, and v: O — k is
the valuation map. We will also denote v as the valuation map on GL,(Of), where the
valuation is taken entry-wise. Additionally, we define once and for all an additive character
: K — C* with conductor p. As such, the restriction of ¥ to O induces a character on
k, which by abuse of notation we will also label as 1.

By convention, we set Haar measure dx on K so that vol(p) = 1, and we set Haar measure
d*x on K* by d*x := dzx/|z|. Later on we will also want a Haar measure on SLy(Of ), which
we normalize so that

l+a b
VOI(H c 1+d] GSL2(OK)¢a,b,C,d€p})—1,
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All the listed groups are unimodular (in particular, either abelian or compact), so their left
and right Haar measures align.

5.1. Review of Level Zero Representations. Given an irreducible cuspidal representa-
tion of GL, (k) and some nonzero complex number z € C*, we can produce an irreducible
supercuspidal representation of GL, (K). Such representations of GL,,(K) are called of level
zero.

Definition 74 (Level Zero Representation). A representation 7 of GL,(K) is of level zero

if there exists an irreducible cuspidal representation o of GL, (k) and a representation A of
K* - GL,(0O) such that Algr,,(0) =0 ov and

GLn (K) A

~
m = ind CLa(0)

where ind is smooth compact induction.

The representation A, and hence the representation 7, can be recovered given just o, which
determines A on GL,(0O), and the central character wy of A. Likewise, wy is determined
by the central character of ¢ and s := wy(w) € C*. By [BK93, Theorem 8.4.1], this map
(0, s) — 7 is a bijection to level zero representations of GL, (K). The fact that 7 is irreducible
supercuspidal also comes from [BK93].

Given this bijection, we may unambiguously denote a level zero representation as (o, s) or
05, where o is an irreducible cuspidal representation of GL, (k) and s € C*.

5.2. Lifting the Zeta Sum. Throughout this subsection, we fix cuspidal representations
71, T2, M3 of GLo(k) which lift to level-zero supercuspidal representations Iy, [Ty, I3 of GLo(K)
as described in section 5.1. By convention, we write \; = wry, (@), so the pair (m;, A;) uniquely
determines II;.

In this subsection, we examine how one can relate the finite-field Z-sum defined in sec-
tion 4.5 with its local counterpart. This lifting process must be done in steps: we must know
how to lift Whittaker functions, we must know to lift elements of /(w), and lastly we must
compare the Z-sum with the Z-integral.

To begin, we describe how to lift Whittaker functions.

Proposition 75 ([YZ20, Proposition 3.9]). Let I be a level-zero supercuspidal representation
of GLo(K) arising from the cuspidal representation m of GLy(k) and A\ = wn(w). For any
Whittaker function W € W(m, 1), there is a Whittaker function LW € W(I1, 1) supported
on Us(K)K* GL2(Ok) such that

LW (uzg) = ¥ (w)wn(2)W (v(g))
for any v € Uy(K) and z € K* and g € GLy(Ok).

Next up, we must lift f € I(w,) to Lf € I(wr, s,t). For brevity, given complex numbers
s,t € C, we define I (wr, s, t) as containing right GSpg (O )-finite functions f: GSpg(K) — C
such that

A % s
PP 3]a) =entnder iag jaee a1t
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For brevity, we define
WIT, 5,1 ({AA ZD = wir(Adet A)|A|]* [det A" .

We are now ready to state our lifting result.

Proposition 76. Fix notation as above, and let f € I(w;). Then there is a function
Loif € I(wm, s,t) supported on Pi®(K) GSpg(Ok) such that

AA
caf (M 3] 9) =entraet e aee ar vt
for any [M ] € PP(K) and g € GSpg(Ok).
Proof. To begin, define a function fy: GSpg(K) — C by

_ ) fo(v(g)) if g € GSpe(Ok),
Jolg) = {o if g ¢ GSpy(Ox).

By construction, fo(hg) = w.(v(h))fo(g) for any h € P;?(Ok) and g € GSpg(K). This
allows us to define

Es,tf(.g) = / wH,s,t<h)_lf0<hg) dh
PP (Ox)\ PP (K)

The left-invariance property of fo by P;”(Ok) implies that this integral is well-defined (i.e.,
the integrand does not depend on choice of representative of P5*(Ox)\Ps"(K)). It remains
to check that Lf satisfies the needed symmetry conditions. To begin, for hy € F;" and
g € GSpg(K), we compute

Lot (hog) = | witos ()" folhhog) dh
PEP(Ox)\FEP (K)
_ / wse (Bhg V)™ folhg) dh
PP (Ox)\FEP (K)
= wit,s,t(ho)Ls f(9).
Additionally, we see that Ls;f(g9) = fo(g) = f(v(g)) for any g € GSps(Ok), which when
combined with L,:f € I(w, s) completes the proof. O

Remark 77. By the Iwasawa decomposition, GSps(K) = P (K) GSpg(Of), so the support
of L. f is not hindered by this condition.

The last piece we need before our theorem is to recall the definition of the Z-integral. For
brevity, let W(IL, 1) consist of functions of the form W := W, @W,o@W3 where W; € W(I1;, 1)
for i € {1,2,3}; then define LW to be the corresponding lift. Then for f € I(wpn, s, t) and
W e W(I1, ¢), one defines

Z(f,W) = / F(109)W () dg.
Z(K)No(K)\ GLSY (K)

This integral absolutely converges for Re s, t > 0. We are now ready to prove our result.
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Theorem 78. Fix notation and Haar measures as above. Then for Res,t > 0 and any
fel(w) and W e W(rm, ), we have

Z(£s,tf7 ﬁW) = (q - 1)Z<f7 W)

Proof. We compute Z(L.f, LW) directly. As in [Ike89, section 3.1], we note that each
element of Z(K)Ny(K)\ GLg?’)(K ) is represented by a matrix of the form

o T S R G E G G B

where a,z,y € K* and b € K and g1, g2, 93 € SLa(Ok). In this case, the Haar measure dg
becomes |azy| > d*a d*z d*y dbdg, dg, dgs. Now, to have W (g) # 0, we claim that a,z,y €
Op. We take this in cases.

e We show that a € Of. The main point is that we need [ 1 ]g2 to live in the support
of Wy, which is Us(K)K* GLy(Of), so we must have

. [1 ﬂ [a 1] € GLy(Ok)

for some z,u € K. The matrix is upper-triangular, and the diagonal entries are az
and z, so we see that z € Oy and then a € Oj; are forced.

o We show = € Oj; the argument that y € Oy is similar. Once again, the main point
is that [* {][' %] ,-1]g1 to live in the support of W7, so we must have

AP e

for some z € K* and u € K. Again, the diagonal entries of this matrix are zax and
zz~1; because a € OF, we see that zz, zx~! € OF. Thus,

|z = V]zz] [ |za7t = 1,
so z € O follows.

We now apply the variable substitution [* ,-1]g1 — ¢; and [y yfl]gg — g3; we do not
pick up a modular character from this substitution because SLy(Of) is compact and hence
unimodular. At this point, we see Z (L. f, LW) equals

(L) Lo O [ G o )
o[ ) [ (o) s

The outside integral evaluates to (¢ — 1)? because of how we have chosen to normalize our
Haar measures. We now separate the computation into two cases.

e We integrate over b € Ok; label the relevant contribution Zp, (Ls.f, LW). In this

case, all matrices live in GL4(Of) for suitable dimension d, so the constructions of
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Ls:f and LW; immediately makes Zo, (Ls.f, LW) equal

o 2 ool R b )

bek,ack*
91,92,93€SL2 (k)

([ ) e ([ o))

Notably, the Haar measure d*a is simply da on O, and dg on SLy(Of) was con-
structed to make this integration work as above. Anyway, rearranging by sending
[18]g1 — g1, we see that Zo, (Ls.f, LIV) equals

ot T ool Jol J)

ack™
91,92,93€SL2 (k)

DR (DD

At this point, we recognize that we have the following bijections.

< x  SLy(k) x  SLy(k) x  SLy(k) = GL{Y (k)
(@ 91 : 9o : g3) = (" 11, [ 192, [ 1]g3)
(detg , [Vdesor gy, [Vden Jgy , [M 89 gs) < (91,92, 93)

Thus, we see that Zo, (Ls+f, LW) equals
aq=17° > flgW
g€GLSY (k)

Modding out by Z(k)Ny(k), which has magnitude ¢(¢ — 1), we see that this equals

e We integrate over b ¢ Ok; label the relevant contribution Zg\o, (Ls.f, LW). We
would like to move b as far as out as possible to gain better control of it. As such,

g I

and so apply the substitution ab — b; note |a| = 1, so db does not change. Doing so
tells us that Zm o, (Lsyf, LW) equals

o [ fo Lo e O o 1)
V(b)) LW, ([a 1] gl) LW, qa 1} gg) LWy ([“ 1} gg) dgy dgo dgs d* a db.

We now apply an Iwasawa decomposition to move the b outside L, f. Explicitly, we

- ) (e



50 Zi\0y (Lot f, LW) equals

1 oy Sy ([ 5] 1)) o0
([ d] o ol Jof )
LWl([a 1] gl) zm({“ 1] g2> ng([a 1] gg) dgy dgs dg; d* a db.

Now, 1/b € p, so b does not impact any of the last two lines above, so factoring out
the integral on b and arguing as in the previous case, we see that Zi\ o, (Lsf, LW)
equals

o [ ([ ]2 0n £ ([ or)os)on

-

I=

It remains to compute the integral I. This computation is somewhat technical.
Evaluating wyy s, and “stratifying” by |b|, this integral is

= /K\OK wn(1/6) [1/B[! (b) db

— [ en®) T e
K\Og

:Z/b:qrwn(b)_ 1B~ 4 (b) A,

r=1

Setting b — bww™" and then noting d*b = db on OF yields

<wn(w)rqr<t+l> /O (b (o) db)

1 (w )q —r(t+1) Z/ wrr (b 1 —r)db>

kX

<wn<w>’“q—r<t+1> 3 welo) Meta=) [0l db) .

rekX

T
NE

‘s

I
WE

r

I
WE

r=1

Now, v is a nontrivial character on Ok, so for r > 1, we see that b — (bow™") is
a nontrivial character on p” = w"Ok and hence on p. Thus, the integral vanishes,
meaning we have no contribution in this case.

Tallying the contributions from the above cases completes the proof. 0

5.3. Lifting the Intertwining Operator. Using notation from section 4.1, recall Uy is the
unipotent radical, U,,, its analogue for lower triangular matrices, and U, = U); NwUs, w™?

for any Weyl group element w € W(GSp,,). We have defined an intertwining operator
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My, : IndG§§) (2,:)( 'y = IndGsz” ") wany ysing the long Weyl element, namely

(M, )(9) = > flwanug),

u€Uuy,,, (k)

where wx(g) = x(w™'gw). The analogous intertwining operator in the local p-adic case is

1ndGSp2n(K) GSan( ) wW2n,

an operator Mw2 BP (k) X ind B (K) X given by

(]\735% )(g) = /_ [ (wanug) du.

wap (K)

We may similarly define an intertwining operator for any Weyl group element w € W (GSp,,,),
but we use the operator associated to ws, in our functional equation producing the triple
product gamma factor.

Our present objective is to relate M, : Indgssf (2,?)( )y = Indgsspp 2];‘)( ) wan x over finite field

with the intertwining operator J\Zf% for n =3 and x = w5 We will first work for general
X, then determine what happens for x = wiy s ;.

Following the convention of [Cas75], if o : B, — GL(W) is a representation, we will
define smooth compact induction as

indggsf”‘ o ={f : GSp,, — W locally compact | f(bg) = J(b)égz(b)f( )Vbe B, g€ GSpy,}

For all practical purposes, o = x will be a character on B;,. One can routinely compute the
modular quasicharacter dg of Bg” to be

_)\Il
Ao *

AT
o L = |A\®fa1|®|2a|*|as .

It is difficult to interface with our intertwining operator Mfg% directly. Instead, the name

of the game will be to decompose ng% into intertwining operators ]\ZX associated to simple
reflections s;, and then track our lifted test function through each simple reflection.

The Weyl group W (GSpg) is of Cartan type C3 and thus has three simple reflections
S1, S9, S3, defined below.

T -1 ! 1 7 1 7

S1 = s So = s S3 =
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Since we wish to work with each ]\Z’i, which is an integral over U, it is useful to provide
these sets explicitly. Following the definition U, = Ud Ns;Ug sy ! we can compute

('1 —x T )\
1
_ 1
U31: 1 rxe K
z 1
(L 1] J
f—l N 3\
1 —=x
_ 1
U, = 1 re K
1
\ L rz 1 ),
f'l i A
1
_ 1 -z
U33: 1 xe K
1
(L 1 J

As Weyl group elements, one can compute wg = $35251535253. (As elements of GSpg,
the two sides differ by a maximal torus element.) This decomposition of wg in W (GSpg)

translates to a decomposition of MY in the Hecke algebra, namely
NX . ngsls33233XNsls33233XNS3.92.93XN3233XNS3XNX
MY Lf =M, M,, M, My, " XMOXMYXLS.

We will describe these twisted characters. Fix any Borel character x =7, @ o, ® 5., @ fiz,,
where

)\ZEI
/\l’g *

AT
X 5 = T(N)a(x1)B(z2)p(xs) | AP 21| |22] 2 [25]%.

(In fact, all characters of the Borel subgroup are induced from characters on the maximal
split torus, hence are of this form.) Then, we may describe the twisted characters on each
component:
VX =T, ® 0 @ B, @ pT,
PN = Th y ® 0 @ pT, @
528353X — Tﬂ_lp“z_nll—zg—zg ® ., ® M:ig ® 6:;2
81838253X = Tﬁ_lM;Trll_zQ_Z3 ® M:i3 & Oz ® 6:;2

5251838283 _ -1, -1 -1 -1
aeisese JX - 7—6 Mzm—zz—zg ® lu—zg ® B—zg ® aZl
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we ., __ —1p-1, —1 —1 -1 —1
X =T« B luzm—zl—zg—zg, ® #—23 ® 5—22 ® a—zf

For a representation o : Bs) (K) — GL(W), smooth compact induction is defined as

indpor 5™ o= {f - GSpy, = W | f(bg) = 5,/ (b)o(b) f(9) Vb € B,

B3P (K)
Given a character yo = T®@1 ®- - - ®ay, of Bs) (k), some lifting x = 7., ® (1), @ @ ().,
character of By (K), a function f € Indgféj (2,:( ) Xo, and its corresponding inflation f; :
GSp,,,(K) — C as defined in the proof of Proposfcion 76, we see that the lifting of functions
given by

Lf(g) = / 551 (b) folbg) db
o (O )\Bar (K)

s
satisfies Lf € ind 5(2]"( x and Lf|asp, (©0x) = folasp,, 0x)-

We are now ready to relate each ]\ZXL f to its corresponding intertwining operator M, f
over finite fields. To establish notation, let xo = T®a®@ LW, lift it to x = 7., V., R B, Dz,
and fix f € Ind%Ps®) For the proceeding computations, we will use the equalities

L L
P!

This is an Iwasawa decomposition when |z| > 1.

For the following, we may assume our support of ]\ZXE f to be GSps(Ok), as for any
element g € GSpg(K), we can find an Iwasawa decomposition g = bk and factor out the Borel
term b using our definition of compact induction. Thus, we can fairly assume g € GSpg(Ok ).
We have

1 o -
1

~ _ _ 1
(xes) o) = [ ety [ £f s L |

- K

' r 1

L 1]
1 -
1
. 1
:/ Lf| s g | dx
Ox 1
r 1
L 1]
1/z 1 17 1 :
x —1/z 1
1 1
+/ Lf g | dx
2] >1 T 1 1/z
1 1/ 1
L 1] L 1




1 —=z
1
_ 1
s v
€k r 1
1]
1/z 1
x
1/2 1
sl [ aYt a1
|z|>1 xr
-1 1/z
1]

1/z 1
= (M, f) (v(9)) +f(V(g))/|>1a(x)_1|$|_“5($)|$|z25119/2 ([ x 1]) |z d”*

1/2

= L (M, f)(9)+ Lf(9) . 1/5’04_1(IL")\IIZQ_‘”' e el d
x|>
= LOLN@ L) [ ap @l
z|<1
LOLN @)+ L) a e [ ap ) dsa
r>1 Ok
= LOML ) (0) + £1(0) - 8opla ~ DT
so we conclude
MALT = £ 0L+ 0ua- (0 - VL]
The procedure for ]\Z’;C f follows a similar story:
1
1 —xz
(ser) @ = [ o tugdn= [ £f |5 T
U K
1
z 1
1
1 —z
1 1
:/ Lf] sy 1 g | dx
Ok
1
r 1




1 1
1z 1 1
+/ cf x 1 —1/z 1
|z|>1
x
-1 1/z]
1
1 —x
» 1
:Zf S 1 V(Q)
xck 1
r 1]
1
1/z 1
S0l [ a o
|z|>1
x
-1 1/x]

1
= (M, f)(v(9)) + f(v(9)) | |>15(x)1\3«“122#(%)!%\“532 ({

1/2
= L(M,,f)(g9) + Lf(g) B

|z|>1

Bu!

lz|<1

+£f quzg, 22)

r>1

@lef™~ |

= L(M, f)(9) + Lf(9) (z)]x[=7% d*x

L(M,f)(g Bt (z)d*x
0%

23—29
q

1—

= L(My,f)(g) + Lf(9) - 03,u(g — 1)

g7 22 ’

SO

23—29
q

1—

MXLF = L(Myf) + 35, (g —1) Lf.

ng —22

Finally, we run these simplifications on the intertwining operator for ss.

(irser) 0 = [ erstuan= [ | s

3
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dx
1 1/x

dx

1/x 1] ) |z| d™x

x| d*x

dx




} _
1
:/Efsgl 11 _xg dz
Ok
1
i I
) - _
1 1
+/ L 1/x 1 1 1 1 ol d
|z|>1
1 1
L x| L —1/z 1]
) _
1
_ 1 —
:Zf S31 1 ! I/(g)
zek 1
L I
} _
1
Hf0le) [ at Ve
|z|>1
1
B T
N §
= 000 + S0t [ (5 ) [5| et el
x|>

— L(M.,/)(9) + £1(g) / () |zl d*x

lz|<1

— LMo f)(9) + Lf(9) 30 C / ) Az
r>1 Ok

—2z3

= LM )(9) + LF(9) - Lp=ar(g = 1)

1—qg =
To summarize, given a fixed character x = 7., ® ., ® ., @ ., of By and f € Indgi’pi)k) X0,
. q22—21
ML = LM f) + 8- (0= Vo £
N q23*Z2
ML = LMo f) +050 (0= D755 L

— q_z3
ML =L (Mg f) + Ly - (g = 1)7— q_zgﬁf
We can now carefully expand Mgﬁﬁf = ]\A/[J;fsl535253XM;;535253XM535253XM;§53XM;§XAZ’<3Ef us-
ing the above three equations. We will also use the relation M2 = (¢ — 1)M,, + ¢, which
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comes from M;, being a generator of the Iwahori-Hecke algebra of W (GSpg). Since we hope
for x to come from the product of central characters w,, we will enforce o = f = u = wyy.
Assuming wyy # 1,

quszl
ﬁf LMy f) + 1, 2=1 (g —1) (mﬁ(MngslMS3M52M53f
qugle q723722
+ mﬁ(MSSMSQMssMngSSf) + (¢ - 1)m£(M33M32M31M33f)
) q—zg—zl q—z2—21 q—23—22
+ <q B 1> 1—qg == (1 — g2 T 1—qg == E(M83M52Ms3f)
q—zg—zg q—ZQ—Zl
+ (g — 1)2(1 —(q23z2§§1 - qZ)QZ1)£(M83M81M53f)
q—z3—22
+ QW'C(M%MSQMSJ)
3 ( U T VIR,
+ (q >Q( — 23— Zl)( 22—2’1) ( S2 SBf)
)
+ (q_ 1) (1 — g Zz)(l — g Zl)L(MSBMSLf)
(=) (g ="")
+ (q - 1)q<1 —q s Z2)<1 —q — 23— Zl)ﬁ(MS?,MSLf)
q—zg ZQq—Z3—Zl q—ZQ—Zl
+(@—-1*(¢-1)*+q) L(My, f)

(1—g==)(1—g==)(1—qg=)

TETRgTRTA g

q
Lf].
T e
Although we declared wy; # 1 to manage the number of error terms, if we were to relieve
this assumption (i.e., if we kept track of the error terms contributed by MY ), then one can

show the error term would have common denominator (1 — ¢*~*1)(1 — ¢*~#2)(1 — ¢*=*). We
will use this shortly to identify the poles of the lifted intertwining operator.

+ (g —1)%

Now we choose appropriate values for z,,, 21, 22, 23. Following [Tke99, p.303-4], we normal-
ize our intertwining operator as

(MZSG) = 7(25 - 27 X5 w) (48 -3 » X 7¢) U)G’
where the gamma factor is defined by

L(x', 1~ — ¢ x(@
(s, x, ) = s(s,x,@/})% = (s, x, V) 1 _1(]_(6{_3));((@))—1

The normalizing factors y(2s — 2, x, %) and v(4s — 3, x?, 1) suggest that ]/\\/[/556 has a pole at
4s — 3 = 0 when x? = 1, and an additional pole at 2s — 2 = 0 when y = 1.

Again following [Tke99, p.303], we define the degenerate principal series I (w, s) as the space
of functions f : GSpg(K) — C such that for any p = [)\A Z‘} and g € GSpg(K), we have

f(pg) = w(Adet A)|)\|3S+3/2| det A|28+1f(9) = wH,3s+3/2,25+1f(g)'
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We will want to apply our intertwining operator on I(wj;, s) for some twisting wj; = (wn),,, ®
GSpe (K)
B ()

oy . . :
"X T Wi 3e43/2,25410 Using our previous computation of dg,

(wi1)2, ® (Wi1)2, @ (W) 2, of wir. By definition of compact induction, /(wf, s) C ind

for a character x such that 5]13/ 2

we have

Y < |:)\A A*L:| ) _ WH()\ det A)|/\|3S_3/2+Zm ’$1|28_2+Z1 |x2|28—1+22 |CL’3’28+23,

where A has diagonal entries xq,x9,23. Let y1(s) = 25 — 2 + 21, ya(s) == 25 — 1 + 29,
y3(s) == 2s + z3. The poles for the error term occurring when w? = 1 happen at each of the
following three equalities:

ya(s) = —ys(s)
y2(s) = =y (s)
ys(s) = = (s).
We expect there to be only one pole at s = 3/4, so these equalities must all be true for
s = 3/4. In particular, this yields y1(3/4) = —y2(3/4) = y3(3/4) = —1/2. Solving for the
z;'s accordingly, we have
1 1 3

A=y aTTyp w3
so these are our values for z1, 29, z3. Our choice for z,, is inconsequential, so we may freely
set 2z, = 0.

6. GAMMA FACTORS FROM THE GALOIS SIDE

Although this project aims to perform all computations strictly on the representation
theory side, certain powerful correspondences between the representation/automorphic side
and the Galois side allow us to “preview” our results from the Galois side.

To elaborate, let K be a local p-adic field and k its residue field, which we know to be
finite. There is a way to lift a representation of GL, (k) to a certain class of representations of
GL,(K), and the Local Langlands Correspondence gives us a bijection between irreducible
admissible complex representations of GL,, (K) and certain representations of the Weil group,
called Weil-Deligne representations. These are our central objects of interest on the Galois
side, which we introduce first.

Along each correspondence, we have explicit relations between the epsilon factors. Thus,
computations of epsilon factors of Weil-Deligne representations will inform us on the epsilon
factor of representations of GLy X GLy X GLsg, up to sign and power of ¢ = |k|.

We will adopt the same notation as in the previous section. Additionally, let k, be the
(unique) degree-n field extension of k in k.

6.1. Weil-Deligne Representations. As these are representations of the Weil group, it
makes sense to begin by defining the Weil group.

We recall some results from local class field theory. Since k,/k is a finite extension of
a finite field, the extension is Galois and it is cyclic of order n, with generator the Frobe-

nius element ¢, : x — 29 Furthermore, for m < n, we have natural projection maps
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Gal(k,/k) — Gal(k,,/k) where any o € Gal(k,/k) is restricted to an automorphism of k.
Thus, {Gal(k,/k)}, forms a directed system, so we can write

Gal(k/k) = lim Gal(k, /k) = im Z/nZ = Z,

where 7, is the profinite completion of Z. Note that 7. comes equipped with a natural profinite
topology, and the Frobenius element ®x topologically generates Gal(k/k), ie. (®) C
Gal(k/k) is dense.

We also have a natural map Gal(K/K) — Gal(k/k). Any o € Gal(K/K) restricts to an
automorphism on O, which in turn induces an automorphism on k = O/ (here, B is the
prime of @). Since P is a prime lying over p, this induced automorphism of k fixes k, so we
have produced an element of Gal(k/k). Call this map 7 : Gal(K/K) — Gal(k/k). We now
have a short exact sequence

1 — I — Gal(K/K) 5 Gal(k/k) ~ Z — 1,
where [k is the inertia group of K.

Definition 79 (Weil group). The Weil group Wy of K is a topological group, where as a
group, Wy := 7 1({®g)) C Gal(K/K), and its topology is such that m : Wy — (®g) ~ Z is
continuous (Z has the discrete topology) and the induced subspace topology on I coincides
with the induced subspace topology from I C Gal(K/K).

Equivalently, we could define the Weil group as the pullback of the following:
1 y Iy >y Wi > 7 > 1

| | l

1 y I » Gal(K/K) y 7 y 1

One can observe that we can express Wik as the semidirect product Wy = Ix X (k).

While we are still in class field theory, we will define the wild inertia group, as it will
appear briefly later.

Definition 80 (Wild Inertia Group). Let K™ be the maximal tamely ramified extension
of K. Then, the wild inertia group is Py := Gal(K/K'). Equivalently, Py is the first
ramification group of K /K.

Now we may define Weil-Deligne representations.

Definition 81 (Weil-Deligne Representation). A Weil-Deligne representation is a pair
¢ = (p, N) such that:

(1) p: Wk — GL(V,) is a finite dimensional representation such that p(w) is semisimple
for every w € Wy and ker p contains an open subgroup of I,
(2) N € End(V},) is nilpotent, satisfying p(w)Np(w)™! = |lw|| - N for all w € Wk.

Equivalence of Weil-Deligne representations comes naturally: we say two Weil-Deligne
representations ¢ = (p, N) and ¢’ = (p/, N’) are equivalent if there exists a linear isomorphism

a 'V — V' such that for all w € Wy, both diagrams commute:
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V==V vV —==V

p(w)l lp’(w) Nl lN'

V—— Vv V—— v

We say the two Weil-Deligne representations are [x-equivalent if the above diagrams
commute with p, p’ replaced by their respective restrictions to [.

Finally, we say a Weil-Deligne representation is tamely ramified if it is trivial on the
wild inertia group, i.e. (p, N) is tamely ramified if p(Pg) = 1.

6.2. Macdonald’s Correspondence. Let ®}(GL,) be the set of Ix-equivalence classes of
n-dimensional tamely ramified Weil-Deligne representations of Wy, and let II(GL,(k)) be
the set of isomorphism classes of irreducible representations of GL, (k). We now provide a
way to identify IT1(GL,(k)) with ®}(GL,), which will allow us to obtain information about
epsilon factors of irreducible representations of GL,, (k) from computations of epsilon factors
for Weil-Deligne representations, which we are able to do.

This correspondence, called the Macdonald’s Correspondence, between II(GL,(k)) and
¢! (GL,) is parameterized by a certain class of partition-valued functions, which we now
construct.

Let P, be the set of partitions of n, and P := |J,,», Pn- For a partition p € P, we have
p € P, for some integer n; we define |p| = n. Denote I',, as the character group k*. We

have natural norm maps N, : k< — k5 for m | n; these induce maps on their character
groups Ny, @ Ity = I'. These maps turn {I',,} into a directed system, so we may define

I':.= ligln r,.

Denote ® := ®x as the Frobenius element. It acts on I' via ® - v = ~? for v € I'. Denote
the set of ®-orbits in I" as ®\I'. Given a ®-orbit f, we define the degree of f as d(f) := |f|.
Definition 82. Define P,(I") as the set of partition-valued functions A : I' — P such that

(1) Ao® = A, i.e. A is constant on $-orbits;

(2) 2oyer ()| = n.

This set is the central force behind Macdonald’s Correspondence. We have bijections from
P,(T) to both II(GL,(k)) and ®4(GL,), so we can identify 7, with ¢, = (p, Ny), where
7y € II(GL,(k)) and ¢) € ®4(GL,) are the respective corresponding representations to
A e P, (T).

Note from (1), since any A is invariant on ®-orbits in I, for any f € ®\I', we may
unambiguously define A(f) := A() for any v € f. Even better, Gauss sums are invariant

on ®-orbits. Fix an additive character ) € kT, and define v, = ¢ o tracey,, /1. Let v € I',,.
Then, we compute

7Oy, ) == > ®-y(a ()

x€ky
D IRCUIC
x€ky
SRR
xeky
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= - ji: 71 ¢%

x€ky
::T(Vaﬁh)a

where the third equality follows from x, x? being Galois conjugates and the fourth equality
follows from the Frobenius map = — z? being an automorphism. Thus, like with A € P,(T"),
we can unambiguously define for any f € ®\I', 7(f,v) := 7(~,¢,) for any v € f.

6.3. Epsilon Factors for GL; x GLy x GLy. We know that the epsilon factor on the Galois
side is multiplicative, so we have the equation

eo(m ) = [] colms, @ 7, @ mp,, )

fie®\I'

where f; is the indicator partition-valued function such that fi(y) = (1) if v € f; and () (the
empty partition) otherwise. Let p :== (p; ® pa ® p3)r be a Weil-Deligne representation, where
under the Macdonald Correspondence, each p; corresponds to some 7; € II(GL,(k)). In turn,

Q;

each 7; is represented by a matrix of the form for some av € k5 \ k*. Then, p is rep-

i
resented by a diagonal matrix whose diagonal entries are representations of the Galois orbits

: q q q g4 4. 4 4.4 4,44
of ayasag, which are {ajasas, ajasad, ajajas, ajas, as, agaiad, afasasd, afaias, afaial}.
Using the multiplicativity of £y and choose a representative for each ®-orbit, we conclude
from the Galois side

co(p, ) = q_47'(041a2a3, %)T(CHOQCM%, @/)2)7'(@1@3&37 1/12)7'(0410404%, ).

6.4. Product of Gauss Sums as Norm Sum. Having a product of Gauss sums is a bit
clunky. Luckily, there is a clever way to write our product as a single sum, iterating over
the units of a tensor product.

Consider the tensor product k, ® k, Q@ k,. We have k,, ~ k[f] for some 0 € k, where the
minimal polynomial p(X) € k[X] of @ has degree n. Thus, we can write k[f] ~ k[X]/(p(X)).
This gives us a series of isomorphisms

kin @k kn @ ki = ki @ K[X]/ (p(X)) @1 k[Y]/(p(Y))
~ kn @1 k[X, Y]/ (p(X), p(Y))
~ ka[X, Y]/ (p(X), p(Y)).

Expanding p(X) = ap + a1 X + - - - + X™, we see that

p (V)" = (a + ar6"7 + -4 677)"
=ap+ a0+ +0" =0,

SO p («91/ qr) = 0 for every r < n. It follows that we can factor

n

p(X) =[x -0,
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Thus, by Chinese Remainder Theorem, we have a final isomorphism
kal X, Y]/ (p(X), p(Y)) 2 k7™
Y] (F0V 0407

1<i,j<n

This isomorphism k,, ®, k, @, k®" provides three distinct actions of k, on k", depending
on which component k, is acting on in the tensor product. For the following, fix a € k,,.

The first component of the tensor product is simply multiplied as a scalar to the polynomial
via the isomorphisms, so a acts on (z1, ..., 2,2) by scalar multiplication, i.e. the first action
is defined as

aq (T1,.. ., 202) = (..., Qxp2).

The second component contributes a polynomial in X. Let o = ag + a160 + - - - + a,,0™;
this corresponds to the polynomial a(X) = a(X,Y) =ay+ a1 X + - + @, X™. We wish to
write a(01/9") in terms of a(f). We have

O[(Hl/qT)qr _ (CLO + alel/qr 4ot amem/qr>qr
=ag+ a0+ -+ and™ = af),

where the second equality follows because a; € k and chark | |k| = ¢. Thus, for any
[(X,Y) €k, [X,Y]/(p(X),p(Y)) and 1 < 4,5 < n, we have

(V9T YT FOY T 9V = (99 F(OVT T
— a(g)l/q"lf(gl/q’”, gl/qj‘l)
— al/q"lf(gl/q’”? gl/qj‘l)7

so the second action is given by

B bt O
N
g (T, .., xy2) = (a xj
1<j<n?

1 1 n—1
= (axy, ..., 0x,, M2, ol

QZnQ).

Finally, the last component contributes a polynomial in Y, so the action is similar to the
above in the sense that we have

a(el/qifl’el/qul)f<01/qi*1’ Ql/qj*1> _ al/qulf(gl/qifl’ 01/q3;1)’
which provides a third action given by
a3 (1}1, .. 71'”2) = (cyq*(jrrlodn)xj)

1 1 n+1 1 n+1
= (axy, o2y, M w0 n).

1<j<n?

Let ¢; = V%J and d; = j (mod n). Consider the map T(z, . ,) : k:j‘f”Q — kﬁ‘f"Q given
by (Y1, .., Yn2) = (191, . ., Tp2Yp2), where multiplication in each component is standard
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multiplication in k,. We can write this tuple in terms of each of our three actions:

T(x1,...,xn2)(y17 cee 7yn2> - (Il 1Y, Tp2 01 ynz)

i

= (37 ) yj)lgjgnZ

d;

-
J
= (2! 7 3 yj)i<jnz.

We can define the trace of T(th,xn,z), viewed as a k-linear map. Taking the standard basis
of k¥"* this amounts to just the sum of all the components, i.e. trace T,z 2) = Zil x;.

We can also define three distinct norm functions, one for each action, which takes the
determinant of T(rh--~7:rn2) with respect to the standard basis on k:j‘?”Q and the given action.
Restricting our interest to the case n = 2, we have

T(ml,tcz,tcg,:c4)<y17 Y2, Ys, 314) = ($1 ‘1Y1,T2°1Y2,T3°1Y3,T4 "1 y4)
= (901 2 Y1, T2 "2 Y2, 90;,/(1 2 Y3, -’Ei/q "2 ?/4)
1 1
= ($1 3 Y1, sz/q '3 Y2,T3 3 Y3, 554/q '3 y4)-

Letting Ny, No, N3 be the norm functions with respect to -1, -9, 3, respectively, we can
compute

Ni(21, 72,73, 74) = 11222374
_ 4,4
No(21, 02, T3, T4) = T1202037]
el 0
Ni(xy1, w9, T3, 14) = T125232].
Via the isomorphism ky ®j ks ®p ko ~ k$*, we see that the diagonal multiplication rule

on the left agrees with component-wise multiplication on the right. Thus, the units in
ko @4 ko @4 ko are isomorphic to (ky)®*, so we write

50(P, 1/)) = q_47'(oz1a2a3, ¢2)T(04104204§; ¢2)T(@1ag@37 %)T(alagag, 1/))

g f[ > art@ag! (+ ) ozt (a8 a(a)

= 3 ol (u(@)ay (Na(@))ag (Na(@)(tr )
7€ (ky )

= Y o (Vi(€)az (Na())a (N3 (€))(tr€).

£e(k2®rka®rk2)>

APPENDIX A. COMPUTATION OF c¢(1, Ig, %)

Throughout this section, F, denotes a finite field with ¢ elements, where ¢ is an odd prime-
power, and Sym; denotes the set of invertible 3 x 3 matrices with entries in IF,. The goal of
the present section is to prove the following result.

Theorem 83. We have

> W(rA) =g

AGSym§<
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We will prove this by using combinatorics and elementary number theory in order to com-
pute the number of invertible symmetric matrices with given diagonal entries. For brevity,
given (aq1, ass,ass) € FZ, we say that A € Symj has “type (a11, ag, ass) if and only if

aix aiz a3

A= |az ax 23
13 ag3 (33

We now examine each type individually, in ascending levels of difficulty.
Lemma 84. There are (¢ — 1)® matrices in Sym; of type (0,0,0).

Proof. Our matrices take the form

0 a2 as
AI: a19 0 ass | ,
a3 a0

which has determinant det A = 2aj9a13a23. As such, this matrix is invertible if and only if
each ays, a13, ass is nonzero, totaling to (¢ — 1)® matrices. |

Lemma 85. For any a € F, there are ¢* — ¢* — (¢ — 1)* matrices in Symg of type (a,0,0).

The same statement holds for permutations of (a,0,0).

Proof. Our matrices take the form

a a2 a3
A= laz 0 axl,
a3 a0

which has determinant det A = 2a12a;3a23 — aa§3. By counting the complement, we would
like to show that there are ¢ 4+ (¢ — 1)* solutions (z,y,z) € Fi to 2zyz — ax® = 0. There
are two cases.

o If 2 =0, then any (y, z) € F> will work, totaling to ¢* matrices here.

o If x # 0, then we see 2yz = ax # 0. Thus, there are ¢ — 1 choices for y € F, from
which z is forced. Counting over all » € F)<, there are (¢ — 1)? matrices here.
Summing completes the proof. O

Lemma 86. For any a,b € Fy, there are ¢ —q—(q—1)* matrices in Symj of type (a,b,0).
The statement holds for permutations of (a,b,0).

Proof. Our matrices take the form

a a2 a3
A= laia b asl,
a3 a0

which has determinant det A = 2a12a13a93 — aagg — ba%3. By counting the complement, we
would like to show that there are ¢ + (¢ — 1)* solutions (z,y, z) € F to 2zyz = ax® + by>.
We have two cases.

o If v = 0, then we must have y = 0, from which any 2z € F, will do. There are ¢

matrices here.
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o If z # 0and y # 0, then z := (az? + by?) /(2zy) is forced. Totaling, there are (q—1)?
matrices here.

Summing completes the proof. O

Lemma 87. For any a,b,c € F, there are ¢® — (¢* + 1) matrices in Symj of type (a,b,c).

Proof. Our matrices take the form

a a2 a3
A= a19 b 23
13 agz C

Scaling will not change invertibility, so for psychological reasons we replace A with a='A so
that we may assume a = 1. Then det A = 2a;9a;13a93 — ba3, — ca?y — a3; + be. By counting
the complement, we would like to show that there are ¢ + 1 solutions (z,y,2) € Fg to
2% — 2zyz = —cy? — bz? + be. Sending x — x + yz, we are counting solutions to

:z:2:y222—cy2—b22+bc:(yZ—b) (zz—c).

We now do casework on what elements on the right-hand side are squares. This requires the
following lemma.

Lemma 88. Fiza € Fy. The number of x € F, such that 2% — a is a square is

-1 . .
{‘IT if a 1s not a square,

q+1

5 if a is a square.

Proof. We are counting the number of = € F, for which there is a solution y € FF, to the
equation x2 — a = y?. This rearranges to

(z+y)(r—y) =a

Setting s = x—;y and d := %5, we see that sd = a/4, so it is necessary and sufficient to have
T = s+ ;- for some s € F . In other words, we are currently counting the size of the image
of the map z: F — F, given by

a

TS S+ —.

4s
Now, x(s1) = z(s2) if and only if s; + ;= = s + 72, which upon clearing fractions and
rearranging is equivalent to

(4s159 — a)(s1 — s2) = 0.

This is now equivalent to s; = sy or s1 = ﬁ. Thus, for each s € Fr,
' {x(s)}) = {s,a/(4s)}, a set which has size 2 unless a is a square and s is a square

root of a/4.

To finish, we see that if a is not a square, there are %= values of x. Otherwise, a is a
square, and there are two fibers with exactly one element, totaling to ? +2= %1 values

of x. This completes the proof. 0

we see that

We now have the following cases on b and c.
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e Suppose b and ¢ are not squares. Then y? — b and 22 — ¢ are always nonzero, so for
(y* — b) (22 — ¢) to be a square, either both are squares or neither are squares. Each
such pair (y, z) produces two valid values of z, so we have counted

() +(51)) o

triples (z,y, z) in this case.

e Suppose exactly one of b or ¢ is a square; without loss of generality, say that b is a
square. There are two values of y for which y? — b vanishes, from which z has any
value and x = 0, totaling to 2¢ solutions here.

Continuing, there are q;z?’ additional values of y for which 3?—b is a nonzero square;
here, 22 — ¢ must be a (nonzero) square, giving

5 q—3\ (q—1\ ¢ —4q+3
2 2 N 2
additional solutions.

Lastly, there are %

not be a square, giving

5 q—1 qg+1 _q2—1
2 2 2

more solutions. Summing all three cases gives 2q—|—% (¢*> — 4q + 3)+% (> —1)=¢*+1
solutions.

e Suppose that both b and ¢ are squares. There are two values of y for which 32 — b
from which z has any value and x = 0, totaling to 2¢ solutions. There are two values
for z for which 2% — ¢ vanishes again, which adds 2¢ — 4 more solutions.

In the remaining cases, both 4% — b and 2% — ¢ must be nonzero. For their product
to be a square, either both are squares or neither is a square, so we have counted

() - (5 ) e

more solutions. In total, there are 2q — 4 + ¢*> — 4q + 5 = ¢* + 1 solutions.

values of y for which 4% — b is not a square; here 22 — ¢ must

The above casework completes the proof of Lemma 87. U
We are now ready to prove Theorem &83.

Proof of Theorem 83. For given t € F,, we will count A € Symj (F,) such that tr A =¢. We
have two cases.

e Suppose t = 0. Then the type of any A € Sym; (F,) has one of the following forms.
— Type (0,0,0): there are (¢ — 1)® matrices here.
— Permutations of type (0,a,—a) for given a € Fy: there are ¢* — ¢ — (¢ — 1)
matrices.
— Type (a,b, —a —b) for given a,b, —a — b € F): there are ¢® — (¢* + 1) matrices.
Totaling all cases, we have

@=1*+3(q-1) (" ~q¢—(¢—1°)+(@-1(g—2)(¢* —¢* - 1)
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matrices. Simplifying, this is ¢° — ¢*.
e Suppose t # 0. Then the type of any A € Sym; (F,) has one of the following forms.
— Permutations of type (¢,0,0): there are ¢> — ¢*> — (¢ — 1)? matrices here.
— Permutations of type (a,t—a,0) for given a,t —a € F: there are @—q—(g—1)?
matrices.
— Type (a,b,t—a—0) for given a,b,t —a—b € F: there are ¢* — (¢* + 1) matrices.
Quickly, note that a ¢ {0,t} requires b ¢ {0,t — a} and hence ¢ — 2 options for
b; otherwise a = t requires b # 0 and hence ¢ — 1 options for b.
Totaling all cases, we have

3(° —a* = (a=1)*)+3(¢=2) (¢’ —a~ (¢ = 1)") +((a=2)(a=2) +(¢—1)) (¢’ = (¢* + 1))
matrices. Simplifying, this is ¢° — ¢* — ¢%.

Combining cases, we see

>yt d) =) #{AecSymi(F,): tr A=t}(t)

AeSymy (Fq) telq
=0(0)+ > (" —q* = ¢*) v(t)
teF,
= ¢,
which is what we wanted. U

APPENDIX B. COMPUTATION OF THE SYMMETRIC GAUSS SUM

Let F, denote the finite field with ¢ elements, where ¢ is an odd prime-power, and let
Sym, (IF,) denote the set of invertible symmetric n x n matrices with entries in F,. The goal
of the present section is to compute the “symmetric” Gauss sum

gn(w, 0, T) = > w(det A)p(tr AT)

AeSymX (Fq)

where n € Z>o is a nonnegative integer, w: ;' — C* and ¢: F, — C* are characters,
and 7" € Sym, (F,). Here, Sym/ is understood to consist of a single empty 0 x 0 matrix
with trace 0 and determinant 1 so that go(w,,T) = 1. In the case where w is a quadratic
character, such sums were considered by [Wall7].

In the following discussion, we will make use of many Gauss sums, so it will be helpful to
have the notation

9(w,v) = Y wla)y(a),
a€Fy
where w and v are as above. For example, g1 (w, ¥, 1) = g(w, ).

We now state our main result.

Theorem 89. Letw: F — C* and ¢: F; — C* be characters, and let x: F; — C* denote

the nontrivial quadratic character, and fix some T € Sym (F,). Further, assume that v is

nontrivial.
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o [fn =2m is an even nonnegative integer, then

X(=D)"x(det T)g™ 5w
w(4™ det T') 9 (W)

o /fn=2m+ 1 is an odd nonnegative integer, then

ng(wa wa T) =

gmm+1)
w(d4mdetT)

Remark 90. The theorem implies that
> w(det AT p(trA)= > w(det B)i(tr BT),

A€eSym (Fq) BeSym) (Fq)

9om+1 ((*)7 2/)7 T) ’ g(w7 w)g <w27 w)m :

but this is not obvious: in particular, one cannot apply the variable change B = AT !
because AT ! need not be symmetric! We would be interested in a more direct proof of the
above equality.

Remark 91. In the “generic” case w? # 1, all Gauss sums have magnitude V/q (see Proposi-
tion 93), so Theorem 89 implies
n+1)

90 w4, 7)) = gD/ = g3

This is roughly what we expect to be true from “square-root cancellation”: |Sym,(F,)| =
n+1)

e
B.1. Quadratic Twists of Gauss Sums. The goal of this subsection is to prove the
following result.

Proposition 92. Let w: Fy — C* and ¢: F; — C* be characters, and let x: F; — C*
denote the nontrivial quadratic character. Then

wd)g(w, ¥)g(wx, ¥) = g (W ¥) 9(x,¥).
Proof. Expanding out the Gauss sums, we are trying to show that

ST wab)x(®)la+b) = > w(a®) x(b)w(a+b).

a,beFy a,beFy

Fixing some d € Fy and ¢ € F, it is enough to show that

(B.1.1) S xm) = > x(b)

atb=t atb=t
4ab=d a2:d
and then sum over all possible values of d and t. At this point, the proof has become
combinatorial number theory. For convenience, extend x to F, by x(0) := 0, and allow
a,b € F, in the right-hand sum above; this will not change its value.

For example, suppose that d is not a square. Then the right-hand side of (B.1.1) is
empty and hence zero. On the other hand, we claim that the left-hand side is zero. Let
(a1,b1), ..., (am,by) denote the solutions to the system of equations a + b =t and 4ab = d.
Because d is not a square, ay # by for each k—in fact, if a; is a square, then by is not a

square (and vice versa). Thus, if (a,b) is a solution, then (b,a) is a distinct solution with
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{x(a), x(b)} = {1,—1}, so the two pairs (a,b) and (b, a) contribute 1 —1 = 0 to the left-hand
side of (B.1.1). It follows that the left-hand side vanishes.

Thus, in the rest of the proof, we may assume that d = 22 where x € [, so the right-hand
side of (B.1.1) reads

X(t+x) + x(t — ).

To continue, observe that solving the system of equations a+b = t and 4ab = d is equivalent
to having a =t — b and

(20 —t)2 =t* —d

As such, for our next case, suppose that t* — d fails to be a square. Then the left-hand side
of (B.1.1) is empty and hence vanishes, so we want to show that the right-hand side also
vanishes. Well, t2 — d = (¢t + x)(t — z) is then not a square, so both are nonzero, and one is
a square while the other is not a square. Thus, x(t + z) + x(t — z) = 0, as needed.

Thus, in the rest of the proof, we may assume that t* —d = y? for some y € F,. Quickly, we
deal with the case where y = 0. On one hand, we have t?> = d, so t = 4z, so the right-hand
side of (B.1.1) is x(2t). On the other hand, we see the left-hand side of (B.1.1) is x(¢/2), so
we finish by noting x(2t) = x(t/2).

At the current point, we can now say that t2 = 22 +y? where z,y € Fy, and the left-hand
side of (B.1.1) is x (HTy) +x (t_Ty), so we are trying to show that

L+ t— .
(B.1.2) XC3£>+X(7#);X@+@+X@—@.
Because (t —z)(t + ) = y? and (22) (5%) = 122, we see that all values above are nonzero,
and y (22) = x (5%) and x(¢t + z) = x(t — z). Because, these values are in {£1}, we see

that it is enough to show that x(t 4+ x) = 1 if and only if x (£%) = 1.

The main claim, now, is that x(¢ + z) = 1 implies that x (HTy) = 1. This approximately

boils down to the enumeration of Pythagorean triples. The above logic grants that x(t+x) =
x(t—z) = 1, so both t+x and ¢t —x are squares; write t+x = 2% and t —x = 22 for x1, 75 € Fy.
Adjusting signs, we may assume that y = x125. Thus,

t+y 1 3 + 3 (1t 2
2 2 ( p )= T

¥ {5 nonzero from the above logic, so HY) = 1. as desired.
2 ; 2 g

To finish the proof, we must show the reverse implication: we claim that y (HTy) =1

implies x(t + z) = 1. Well, we see that (%)2 + (%)2 = (%)2, so the argument of the previous
paragraph tells us that y (% + %) = 1 implies

t+x t+z
X@+x%<x<4 )=X<153>=L

as desired. 0

is a square, and we know

Before continuing, it will be helpful to have the following well-known fact about the qua-

dratic Gauss sum. Because the proof is so quick, we include the proof.
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Proposition 93. Let w: F — C* and ¢: F, — C* denote nontrivial characters. Then

9w ¥)g (W v =q
Thus, if x: F;* — C* denotes the nontrivial quadratic character, then g(x,v)* = x(—1)q.

Proof. For the first claim, we want to show
?
> wla/bta—)<q
a,bEIF‘(;<

Well, set ¢ := a/b so that the sum is

) (w<c> S - >)

c€Fy a€Fy

If ¢ # 1, then the inner sum is —¢(0) + }_ ¢, ¥(a — ac) = —1. Otherwise, if ¢ = 1, then the
inner sum is ¢ — 1. In total, we are left with

(@—D+ > —wl)=qg— Y wl)=gq,
ceFg \{1} ceFg
which is what we wanted.
For the second claim, we see
g(h ) =) x(@d(—a) = x(=1) D x(a)(a) = x(=Dg(x, ¥),
aGF; CLG]F;

so the second claim follows from the first. O

B.2. The Main Computation. In this subsection, we prove Theorem 89. The key idea is
to use Gaussian elimination of symmetric matrices in order to be able to use induction; note
that this idea was used to count the number of invertible symmetric matrices over Z/nZ in
[BM87]. As such, the hard work is done in the following lemma.

Lemma 94. Let w: Fy — C* and ¢: F, — C* be characters, and let x: F; — C* denote
the nontrivial quadratic character. Further, assume that 1 is nontrivial. For any positive
integer n and dy, ..., d, 11 € F,

x(dy - dn)x(dpya)"
W(dn+1)
Proof. For brevity, set T' = diag(dy,...,d,11). For a matrix square A € M,,(F,), we use

the notation A, denote the entry of A in the kth row and /¢th column. Now, for some
A € Sym,,, , there are two cases.

gn+1(w7 wv diag(dla cee 7dn+1)) = gn(w7 wv diag(dla cee 7dn))

g (wx", ) g(x; )"

e Suppose A, 11,41 # 0; here, set 1" := diag(dy, . .., d,) for brevity. For our Gaussian
elimination, we note that the map

Sym,; (Fy) x Fy % qu —{A € Sym; (Fy) : Apyinpr # 0}

A v o) o Lo| [A 1 | [A+ccv
’ ’ 1 cl |vT1| cvT c
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is a bijection. Indeed, A, ;1,41 uniquely determines c, the values Ay, 41 for1 <k <n
uniquely determine v, and then the rest of the matrix uniquely determines A’. Using
this bijection, we see that

S = Z w(det A)y(tr AT')
AESym7z+l(F4)
Ant1,n4+17£0

— Z w(cdet AN (tr A'T" + ctr oo™ + edyyq)

AeSym< (Fq)
veF? ceFy

= gn(w,, T") Z w(e)(edpyr) Z Y (ctrov™)

ceFy vely
- gn(w7 ¢7 T,) Z Cdn—l—l H ( Z w (Cdka2> > .
ceFy k=1 \ a€ly

Quickly, we claim that

> (cdra?) =Y (1+ x(cdra))v(a),

aclFy aclFy

where we have extended x to F, by x(0) := 0. Indeed, for any b € F,, we see that
1(b) appears on the left-hand side 0 times if b does not have the form cdja?, appears
1 time if b = 0, and appears 2 times if b is nonzero and has the form cd,a?; these
values are exactly 1+ x(cdia) in all cases. As such, the claim follows, and because v
is nontrivial, we actually have

S0 (eda®) = 3 wledra)ib(a) = x(ed)g(x ¥).

a€lFq a€lFq

Plugging this in, we see that

Sz0 = gn(w, 0, T") Y w(e)x(e)"P(ednir)x(ds - - dn)g(x, ¥)"

CEF;
, dy---d,)y(d
= gn(w7¢7T) : X( - )X

( n+1
w(dn-i-l)
( n+1

)n

> wlehx(e)" v (e)g(x, ¥)"

ceFy

S g (wx™,¥) g(x,¥)".

dy---d,)x(d

e Suppose A, 11,41 = 0; here, set T” := diag(dy, . . ., d,—1) for brevity. The computation
in the previous case implies that we would like to show

ST w(det A)i(tr AT) = 0.

AESymn+1(q)
An+1 n+1_0
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In fact, let e,,; denote the nth basis vector, and for any v € k"' and ¢ € k, we
claim ,
S(v,c) = Z w(det A)(tr AT) =0

AGSymn+1(Fq)
Aent1=(v,c,0)

To do Gaussian elimination, we would like to assume ¢ # 0. Well, because A is
invertible, we know that Ag,+1 # 0 for some 1 < k < n (recall A,41,41 = 0
already), so if the sum is to be nonempty, we may assume that ¢ # 0 or vy # 0 for
some k. If vy # 0, then note swapping the kth row and column with the nth row and
column (of both A and T) will not affect the trace or detetrminant but does switch
vr with ¢, which grants ¢ # 0.

We now do Gaussian elimination: note that there is a bijection

Sym,;_(Fg) x Fy=!' x Fy — {A € Sym),,(F,) : Aepq = (v,¢,0)}

1%1}@0 A’ 1
A w  ,d)w— 1 de| [2uT1
1 c wl 1

(Here, Sym/ is understood to consist of only the “empty” 0 x 0 matrix.) To see that
this is a bijection, we expand out the matrix product as

A+ LovT + (vwT +wuT) dv+cw v
dvT + cwT d cl,
vl c 0

so we see that A, , forces d, which then forces w from Ay, as 1 < k < n; the rest of
the data then forces A’. Thus,
d
S(v,c) = Z w(—c*det A') ¢ (tr AT + — troo™ T 4 2 trvw™ T + ddn)
c

A'eSym>_ | (Fq)
weFy ! deF,

- Z w (—c* det A") ¢ (tr AT") ( Z ¥ (ddn + C%tr UUTT') Z P(2tr vaT’)> :

A’eSymX_ | (Fq) delq weRp ™!

Beginning with the innermost sum, we see trow™l” = dyvywy + - -+ + dp_1Vp_1Wp_1,
so this sum is

n—1
Z P(2trow™T) = H ( Z ) 2dkvkwk))
welFp 1 k=1 \ wy€F,

In order for these inner sums to be nonzero, we note that we must have v, = 0 for
each k because v is a nontrivial character. Thus, we may assume v = 0, from which

we see
5(0,¢) = ( > w(det A)y(tr A'T') ) (Zw (d d)
Alesym:—ﬂﬂ?q) deFq
so we conclude in this case as well.
Summing the above two cases finishes the proof of Lemma 94. O
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We are now ready to prove Theorem 89.

Proof of Theorem §9. Quickly, we reduce to the case where T is diagonal. Indeed, by
choosing an orthogonal basis for the symmetric bilinear form given by 7', we receive some
g € GL,,(F,) such that D := ¢T'¢7 is diagonal. As such, we compute

gn(w, 0, T) = > w(det A)(tr AT)

A€Symy; (Fq)

= Z w(det A)y (tr g_TAg_lD)
AeSymy (IFq)

= Z w (det gTAg) ¢ (tr AD)
AeSymy (IFq)

= w(det 9)°gn(w, ¥, D).
Now, suppose we have proven the theorem for diagonal matrices. In this case, we see

gn(w, ¥, D) = (det D) g, (w,v, 1), so det D = (det g)*(det T') implies that
gn(w, 9, T) = (det T) " gu(w, 1, 1),

which is the theorem for 7', as desired.

Thus, we may assume that T := diag(dy, ..., d,). At this point, we induct on n. For n =0
and n = 1, there is nothing to say. For the induction, assume n > 2, and we use Lemma 94;
for brevity, set 7" := diag(dy, ..., d,—1). There are two cases.

e Suppose that n = 2m is an even positive integer. In this case, Lemma 94 and
induction yields

x(det T')
w(dn+1)

d (m—1)m . )
B Xi(iﬂiem glw,0)g ()" glwx, ¥g(x )

By Proposition 92, this is

me(w7w) = g2m71<w7'¢) : ' g<wX7¢)g(X7¢)2mil

x(detT) qmz_m

s der) 9 @) gl 0P

Gom (W, ) =

Lastly, Proposition 93 yields

X(—1)™x(det T)g™
w(dmdetT)

Gom(w, ) = ) (w2v¢)m'

e Suppose n = 2m + 1 is an odd positive integer with m > 1. In this case, Lemma 94
and induction yields

g2m+1(w, ¢) = gzm(w, 2/))9((,()7 w> . )i)(?de—:_z;) . g(X, 2[})2m
- % 19 (@, 9)" glw, ¥)g(x. )™,
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From here, Proposition 93 implies

qm2+m ) m
O g(w,)g (w?, ¥)

The above cases complete the induction. 0

9om+1 (wa %U) =

B.3. A Gamma Matrix Computation. In this subsection, we use Theorem 89 to compute
the finite-field analogue of a y-matrix attachaed to the prehomogeneous space Sym,,(F,). For
context, the p-adic analogue of Theorem 89 is intimately related to zeta functions attached
to prehomogeneous spaces; see [KS97, Section 3] or [Ikel7, Section 2]. We refer to [Sat89]
for the general theory of prehomogeneous spaces.

In our case, we note that (GL,,Sym,) is a prehomogeneous space, where the action is
given by g- A = gAgT. In other words, there is a proper algebraic subset S C Sym,, (k) such
that Sym, (k) \ S is a single GL,(k)-oribt. To see this, for any field k, we note that two
invertible symmetric matrices A, B € Sym,, (k) have some g € GL,(k) such that g- A = B
if and only if det A and det B are the same element in £*/k*?; thus, when passing to the
algebraic closure, Sym* (k) is a Zariski-open GL,, (k)-orbit in Sym,, (k).

We now define our zeta function. Let the GL, (FF,)-orbits of Sym > (F,) be denoted by Y; LI
Y_1, corresponding to if A € Sym, (IF,) has square or non-square determinant, respectively.
Now, because the proper algebraic subset S C Sym,, (F,) is cut out by det, our attached zeta
functions are

Zi(w, @) =Y _ w(det A)p(A),
AeY;,
where w: FY — C* is a character and ¢: Sym,(F,) — C is some test function; let
S(Sym,,(F,)) denote this space of test functions. Now, fix once and for all a nontrivial
additive character ¢: F, = C*, so we may define the Fourier transform

Fop(A) = Y @(B)Y(trAB).

BESymn (FQ)

Remark 95. To view F as a Fourier transform, we claim Fy-1 o F, = q( ). Tt suffices to
check this result on indicators 1 where C' € Sym,,(F,). Then we see Fy1lc(B) = ¢(tr BC)
for any B € Sym,,(F,), so

(FprFyle) (A= > (tr(C—A)B).

BeSym,, (Fq)

If A= C, then the sum is q(n;rl). Otherwise, A’ := C' — A # 0, and we need the sum to
vanish. Well, if A}, # 0 for some indices k" and ¢, then consider the matrix B(K',¢') by
B(k’/, v )kg = 1{k,€}_{k’,£’}a which giVGS

> et AbBE ) =D Z Y(0ABE ) =Y 1(20A4,) =

beF, beF, k=1 beF,

Grouping the rest of the sum by Sym,, (F,)/F,B(k', ') shows that > pq ) ¥ (tr A'B) =

as needed.
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A functional equation of zeta functions attached to prehomogeneous spaces is typically a
result relating Z,(w, ) to a dual version Z, (w™!, Fy¢e); some such results exist in the liter-
ature [DG98], but we will prove an analogue here for completeness. To prove our analogue,
we begin with the following multiplicity-two result.

Proposition 96. Fiz notation as above, and let w: F — C* be a character.
(a) For any k € {£1} and g € GL,(F,) and ¢ € S(Sym,,(F,)), we have
Zi(w, g - ¢) = w(det 9)* Ze(w, ).
(b) The functionals Zy(w) and Zy(w) are a basis of the space
Homgr, ) (S(Sym, (F,))°, w?® o det) ,
a)-

where S(Sym,,(F,))° denotes the functionals on Sym,,(F,) supported on Sym.: (
(

F
Proof. Quickly, we recall that the GL,(F,)-action on Sym,(F,) is given by (g - ¢)(A) =
¢ (g7 A) = (g7 Ag™T). From this one can see that S (Sym(F,))" is in fact a GL,(F,)-
subrepresentation of Sym, (F,).

To see (a), we directly compute

Zi(w,g- @) = Y w(det A)(g- p)(A)

= Z w(det A)p (g7 - A)
= ) w(detg - A)p(A)
= w(det g)* > w(det A)p(A),

A€Y}
which is what we wanted.

Thus, we spend most of our time on (b). Fix representatives A; € Y; and A_; € Y_;. Then
we see that Z; (w) and Z,(w) are at least linearly independent as functionals on S (Sym,, (F,))°
because Zy(w, 14,) = ly—ew(det Ay).

It remains to show that Z; and Z, span this eigenspace. The main point is that Sym, (F,)
has only two orbits, so any eigenvector Z is essentially determined by two values. Rigorously,
without loss of generality, we replace Z with

i Z(1A1) . (w>_ Z<1A71)
w(det A)) 7! w(det A_;)
so that Z(14,) = Z(14_,) = 0. We now claim that Z = 0, which will complete the proof. It
is enough to show that Z(14) = 0 for any A € Sym,, (F,).
Well, Sym, (F,) = Y3 UY_4, so without loss of generality, take A € Y;. Then we may find
g € GL,(F,) so that A =g- A, so
1a(B) = 144,(B) = 14, (97" - B) = (9 14,)(B)
for any B € Sym,,(IF,). Thus, because Z is an eigenvector,

Z(14) = Z(g - 1a,) = w(det g)*Z(14,) =0,
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as desired. U
Remark 97. In fact, for any eigenvector Z, the proof of Proposition 96 shows that
Z(1 Z(1
( A1) ( Afl) ‘Z,1<w,90)

(o) = —2A) _Z0a)
(0)= Saetay 2@ 9 F Saea
for any ¢ € S(Sym,,(F,))°. Here, we recall A; € ¥; and A_; € Y_; are any representatives.

To use Proposition 96, we thus want to show that ¢ — Z (w™!, Fye) is an eigenvector.
This follows formally from the following lemma.

Lemma 98. For any g € GL,(F,), the following diagram commutes.

S(Sym, (F,)) —= S(Sym,(F,))

| [

S(Sym, (F,)) == S(Sym, (F,))

Proof. This is a direct computation. For any g € GL,(F,) and ¢ € S(Sym,(F,)) and
A € Sym,,(F,), we compute

(Fogp)(A) = Y (90)(B)i(tr AB)

BeSym,, (Fq)

= Y. @(97'Bg ) ¢(tr AB)

BeSymn (FQ)

= Y. @By (tr AgBg")

BeSym,, (Fq)

= Y @(B)(trgTAgB)

BeSym,, (F,)
= Fup(g"-A)
= (97T Fup) (A),
which is what we wanted. ([l

Theorem 99. Fiz notation as above. Let w: F* — C* be a character. For any k € {£1},
there exist unique constants y1(w) and v —1(w) such that

Zy, (w_l, ]:szO) = %,1(@21 (W, 90) + 7&—1(00)2—1(00, <P)
for any ¢ € S(Sym,,(F,)) supported on Sym,: (F,).
Proof. This follows formally from Proposition 96 and Lemma 98. Indeed, it is enough to
show that the functional ¢ — Zy (w™', Fye) on S(Sym,(F,)) is a GL,(F,)-eigenvector with

eigenvalue w? o det. Well, for any ¢ € S(Sym,(F,)) and g € GL,(F,), we use Lemma 98 to
compute

Z (™, Fylge)) = Zi (w™, g7 T Fy)
= (w (det g™ T))* Zy (w1, Fup)
= w(det g)*Z (w’l, fwgo) ,
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as desired. O

The main point of this subsection is to explicitly compute the constants -, ,(w), which
make up the “change-of-basis” v-matrix. To this end, we have the following result.

Theorem 100. Fiz notation as above. Let w: F — C* be a character, and let x: Fy — C*
be the nontrivial quadratic character. For any k,¢ € {£1}, we have

g'fl (w_la 1/J7 1) + ]ngn (w_1X7 1/}7 1)
2 .

(B.3.1) Cre(w) =
In particular, we have the following.
e [fn = 2m s an even nonnegative integer, then
Cre(w) = X(=D)"w(d)™g™ g (w2, 9)" 1y
e I[fn=2m+41 is an odd nonnegative integer, then

w(4)mqm(m+1)g (W—Q’ ¢)m 9 (W_la w) + ;ffg (w_1X7 W

Ck7g(w) =

Proof. The last computations follow from directly from plugging (B.3.1) into Theorem 89,
so we will spend our time proving (B.3.1). Using Remark 97, we see

etl) = & (c;deﬁj)“‘f) a w(delt Ayp) AZY W (de AFelald)

where A, € Y, is some representative. A direct computation shows Fy1y4,(A) = ¢(tr AA,),

SO
1

m Z w det A)’g[)(tl‘ AA@)

Ve (w) =

To express this in terms of g,s, we need to change the sum from over A € Yj to over
A € Sym, (F,). To this end, we note that A € Y} if and only if x(det A) = k and is —k
otherwise, so a direct computation shows that 1y, = l(1 + kx odet). Thus,

1+ kx(det A)
Vi,e(w) = detAg Z w ™ (det A)y(tr AA) <f

A€Sym
_ gn( _1,¢,A£)+kgn (w XJ%AE)
2w(det Ay)

To finish up, we note that Theorem 89 implies that g, (W™, 1, Ay) = w(det Ag)g, (w9, 1)
and

gn (WX ¥, Ar) = w(det Ag)x(det Ag)g (w™'x, 9, 1) = w(det Ag)lgn (WX, ¥, 1) |

from which substitution completes the proof. O

Corollary 101. Fuz notation as above. Let w: F; — C* be a character. The functions
0+ Zo (W™t Fyp) form a basis of the space

Homgr,,r,) (S(Sym (F,)°,w?o det) ,

where S(Sym,, (F,))° denotes the functionals on Sym,,(F,) supported on Sym (F,).
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Proof. For brevity, define Z,(¢) = Z, (w™!, Fyp). Note that Z, is in fact an eigenvector by
the proof of Theorem 99, and this space has basis given by Z;(w) and Zy(w) by Proposi-
tion 96. Now, the constants (V¢)k,ec(+1} make a change-of-basis matrix from {Z;(w), Zs(w)}
to {Z7, Z}}, so it suffices to show that

?
det |:’yl,1 71,71 :| # O
Y-1,1 V-1,-1

To use Theorem 100, we set g, = g, (w™*,,1) and g_ = g, (w™tx,, 1), from which we
compute

Y1 M- Lige +9- 9+ —9-
det ’ ’ = det = = .
{7—1,1 ’Y—l,—l] 2 [9+ —9- 9++ 9—} +9
Now, g, and g_ are nonzero by Theorem 89 (and Proposition 93), so we are done. O

Remark 102. Combining the above computation with Remark 91, in the “generic” case

w? # 1, we have
det Y1 Y1,-1
Y-1,1 V-1,-1

If we were to normalize F, to F = q_%(ngl)]ﬂb and redefine everything with the normalized

Fourier transform, then this determinant would have absolute value 1. This normalization
factor is desirable because Remark 95 implies .7-";‘,1 o ]-"{Z =1.

_ 0,

B.4. Combinatorics. In this subsection, we use Theorem 89 to compute the number of
symmetric invertible matrices over I, with specified trace and determinant. This requires a
more complete understanding of the sums g, (w, 1, T') than Theorem 89 provides; in partic-
ular, we need to understand the case when 1 is trivial. Nonetheless, the method of proof
Theorem 89 still applies.

Proposition 103. Fiz a nonnegative integer n and some T € Sym,: (F,).

(a) Letw: F¥ — C* be a nontrivial character. If n is odd or w* # 1, then g,(w,1,T) = 0.
(b) Let x: Fyf — C* be the nontrivial quadratic character. If n = 2m is even, then

[ay

m

me(X7 17T) = X(_l)mqm2 H <q2k+1 - 1) :
k=0

Proof. For the proof of (a), we have two cases.

e Suppose w? # 1. Then for any g € GL,(F,), we see that A € Sym (F,) if and only
if gAg™ € Sym,, (F,), so

gn(w,1,T) = Z w(det A) = Z w(det gAgT) = w(det g)*gn(w, 1,T).

AeSymy (Fq) A€Symy; (Fq)

Thus, to conclude g,(w,1,T) = 0, it suffices to find g € GL,(F,) with w(det g)* # 1.
Well, w? # 1, so find ¢ € [Fx such that w(c)? # 1 and then set g == diag(c, 1,...,1).

e Suppose n is odd. By the previous case, we may assume that w? = 1. Now, for any
c € FY, we see that A € Sym (IF,) if and only if cA € Sym,; (F,), so

gn(w,1,T) = Z w(det A) = Z w(cdet A) = w(e)"gn(w, 1,T).
AeSymy; (Fg) AeSym;; (Fq)
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Now, if we did have g, (w,1,T) # 0, then we would have w(c)" =1 for all ¢ € F

and hence w™ = 1; however, n is odd and w? = 1 already, so it would follow w = 1.
However, w # 1 by hypothesis.

For the proof of (b), we imitate the proof of Theorem 89. As an analogue of Lemma 94, we
claim that

(B.4.1) Gom+2(X, 1,T) ~ Gom(X, 1, T) - x(=1)g?m+! (q2m+1 _ 1)

for any nonnegative integer m. Note that (B.4.1) will complete the proof of (b) by an
induction.

Now, the proof of (B.4.1) is analogous to Lemma 94; there are two cases. Set n := 2m for
brevity.

e We sum over A € Sym, ,(F,) with Api9,42 # 0. As in Lemma 94, we have the
following bijection.

Symy . (Fg) x FZ“ x Fy —{A € Sym; 5(Fy) : Ani2nsz # 0}

, lo| |A 1
o o= [N ]
It follows that

Z x(det A) = ( Z x(det A)> ( Z w(c)),
(Fq)

AGSym;+2(]Fq) A’ESyme_1 ceFy ,vEIFg+1
Ant2,n+270
but the left sum vanishes by (a) because it is gam11(x,1,7") = 0. Thus, there is no
contribution in this case.
e We sum over A € Sym,,(F,) with A, 2,42 = 0. In light of the previous case, we
expect all contribution from this case. Let e, o denote the (n 4+ 2)nd basis vector.
For any v € Fy and ¢ € Fy, we claim that

ST X(det A) £ gon(x, 1,T) - x (= 1)@,
AESym;<+2(]Fq)
Aent2=(v,c,0)
from which the claim will follow upon summing over all vectors (v, c) € F ZH with at
least one nonzero entry. Quickly, because some entry in (v,c) € IFZ“, we note that
we can rearrange the rows and columns of A to allow us to assume that ¢ # 0.
Thus, as in Lemma 94, we have the following bijection.

Sym,; (Fy) x Fp x Fy — {A € Sym,,,(F,) : Ae, o = (v,¢,0)}

1%vw_ A 1
(A, w , d)— 1 dc %le
1 c wl 1

It follows that

Z x(det A) = Z Z X (—c?det A) > :

AESym:erz(Fq) welg,deFq \ A’eSymX (Fq)
Aen+2:(v7c,0)

which is what we wanted upon noting x (—c?) = x(—1) and collecting sums.
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Combining the above casework completes the proof of (b). O

Remark 104. One can prove (b) by a combinatorial argument, directly counting the number
of invertible symmetric matrices with square determinant; this is done in [Mac69, Theorem 4].
We have included the above proof to emphasize the strength of the Gaussian elimination
technique to compute these Gauss sums.

The last sum g, (w, ¥, T) to consider is the case where w and 1 are both trivial. Equiv-
alently, we are counting the number of invertible symmetric n x n matrices with entries in
[F,. This result is well-known; for example, see [Mac69, Theorem 2|. However, to emphasize
the strength of our method (and for completeness), we will present a proof using Gaussian
elimination, as done in [BM87] in the case of F,,.

Proposition 105. Fiz a nonnegative integer n and some T' € Sym.: (F,).

(a) If n = 2m is even, then

m—1
92m(1, LT) _ qm2+m H (q2k+1 . 1) .
k=0

(b) If n = 2m + 1 is odd, then
Gomir(1,1,7) = "+ T (¢ = 1).
k=0

Proof. The proof will be by induction on n. In analogy to Lemma 94, the main claim is that

(B42) gn+2<17 17 T) ; anrl(q - 1)gn+1(17 17 T) + qn+1 (qn+1 - 1) gn(17 17 T)

for any nonnegative integer n. The proof of Equation (B.4.2) uses the typical Gaussian
elimination technique.

e We sum over A € Sym, ,(F,) where A, 5,12 # 0. As in Lemma 94, we have the
following bijection.

Sym,;,,(F,) x IF;‘“ x FX — {A € Sym, ,(Fy) : Apronio # 0}
(A v c) Lo 1A L
’ ’ 1 c| |vT1

It follows that the number of matrices in this case is ¢" ™ (q — 1)gn41(1,1,7T).
e We sum over A € Sym,,,,(F,) where A, 19,12 = 0. Let e,4s denote the (n + 2)nd
basis vector. For any v € Fy and ¢ € F;, we claim that
? g
# {A € Sym,,, o(Fy) : Aeyio = (v, ¢, O)} =q¢""g,(1,1,7),
from which (B.4.2) will follow by summing over all (v,c) € Fy*! with at least one
nonzero entry. Quickly, because some entry in (v,c) € IF;‘“, we note that we can
rearrange the rows and columns of A to allow us to assume that ¢ # 0.
Now, as in Lemma 94, we have the following bijection.

Sym, (F,) x Fp x Fg — {A € Sym; ,(F,) : Aepyo = (v,¢,0)}

1%7)11) A’ 1
(A w ,d)w— 1 de| [20T1
1 c wl 1
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The desired equality follows.

Summing the above cases completes the proof of (B.4.2).

We now complete the proof by an induction on n. For n = 0 and n = 1, there is nothing
to say. Now, to synthesize cases, we note that

qm2+m ﬁ (q2k+1 _ 1) _ q%(2m+1)(2m+2) H (1 _ %>
k=0

1<k<2m+1
k odd

and analogously for the even case. Thus, for our induction, we take n > 0 and use (B.4.2)
to see gnyo(1,1,T) is

¢"g—1)gor (L, L, T) +¢" (¢ = 1) g,(1,1,7)

= 20 Lt — 1) ] (1 - l) + (-1 ] (1 - i) :

k k
n<kk§d7zi+l q 1k§kd§dn q
If n is odd, we have
L(n+2)(n+1 n—+2 1
A0 (2 1) T (1_q_k>7
1<k<n
k odd

which simplifies correctly. If n is even, we have

VERRA (q g—1) (1 - qn+1) + (" - 1)) 11 (1 - —k) :
1

—~ <k<n q
D) k odd
which still simplifies correctly. This completes the induction. 0

We are now ready for our combinatorics.

Theorem 106. Let n be a nonnegative integer, and fix some T € Sym, (F,). Further, fix
deFy andt €F,.

(a) Suppose that n = 2m + 1 is odd. Then the number of A € Syms, . (F,) such that
det A=d and tr AT =1 is

g - 2k+1 m+1
q(q——1)<H(q —1)—(q—1) )

k=0

o) _
4m det T '

+qm2+m#{(‘r’y177ym)x+(y1++ym):t7

(b) Suppose that n = 2m is even. Let x: Fy — C* denote the nontrivial quadratic
character. Then the number of A € Sym;, (F,) such that det A = d and tr AT =t is

m

—i——<@m+x04WXMDr1@%“—IW—M—Um&ﬁU+x@%TD@—1W>

(g —1) P
(Y1 ym)’ :d}'

1™ T)g™ - o Ym) Y =
+ x(=1)"x(det T')q #{(yl, ) Sy Y =
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Proof. We prove these separately.

(a) For any characters w: Fy' — C* and ¢: F; — C*, we claim that

m(m+1)
2 9
In (w, ¥, T) -

W

o (A det T) g(w,¥)g (W y)"
Bl LT) g 1y

q(q+1)

> wl@v ().

a€Fy beF,

This is by casework. If v is nontrivial, the second sum on the right-hand side vanishes,
so the claim follows from Theorem 89. If v is trivial and w is nontrivial, then the
right-hand side vanishes, and left-hand side vanishes by Proposition 103. Lastly, if
both ¢ and w are trivial, then both sides are g,(1,1,7).

Now, we notice that full expansion gives

1

sy ) = X (TR e e )

4detT

TyY1yeeny Ym GF;

so by summing appropriately over all w and ), we see that the number of A €
Sym,: (F,) such that det A = d and tr AT =t is

9n(1,1,T) — gmim+) (g — 1)m+!
q(g+1)

m2+m
+q * #{(xayhaym)x—}_(yl—'—+ym):t7

ol _
Am det T '

To finish, we note that we can simplify the first term with from Proposition 105.
(b) For any characters w: F;* — C* and ¢: F, — C*, we claim that

2 x(=1)"x(det T)g™

gn(w,w,T) = w(4m detT) -g(wQ’Ib)m
. gn(x,1,T) —q;(cé—_li?qm (¢g—1)™ Z y(@)w(a)y(b)
a€F beF,
L (11T - x(—ql()qu(f‘)et DE@=D" 5~ ey,

a€F; beF,

Again, this is by casework. If ¢ is trivial, this is Theorem 89; otherwise, v is trivial.
Then if w? # 1 (i.e., w ¢ {1,x}) the right-hand side vanishes, and the left-hand
side vanishes by Proposition 103. Lastly, if w € {1, x}, then both sides are equal by
construction.
Now, as in (a), by full expansion of w (4™ detT) " g (w? 1)™ and summing the
claim over all w and 1) appropriately, we see that the number of A € Sym; (F,) such
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that det A =d and tr AT =t is

g1, T) = x(=1)"¢™ (¢ — )™ 9n(1,1,T) = x(=1)"x(det T)g™ (g — 1)™

x(d) +

(g — 1) q(q—1)
2
1) (det T)g™" - o Um) m:tM:d .
+ x(=1)"x(det T')q #{(yl, Ym) Ty + oty At T
It remains to simplify the first two terms. On one hand, we note Proposition 103
gives
m—1
906 LT) = x(=1)"g™ (g — )" X(=1)mg™ 2ot m
(g —1) @) (g —1) ,HO( )= @=1" | x(@
On the other hand, Proposition 105 gives
m—1
(L1 T) = x(=1)"x(det T)¢™ (¢ = )" _ ¢™ ht1
= q" q —1) —x(=1)"x(det T) (g — 1)™ | .
(g —1) (g — 1) g( ) XDt Tg =)
Summing the above two equalities completes the simplification. 0
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