THE UNIFORMIZATION THEOREM

ZACHARY HALBERSTAM

ABSTRACT. Riemann surfaces lie at the intersection of many areas of math. The Uniformization
theorem is a major result in Riemann surface theory. This paper, written at the 2019 Michigan
REU, gives a modern proof of the Uniformization theorem, investigating a lot of interesting math
along the way.
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In Section 1, we give basic definitions and constructions relating to Riemann surfaces. In Section

1. RIEMANN SURFACES AND COVERING THEORY

2, we state and interpret the Uniformization theorem and develop some of the machinery needed to
prove the theorem, including the Riemann-Roch theorem and cohomology. Finally we tie everything
together in Section 3 with a proof of the Uniformization theorem via the Riemann-Roch theorem
and the Hodge Decomposition theorem for Riemann surfaces, along with a few analysis results
which lie at the heart of Riemann surface theory.

Definition 1.1 (Riemann Surface). A Riemann surface is a 1-dimensional complex manifold.

That is, it is a Hausdorff space R such that for all p € R, there is an open neighborhood U,
of p and a homeomorphism ¢, (called a “chart”) from U, to an open subset of C satisfying the

©p ooyt 0g(Up NU,) = @p(Up NUy) is holomorphic.
1

following compatibility criterion: For all p,q € R, if U, N Uy # 0, then the transition function
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The technical details of this definition are a little unwieldy. Intuitively, a Riemann surface is a
topological space that, near every point, “looks like” part of the complex plane. We only consider
connected Riemann surfaces in this paper.

Example 1.1. C is a Riemann surface. We can take C as U, and id: C — C as ¢, for allp € C.
Using the same construction, all open subsets of C are also Riemann surfaces. One that will be of
particular interest is the open unit disk D = {z € C | |z| < 1}.

Example 1.2. The Riemann Sphere C, the complex plane with a point at infinity, is another
example of a Riemann surface. For any point p besides oo, we take U, = ® \ {0} = C and
op(2) = 2. We also set Usg = C\ {0} and poo(z) = 1 where L is taken to be 0. The transition
functions p,o0, " are the identity if U, = Uy and the function ppo @, (z) = 1 on C\ {0} otherwise
(in which case exactly one of p or q is 00). In both cases, the transition function is holomorphic.

1.1. Maps between Riemann Surfaces. Maps between Riemann surfaces have many interesting
properties, and several will be important to this paper.

Definition 1.2 (Holomorphism). Let X and Y be Riemann surfaces. A function f: X — Y is
called holomorphic if, for all charts g of X and h of Y, ho f o g~! is holomorphic (as a comple-
valued function) wherever this expression makes sense. If no codomain is specified, a holomorphic
function on X is taken to be a holomorphism X — C.

Definition 1.3 (Biholomorphism). A biholomorphism is a bijective holomorphism with holomorphic
muverse.

Remark. The definition of a biholomorphism is equivalent to the condition of being a holomorphic
homeomorphism. Since a biholomorphism preserves complex structure, two spaces are considered
“the same” in the category of Riemann surfaces if they are biholomorphic.

Definition 1.4 (Covering). For topological spaces X, Y, and a continuous surjectionp: X =Y,
p is a covering of Y by X if there exists a discrete space S such that for ally € Y, there exists a
neighborhood V' of y such that p~*(V) is homeomorphic to V x S. If S is finite, |S| is called the
degree of the covering.

Example 1.3. One example, which we will come back to, is the covering of the torus C/(1,i) by
C, where (1,1) acts on C by addition in C. See Figure .

We can think of p~1(V) as several copies of V' in the space X. It is also useful to define a relative
to the covering that behaves somewhat more irregularly than a covering.

Definition 1.5 (Ramified Covering). A continuous surjection p : X — Y is a ramified covering if
it is a covering except on a discrete set of points, called the ramification locus.

If a ramified covering has finite degree d away from the ramification locus, the points in the
ramification locus also have d preimages, counting multiplicity.

Theorem 1.1. FEvery non-constant holomorphic function f: X — Y between connected Riemann
surfaces, where X is compact, is a ramified covering.

Proof. The image of a compact space under a continuous function is compact, and the Open
Mapping Theorem states that every non-constant holomorphic function is an open map, so f(X)
is compact (therefore closed) and open in Y. Since f(X) is nonempty, this means f(X) =Y, so
f is a continuous surjection. For a proof that f has the remaining properties of a ramified cover,
see [FK92], §1.1.6. O
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FiGURE 1. This shows neighborhoods Vi, V5, V3 of three points yi,ys2,ys so that
V1, Vo, V3 behave as V' does in the definition of the covering. Here, S is Z x Z.
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The proof of Theorem quickly gives another important result.

Theorem 1.2 (Liouville’s Theorem for Compact Riemann Surfaces). If X is a compact Riemann
surface, any holomorphic function f: X — C is constant.

Proof. By the proof of Theorem if f were nonconstant, the image f(X) would be compact and
open in C. This implies f(X) = @), which is absurd. So f must be a constant function. (]

By Theorem holomorphic maps from compact Riemann surfaces to C do not give us any
useful information about compact Riemann surfaces. We will later have to consider nonconstant
meromorphic functions on compact Riemann surfaces, which are the same as holomorphic functions
from those surfaces to C.

1.2. Coverings and the Fundamental Group. In what follows, “covering” means an unramified
covering. Coverings interact nicely with many objects in the relevant topological spaces. For
instance, coverings transfer paths in the base Y to the cover X in a clean and natural way.

Theorem 1.3 (Path Lifting Property). Let p: X — Y be a covering, let v : [0,1] = Y be a path,
and let p(xo) = v(0). Then, there is a unique path 7 : [0,1] — X such that p(¥) = v and 7(0) = zo.
We call 7 a lift of .

This is proven in [Hat02]. The path lifting property is especially interesting in the way it pertains
to loops, which may or may not themselves lift to loops. It is helpful to define the fundamental
group, a group of loops on a space X.

Definition 1.6 (Fundamental Group). For a topological space X and a point xo € X, the fundamen-
tal group w1 (X, xg) is the set of homotopy classes of paths in X ~ : [0,1] = X with v(0) = (1) = zo
such that every path reached in the homotopy also starts and ends at xo. The homotopy class of
the path v is denoted [y], and the operation on the fundamental group is loop concatenation, that
is, [y1] * [y2] is the homotopy class [7y(1,2)] where

_)m(2h) tel
Tz ()= {72(215 1) te]

=

2l
1

]

)

D=
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There are a few things to note here. The loop concatenation operation is simply first following
the first loop, then the second loop, and adjusting the ”speed” to keep the domain of the path
as [0,1]. The identity of the fundamental group is the path e with e = z(. Also, for continuous
functions f,¢g : X — Y, a homotopy H from f to g is a continuous function X x [0,1] — Y such
that for all x € X, H(z,0) = f(z) and H(x,1) = g(z). This can be thought of as a continuous
deformation from f to g. If a homotopy from X to Y exists, f and g are said to be homotopic.
This is an equivalence relation on continuous functions from X to Y, and the equivalence classes
under this relation are called homotopy classes.

The definition of the fundamental group using homotopy classes of loops instead of just loops
allows the fundamental group to have the properties of a group. If the fundamental group was
defined as a group of loops instead of as a group of homotopy classes, it would have neither as-
sociativity nor the inverse property. The inverse of a path « : [0,1] — X is the path S such that
B(x) = a(l — x). It should also be noted that the operation is well-defined, and does not depend
on the representative chosen for the equivalence class. For proofs, see [Hat02].

Finally, the fundamental group seems like a curious definition, because it is defined on a topolog-
ical space and a point in that space, rather than just a topological space. In fact, if for xg,z1 € X
there is a path « : [0,1] — X with «(0) = 29 and «(1) = z1, then 7 (X, x0) = 71 (X,z1). The
group isomorphism takes [y] € (X, x1) to [y], where

a(3t) telo,3]
V()= qBt—-1) tel3,3]
a(3—3t) te[2,1]

This takes a loop starting and ending at z; and takes it to a loop starting and ending at x¢ by
following a path from zy to x1, then following the loop starting and ending at x1, then following a
path back to zg. For a proof that this is an isomorphism, see [Hat02].

Since if z¢ and x; are connected by a path, then m (X, z¢) = 71(X, 1), a path connected space
X has the property that its fundamental group does not depend on base point. In this case, we
refer to w1 (X) as the fundamental group of X.

We can refer to the fundamental groups of connected Riemann surfaces without specifying base
points, since they are path connected. This is because they are connected and locally path connected
and together these two properties imply path connectedness. (A space X is locally path connected
if, for all x € X, for all neighborhoods U of z, there is a path-connected neighborhood V C U of z,
and Riemann surfaces satisfy this property because there are by definition neighborhoods of every
point homeomorphic to open sets in the complex plane.)

Example 1.4. The torus T has a fundamental group generated by two generators, a and b. Because
aba=1b=! deforms to a single point (a=' and b=' are the paths a and b followed in the reverse
direction) the word aba= b1 is trivial in fundamental group for the torus. In addition, there are
no other relations on a and b. This fundamental group is in fact isomorphic to Z x Z. See Figure[3

The fundamental group and coverings are linked by the following theorem, sometimes called the
Fundamental Theorem of Galois Theory for Covering Spaces:

Theorem 1.4. If XY are path connected, and p: X — Y is a regular covering, then:
(1) pu(m (X)) is normal in 7 (Y).
(2) The Deck group D(p), the group of automorphisms d : X — X such that pod = p, is
isomorphic to w1 (Y)/p«(m1(X)).
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FIGURE 2. The paths a and b are the two generators.

A covering p: X — Y is called regular if, for every loop v : [0,1] = X with v(0) = (1), all lifts
p o of the loop po+y in Y are loops, that is, they satisfy po~(0) = po~(1). The induced map
on the fundamental group p, takes [a] € m1(X) to [poa] € m1(Y). This is well-defined regardless
of both base point for the fundamental group and representative for the class [a]. Also, the deck
group can be thought of as shuffling the preimages of a neighborhood under a covering.

Proof. This proof uses ideas from [Kug93].
The key observation is that the path lifting property can be used to relate elements of 71 (Y") to
elements of D(p). Given [a] € m1(Y), for each y € Y let

Qy, 1 [0,1] =Y

be a representative of the class that corresponds to [a] in 71 (Y, yo). Also, if p(xo) = yo, let vy, 5, be
the unique lift of o, with vy, »,(0) = xo. Then, define the map ¢ : m1(Y) — D(p) in the following
way:

Y(a]) : X = X

T Yp(a)e (1)

1 is a group homomorphism. Its kernel is the elements [«] such that ¢([a]) is the identity, that
is, elements that lift to loops regardless of local representation. The regular covering property is
very useful in determining which elements these are, since it guarantees that any images of loops
in X under the covering map p only lift to loops in X. This holds for representatives of classes
of loops as well, so [a] € ker iff @ = p(B) for some B € 71(X), which is exactly the condition
[a] € p.(m1 (X)), so

er § = pa (m1 (X)),
The kernel of a group homomorphism is always normal, and by the First Isomorphism Theorem,

P(m (V) = m(Y)/ keryp = mi (V) /pa (1 (X))
All that remains to be shown is that v is a surjection.
To do this, let d be a deck transformation. Note d is continuous. Then, let zg, z1 € X such that
d(xo) = 1. Using the path connectedness of X, let v : [0,1] — X be a path such that v(0) = xg
and (1) = x1. Then, ¢¥([p o v]) = d. First, note p o~ is a loop, since p(v(1)) = p(z1) = p(d(xo)) =
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p(z0) = p(7(0)). So, Y([poy]) € D(p). Also, ¥([po~])(zo) = x1, since  is the only lift of p o~y that
is g at 0.

In general, a deck transformation’s image at one point completely determines the entire deck
transformation. This is because, given d(zo) = 1, for all z € X, there exists a path 7, with
7x(0) = 2o and 7,(1) = x. Then, d o v, is a path from d(z¢) = z; to d(z). So, there is only one
option for d(z).

Therefore, since ¥([po~y]) and d are deck transformations that agree on the image of a point, they
are the same deck transformation. So d € (m1(Y)), so since d was arbitrary (71 (Y)) = D(p).
Therefore D(p) = ¢¥(m1(Y) = m(Y)/p«(m1(X)). O

With this theorem, we can consider normal subgroups of the fundamental group of a space Y
in correspondence with some covers X of Y. In turn, if these spaces have nontrivial fundamental
group, the normal subgroups of their fundamental groups correspond to covers of them. With the
right conditions, all of these spaces are covered by a cover with trivial fundamental group.

Example 1.5. The fundamental group of the torus C/(1,1) is isomorphic to Z x Z. This group is
abelian, so all of its subgroups are therefore normal. Figure[3 shows the correspondence of various
covers of the torus with subgroups of its fundamental group. Each covering map takes a point to its
equivalence class under a quotient.
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FIGURE 3. This shows several covers of a torus, all covered by a space (C) with
trivial fundamental group.

1.3. Universal Covers. In the previous example, C is a cover for all of the other covers of the
torus. This is a property of covering spaces with trivial fundamental group, and for this reason,
such covers are called “universal.”
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Definition 1.7 (Universal Cover). A path-connected space X is called simply connected if it has
trivial fundamental group (so every loop is homotopic to a point). A simply connected cover is called
a universal cover.

Remark. If a space has a universal cover, it has a unique universal cover.
In fact, a few connectivity conditions are sufficient for a space to have a universal cover.

Theorem 1.5. A locally path connected space X has a universal cover if and only if X is connected
and semi-locally simply connected.

X is semi-locally simply connected if for all x € X, there exists a neighborhood U of = such
that every loop in U is homotopic to a single point in X. Note the homotopy is not required to
take place within U, hence the “semi-local” condition. Most even vaguely well-behaved spaces are
semi-locally simply connected - the standard counterexample is the Hawaiian earring (Figure [4]),
which consists of the union of all circles in R? that are centered at (+,0) with radius - for each
n € N, with the subspace topology from the Euclidean topology on R2.

F1GURE 4. This space is not semi-locally simply connected, since no neighborhood
of (0,0) has the property that all loops in the neighborhood are contractible to a
single point in the space.

Proof. This proof includes ideas from [Hat02].

First, we show that these conditions are necessary for a locally path connected space to have a
universal cover. Suppose X has a universal cover X, and let p : X — X be the covering map.

We first show X is connected. Let xg,z1 € X, and let £o and Z; be preimages of o and x;
under p. Then, since X is path connected, there is a path « : [0,1] — X such that a(0) = &y and
a(1l) = Z1. Then, po « is a path in X from z¢ to x1, so X is path connected and therefore also
connected.

Next, we show X is semi-locally simply connected. Let x € X. Then, let U be an open neigh-
borhood of X such that the preimage of U is homeomorphic to U x S, where S has the discrete
topology. Then, let v be a loop in U with v(0) = v(1) = z( and lift v to 7, such that 5(0) = Zg
for some preimage Zo of xy. This lift is contained entirely in one of the copies of U in X, since S
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is discrete, so 7 is a loop. Since X is simply connected, there is a homotopy H : [0,1] x [0,1] = Y
such that H(z,0) = §(z), H(z,1) is constantly Zg, and H(0,2) = H(1,z) = &g for all . Then,
po H is a homotopy in X from « to a single point that fixes the base point of the loop, so 7 is
contractible in X and X is semi-locally simply connected.

Given a connected, locally path connected, and semi-locally simply connected space has a uni-
versal cover. Let X be such a space. The universal cover of X is constructed by taking a point
o € X, and letting

X ={[]|7:[0,1] = X is a path with v(0) = 20}

where the homotopy class [y] only includes homotopies that fix the base point and final point of
the path 5. This allows for a very natural covering map p([y]) = v(1). See [?] for a proof that this
space is indeed a universal cover for X. O

All connected Riemann surfaces satisfy the connectivity conditions for Theorem since each
point has a neighborhood homeomorphic to an open subset of C, so they all have universal covers.
See [IT] for a proof that the universal covers of Riemann surfaces have Riemann surface structure.
There is an immensely powerful and important theorem concerning universal covers of Riemann
surfaces, which is the main purpose of this paper.

2. THE UNIFORMIZATION THEOREM

The Uniformization Theorem can be stated in two forms. The first form emphasizes the universal
covers and the second suggests the importance of the theorem by describing how the three universal
covers give us information about every Riemann surface.

Theorem 2.1 (The Uniformization Theorem, version 1). Up to biholomorphism, there are just
three simply connected Riemann surfaces: the complex plane C, the Riemann sphere C, and the
open disk D.

Theorem 2.2 (The Uniformization Theorem, version 2). Every connected Riemann surface X is

biholomorphic to a quotient of one of C,C, orD by the covering space action of a subgroup I' of its
automorphism (self-biholomorphism) group.

Remark. D is biholomorphic to the upper half-plane H = {z € C | Re () > 0}, which is sometimes
used in the statement of the Uniformization Theorem.

In the second form of the Uniformization Theorem, the term “covering space action” is defined
to be an action of a group G on a space X such that for all z € X, there exists a neighborhood
U of x such that gU NU # () if and only if g is the identity. See [Hat(2] for a proof that the map
p: X — X/G taking points in X to their equivalence class is a covering and that G is closely related
to the group of deck transformations. In our case, this means the second form of the Uniformization
Theorem is describing the universal cover of X. It is worth verifying that the three universal covers
are indeed meaningfully distinct.

Theorem 2.3. The three spaces (@, C, and D are mutually non-biholomorphic.

Proof. Any biholomorphism is a homeomorphism, so since Cis compact and C and D are not, Cis
not biholomorphic to either C or D. Furthermore, any holomorphism C — D must be constant by
Liouville’s Theorem from complex analysis, so it cannot be invertible. O
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So, we can understand the complex structure on a Riemann surface by understanding the sur-
face as a quotient of one of these three Riemann surfaces by a group of its automorphisms. The
automorphisms of the three universal covers are easy to describe, and each admits a particularly
nice metric.

Theorem 2.4 (Automorphisms of the universal covers).

e The automorphisms of@ are f(z) = ‘Cljj_s where ad — bc # 0 and a,b,c,d € C.
gz+b

e The automorphisms of D are of the form f(z) = §=2 where la]2—b|?> =1 and a,b,c,d € R.

e The automorphisms of C are of the form f(z) = az + b where a,b € C and a # 0.

For a proof, see [Bra]. For a details on the construction of the metrics on the universal covers
and quotient spaces, see [Bon09].

Definition 2.1 (Quotient Metric). Let X be a topological space, let d : X x X — R be a metric on
X, let ~ be an equivalence relation on X, and let [x] denote the ~-equivalence class of x. Then, the
quotient metric d : (X/ ~) x (X/ ~) = R is defined such that

d([P],[Q]) = inf {d(P,Q1) + d(P, Q2) + - - + d(Pn,Qn) | Qi € [Pi1]V1 <i <n—1,Q, € [Q]},
if this construction makes d a metric.

The metrics on Riemann surfaces are one of the miracles of Uniformization. The three universal
covers have very well-behaved and understood metrics, in particular, the three metrics all have
constant curvature. Because of natural correspondences between the automorphism and isometry
groups of the three universal covers, the quotient metrics on Riemann surfaces inherit the con-
stant curvature of the metrics on the universal covers. So, the Uniformization Theorem gives a
correspondence between complex structures and metric structures on a Riemann surface!

2.1. The Riemann-Roch Theorem. Our next goal is to understand the proof of the Uniformiza-
tion Theorem. We will use the Riemann-Roch Theorem, an important theorem about the existence
of meromorphic functions on a compact Riemann surface. To state the theorem, it is first necessary
to make some definitions.

Definition 2.2. Let X be a Riemann surface, and let p1,...,pqg € X be a set of distinct points.
Then, D = {p1,...,pa} is called a divisor. We define H°(D) to be the complex vector space of
meromorphic functions on X which have no poles away from D and at most simple poles in D. For
ease of notation, we define h°(D) = dim H°(D).

Definition 2.3 (Differential Forms). For a Riemann Surface X, a differential one-form is an
element of the cotangent space. A differential 1-form is a holomorphic differential form if it is rep-
resented as f(z)dz, where f is holomorphic, in every coordinate patch. A meromorphic differential
form is defined to be a holomorphic differential form except at a set of isolated points {a1,...,am},
where the local representation is given by g(z)dz where g is meromorphic with a pole at a;.

Remark. All holomorphic differential forms are meromorphic.

The cotangent space is defined to be the dual of the tangent space, which is an object attached to
each point that essentially consists of local objects (“point derivations”) that behave like derivatives.
In the case of Riemann surfaces, a basis for the tangent space over R is given by (%, %), where z is
the local coordinate. The differentials dz and dZ are defined as the dual vectors of the corresponding
partial derivatives, so they are both linear functionals on the tangent space and

0

)=1
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0

dz(£) =0
dz(%) =0
dz(%) =1

We also define d, 0, and 0 operators on smooth functions in local coordinates. Let f be such a
function. Then, we let

L Of 40
af = 0z dz+ (%dz
. of
of == gdz
5f = a—{dé
0z
All 1-forms are locally of the form
f(2)dz + g(2)dz,

and we call a form a (1,0)-form if g is zero and a (0, 1)-form if f is zero.

Similarly, given a one-form w = f(z)dz + g(2)dz, we can define dw,0w and dw. We define
dw := df Adz+ dg A dz, and 0w and Ow similarly, and in general, we have d = 0 + 0. See [Sch07],
Chapter 4 for details and more explanation of differential forms.

We define H°(K — D) to be the space of holomorphic 1-forms on X that vanish at every point
in D, and as before let h%(K — D) = dim H°(K — D). We are now in a position to state a form of
the Riemann-Roch Theorem:

Theorem 2.5 (Riemann-Roch, form 1). Let X be a Riemann surface of genus g, let p1,...,pa € X
be distinct, and let D = {p1,...,pq} be a divisor. Then,

(D) —h*(K — D) =d— g+ 1.

We investigate this in the case where X = C to see the limitations of this form of the theorem.
First, we check that the theorem holds in this form in this case.

Theorem 2.6. Letpy,...,pq € C be distinct, and let D = {p1,...,pa} be a divisor. The Riemann-
Roch theorem holds in this case.

Proof. First, h%(D) = d + 1. We can assume py, ...,pq € C. Then,
1 1 1
z—pilz—p2’ z—pd)'
All functions of this form are certainly in H%(D), so we must show that all functions in H°(D)

are in this span. Indeed, let F' € H°(D). Then, let c1,...,cq be the residues of F' when expressed
in z at p1,...,pq. Now, consider the function

H°(D) = span(1,

where z is the canonical coordinate chart on C centered at 0.
F only has simple poles since it is in H°(D), so around every point p;, its Laurent expansion is
of the form
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Therefore, the Laurent expansion of f (which is meromorphic because it is the sum of meromorphic
functions) around every point p; is of the form

e .
Z aj (Z - pi)Jv
j=0

so f is holomorphic near every point in C.
Therefore f is holomorphic on C, so by Theorem f is constant. So, there exists ¢y € C such
that

= F(2) =co+

+ ot
Z2—p1 Z2—Dp2 Z—DPd

So, H(D) = span(1, Z}pl, ij2,...7 prd), so h%(D)=d+1=d— g+ 1, since C has genus 0.
So, for the Riemann-Roch Theorem to hold in this case, we must now verify h°(K — D) = 0.

By every meromorphic function f on C besides the zero function has the same number of

zeroes as it has poles (counting multiplicity), since a meromorphic function on C is a holomorphic

function C — C. We use this to show a lemma about meromorphic one-forms on C.

Let w,w’ be two meromorphic one-forms on @, and let f = 2. Then, f is a meromorphic
function, so it has the same number of zeroes as it has poles. Now, the number of zeroes f has is
equal to the number of zeroes of w plus the number of poles of w’, and the number of poles of f is
the number of poles of w plus the number of zeroes of w’. So,

zeroes(w) + poles(w’) = zeroes(w') + poles(w)
= zeroes(w) — poles(w) = zeroes(w') — poles(w’).
So, the number of zeroes minus the number of poles is constant across all (nonzero) meromorphic
one-forms on the Riemann sphere. Now, consider the meromorphic one-form dz on C. It is a

holomorphic one-form with no zeros on C. At co, we use a change of coordinates to understand its
behavior. Let the local coordinate at oo be w, and note w = % Then,
1 1

dz=d(—) = ——
“ (w) w2

dw,

so at z = 0o, w = 0 and dz has a double pole. Since dz has no zeroes,
zeroes(dz) — poles(dz) = —2.
So, all meromorphic one-forms w on the Riemann sphere that are not identically zero have
zeroes(w) — poles(w) = —2.
In particular, there are no holomorphic one-forms on the Riemann sphere besides the zero form, so

h(K — D) = 0. O

The example of dz also hints at a limitation of our current approach. It has a pole with multi-
plicity greater than one, which is counted in considerations with zeroes and poles but not treated by
our current definition of divisors. The Riemann-Roch theorem is made more general and powerful
by defining divisors in a less intuitive, but more general, way [Sch07].

Definition 2.4 (Divisor, version 2). The group of divisors of a Riemann surface X is the free
abelian group generated by points of X.
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We denote divisors with a formal sum, so we write a divisor D as

D:Znaa

acX

where n, € Z for all a and n, = 0 for all but finitely many a. We define addition of divisors
pointwise, so that the sum of two divisors D = Y .y ng,a and D' = 3"« mga is

D+ D' = Z(ma +ng)a.
aceX
Similarly, we can define a difference between divisors, take products of a divisor with a scalar, and
so on. We also define a partial order on divisors where we say D > D’ if n, > m, for all a € X.
Some divisors are special. For instance, every nonzero meromorphic function f on X has a
divisor associated to it. The order ord,(f) of f at a point a is k if f has a zero of multiplicity &
at a, —k if f has a pole of multiplicity k, and zero otherwise. The divisor associated to f, denoted

(f), is

Z ord,(f)a.

aceX
Similarly, every nonzero meromorphic differential form w has a divisor associated to it. Near every
point a, w can be represented as g,(z)dz, Then, we define

ord, (w) = ordy(ga)

(it can be checked that this is independent of local coordinate) and we let the divisor associated to

w be denoted
(w) = Z ord, (w)a.

aceX
For meromorphic functions or forms a, b,

(a-b) = (a) + (b) and (1> — _(a).

a

Two divisors are said to be equivalent if their difference is (f) for some meromorphic f. All
nonzero meromorphic differential forms are equivalent since, given two such forms w,w’, the ratio

“is some meromorphic function f, so
w

(f) = () = (W) = ().

The equivalence class of divisors corresponding to meromorphic one-forms is called K.
In this more general setting, the divisor D = {p1,...,pq} is denoted p; +- - - +p4. We also redefine
H°(D) in a more general way using the partial ordering of the divisors. We define

HY(D) := {f meromorphic | (f) > —D}
Let D, D' be equivalent, so that D — D’ = (f) for some meromorphic f. Then, H°(D) =2 H°(D'),
and the isomorphism is given by g — f - g.
So, if D = —47p; + 2p, for some p1,pz € X, then all f € HY(D) must have a zero of at least
order 47 at py, can have a pole of at most order 2 at ps, and must be holomorphic on the rest of X.

So, the new definition of H°(D) is a generalization compatible with the old definition. The other
term on the left-hand side of the Riemann-Roch Theorem, H?(K — D), is defined in the same way:

H°(K — D) := {f meromorphic | (f) > D — k}
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where k is taken as any representative of the divisor class K (all representatives will give the same
space, up to isomorphism). H°(K — D) is more naturally interpreted as a space of forms than as a
space of functions:

Theorem 2.7. H°(K — D) is isomorphic to the space of meromorphic differential forms w such
that (w) > D.

Proof. Let wy be a nonzero meromorphic differential form, so that K is the equivalence class of

(wp). Then, for all meromorphic forms w, wio is some meromorphic function f, so w = fwy. We have

(w)>D

= (fwo) = (f) +(wo) = (/) +k=D
< (f)>D—-k < fe HK-D).

So, f +— fwp is an isomorphism between the two spaces. O

Hence, the new definition of H(K — D) is compatible with the previous one, and H°(K — D)
is a very natural object to consider.

We also need to reconsider one more term in the Riemann-Roch Theorem: We replace the term
d with the degree deg D of the divisor D, where deg D is defined as the sum of the coefficients of
points in D.

Theorem 2.8 (Riemann-Roch, more general). Let X be a compact Riemann surface of genus g,
and let D=5 _ nga be a divisor for X. Then,

acx
(D) —h°(K — D) =degD — g + 1.

Remark. We can quickly adjust the proof of 2.6 to account for multiplicity, as long as there are
no terms in the divisor with negative coefficient. If the point p; has multiplicity m in the divisor,
we add the terms Z%p, (z_1p,)2 . (Z_;)m into the basis for HO(D) and a similar argument shows
this is a basis for H°(D), which therefore has dimension deg D + 1.

In this paper, we only prove Riemann-Roch as stated in Theorem[2.5] To do this, we are interested
in constructing meromorphic functions with poles only at certain points. Following [DonIl], we
start by letting X be an Riemann surface of genus g. Then, we let p € X, and attempt to construct
a meromorphic function with simple pole at p and no other poles.

We can let 2, be a local coordinate in a neighborhood U of p such that z,(p) = 0. Then, i is a
meromorphic function on U with simple pole at p. To extend this function to be a global function
on X, we let B be a bump function such that B is smooth, B is 1 in a neighborhood of p, and B is
zero outside of U. Then, B - i is a smooth function on U \ {p} that extends to a smooth function
on X \ {p} that is zero outside of U. We also use B - i to denote the extension of this function
when unambiguous.

This function is smooth but not holomorphic on X \ {p}, so we wish to find a smooth f on X
such that f+ B - Zi is holomorphic. One criterion for a function to be holomorphic will be helpful.

Theorem 2.9. Let g be a smooth function on a Riemann surface X. g is holomorphic if and only
if 0g = 0.
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Proof. g is of the form g(x + iy) = u(z,y) + iv(x,y), where v and v are real-valued differentiable
functions. By the Chain Rule, the partial derivative with respect to Z is

9 10 io

0z 20x 20y’

SO
- dg 1 /0u ou dv  Ov
0g=—dz=-|—+i—+i———|.

9=5:% "3 (ax“ay o 8y)
By the Cauchy-Riemann Equations, ¢ is holomorphic if and only if g—g = g—Z and ‘g—Z = —g—;.

From the expression for dg, these are exactly the conditions for the terms in the parentheses to

cancel.
O

There is a similar theorem for anti-holomorphic functions, which we state without proof.

Theorem 2.10. Let g be a smooth function on a Riemann Surface X. g is anti-holomorphic, that
is, g is such that

g:X—C
z— g(z)
18 a holomorphic function, if and only if dg = 0.
We can use Theorem Wto extend O(B - i) to a smooth (0, 1)-form on all of X. Since B =1 in
a small neighborhood V' of p, and i is holomorphic in V' \ {p}, we have (B - i) =0on V\ {p}.
So, we can extend d(B - L) to a (0, 1)-form on all of X by defining

A{a<B~;p> 2#p

1
Zp

0 z=p

So, we now have a smooth (0,1)—form A defined globally on X, and we are looking for a
smooth function f on X such that d(f + B - i) = 0 on X \ {p}. So, on X \ {p}, we want
o(f) =—0(B - i) = —A, and since df is globally defined, we must have df = —A. Since A is not

defined globally as the image of a certain function under the d operator, it is not clear that such
f exists. Fortunately, cohomology provides us with tools that help measure whether differential
one-forms are the images of functions under differential operators.

2.2. Cohomology. The following two definitions are given in [Lov].

Definition 2.5 (Vector space complex). A wvector space complex A is a (possibly finite) sequence
of vector spaces A* connected with linear transformations d* such that dt' od* =0 for all i :

_1 0 1
025 A0 T gt 4y 42,
When there is no ambiguity, we refer to the d* operators simply as d.

Im(d*~!) must be a subspace of ker(d*) for all i in order for the d**! o d® = 0 condition to be
satisfied. This property allows us to define cohomology.
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Definition 2.6 (Cohomology). Let A be a vector space complex. Then, the kth cohomology vector
space corresponding to A, H* is
H* = ker(d*)/Im(d*~1).
Based on the type of complex, different notation will be assigned to H*.

The reason we have gone to all the trouble of defining cohomology is because the forms on a
Riemann Surface form a complex, with the d operator as the transformations. Indeed, recall from
our definition of forms that, for a smooth f,

df = 8fd —&-gd’
0z
SO
of af _ 0 of 0 of 0 of 0 of _
(df)—da Adz +d8 NdZ (8 3zd +aad ANdz + aa_d +azad Ndz
Since the wedge product is alternating and bilinear, several terms cancel, and we are left with
0 af 0 of _ af of B
a—a—d zZANdz +a—8—d ZzNdZ 55 ——dz Ndz 7(9z82d2/\d270'

Also, the d operator annihilates all two-forms in the case of Riemann surfaces. This fact, and
the fact that d?> = 0 allows us to define a complex where the transformations are the differential
operator d.

Definition 2.7 (De Rham Complex). Let X be a Riemann Surface, and Q°(X) be the smooth
functions on X, QY(X) be the smooth 1-forms fdz + gdz on X, and Q*(X) be the smooth 2-forms,

then fdz N dz on X,

0-0°X) L al(x) L 2x) %o

is called the De Rham complex.
The associated De Rham cohomology spaces are denoted
H)5(X) = ker(d: Q°(X) — QYX))
H)n(X) =ker(d: Q4(X) — Q*(X))/Im(d : Q°(X) — QY(X))
Hi(X) = Q*X)/Im(d : Q1(X) — Q*(X).

However, the De Rham cohomology is not precise enough for Riemann surfaces. It exists on any
smooth manifold, but ignores the additional complex structure that Riemann surfaces have. For
this reason, we use the d operator to define other cohomology spaces. Like d, 0% = 0.

In addition to Q°(X), Q}(X), and Q2(X) as defined in Definition we define Q%!(X) to be

the space of (0, 1)-forms on X and Q'°(X) to be the space of (1,0)-forms on X. Note 9(Q*! (X)) =
9(Q%(X)){0}. We now define some cohomology spaces:

Definition 2.8 (Dolbeault cohomology). We define four Dolbeault cohomology vector spaces, com-
ing from the two complexes

lom

(1) 0 0(x) & 0%(x)

2) 0 0x) % 02(x) 2o

The cohomology spaces we define are
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HOO(X
HOY(X
HYO(X
HY'(X

r(0: Q(X) = QX))
H(X)/Im(3 : Q°(X) — Q%1(X))
r(0: 0(X) = Q*(X))
(X)/Im(0 : QM(X) — Q*(X)

H%%(X) and H*'(X) come from the first complex and H°(X) and H'!(X) come from the
second complex.

) :=ke
) = Q%
) :=ke
) i= Q2

Remark. These are the only nontrivial Dolbeault cohomology spaces in the case of one complex
dimension. In higher dimensions, there is a Dolbeault space HP1(X) for larger p, q.

The group H*9(X) is just the space of holomorphic functions, and the group H>°(X) is the
space of holomorphic one-forms. However, the space H%!(X) is in fact the main reason we made
our excursion into cohomology in the first place.

We were trying to determine whether there was a smooth function f such that 0f = —A, where
—A is a given smooth (0, 1)-form. This is equivalent to the cohomology class of —A being 0 in the
space H*!(X). A powerful theorem will let us count the dimension of H%!(X).

Theorem 2.11 (Hodge Decomposition for Riemann Surfaces). Let X be a Riemann surface. Then,
Hip(X) = HY(X) ® H*M(X).
We need to assume one major analysis theorem before proving this theorem.

Theorem 2.12 (Donaldson’s“Main Analysis Theorem” [Donll]). Let X be a compact Riemann
surface. If, for p a 2-form, there is a solution to 00¢ = p, then fX p = 0, and the solution ¢ is
unique up to addition of a constant. Also, if p is a 2-form such that fX p = 0, then there is a ¢
such that 00¢ = p.

For a proof, see [Donll].
We are now ready to prove Theorem [2.11

Proof. This proof uses ideas from [Fil].
Recall
HY(X) = Q"(X)/Im(d : Q°(X) — Q*1(X))
and
HY(X) :=ker(0: Q"0(X) = Q*(X)).
We first show the space H%!(X) is isomorphic to the space Q(X) of anti-holomorphic one-
forms, that is, one-forms that are represented as g(z)dz in each coordinate chart where z — g(z)

is a holomorphic function. Let w € Q1(X), and note since w is a (0, 1)-form, [w] is an element of
H%'(X). Consider the map

i: QLX) - H"(X)
W [w]
We have that i is an isomorphism. First, it is an injection, since if [w] = 0 in H%!(X), then there

is a smooth f such that f = w. Then, 00f = dw = 0. This is because in every local coordinate
Ow is g—gdz A dz for anti-holomorphic ¢ and, by Theorem m 99 — . By Theorem [2.12] f must
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be constant, as the solution to 85@ = 0 must be unique up to addition by a constant and ¢ = 0 is
one solution. Since f is constant, df = w = 0. So, keri is trivial, so ¢ is injective.
Next, 4 is a surjection. Let [f] € H*'(X). Then, we are looking for an anti-holomorphic one-form
w such that w = 6 + 9¢ for some smooth ¢. By Theorem this is equivalent to
0 = 0w = 06 + 00¢.

So, we wish to show there is ¢ such that 00¢ = —96, and since

/ —00 = / —-0=0
X 5X=0

by Stokes’ Theorem, such ¢ exists by Theorem So, i is surjective.
Therefore Q1 (X) = HO1(X).
Next, we show

H"(X) o QY(X) = Hip(X).
Consider the following map:
v: HY(X) @ QLX) = Hip(X)
v(wy,ws) = w1 + wo]
v is an isomorphism.

First, v is injective. Suppose w1 + wa] = 0. Then, w; + wp = df for some smooth f on X. Since
wy is a (1,0)-form and ws is a (0, 1)-form, this means w; = df and wy = df. So, by Theorem [2.10}
Owg = 0, so d0f = 0. Therefore, by Theorem f must be a constant function. So, f = df = 0,
SO0 w1 = wy = 0.

So, ker v is trivial, so v is injective. Next, we show v is surjective.

Let [a] € Hjp(X), so that we must have daw = 0. Then, in every local coordinate, « is represented
as a1 (2)dz+ag(2)dz for smooth ay, as. Let the form represented as a1 (2)dz in every local coordinate
be aq, and let the form represented as as(z)dz in every local coordinage be as.

Since «g is a (1,0)-form and s is a (0,1)-form, we have da; = da; and das = dasy. So, by

Stokes” Theorem,
/ 50[1:/ 80[2:0.
X X

So, by Theorem there exist smooth fi, fo such that 00f; = 0a; and 90 fo = —Oas.
So, we have

3(5f2 +az)=0
and )
d(0f1 +a1)=0
(for the latter, note 90 = —09) so dfs + as € QH(X) and f; + ay € H°(X). Therefore,
v(0f1 + a1,0fz + az) = [a+ Of1 + Ofa]

is in the image of v. So, if we can show df; + dfs is of the form df for some smooth f, we will show
v is surjective.
Since

0 = da = doy + das = da + Oas,
we have

85(]”1 — fg) = 50&1 + (9042 =0
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so by Theorem f1—f2 is a constant function. Therefore there exists ¢ € C such that f; = fo+c.
Then,
dfi =0f1 +0f1 =0f1 +9(f2 +¢) = 0f1 + Ofa.

Therefore 0f; + Ofs is equivalent to 0 in the de Rham cohomology, so
v(0f1 + 1,0f2 + az) = [a+ 0 f1 + D f2] =[]
and v is surjective.
So, v is an isomorphism, and H'(X) & Q'(X) = H},(X). Because H*!(X) = Q(X), this
gives

H"(X)o HY(X) = Hjz(X).
O

In fact, we can quickly determine one more important relation involving the spaces in the Hodge
Decomposition.

Theorem 2.13. Let X be a compact Riemann surface. Then, HVO(X) = H%1(X).
Proof. We have H'%(X) is the space of holomorphic one-forms, and that H%!(X) is isomorphic to

the space Q1(X), the space of anti-holomorphic one-forms. The map
c: HY(X) — Q1(X)

W= w

is an isomorphism, since it is an invertible linear transformation. So, H%(X) = Q1(X) = H%(X).
O

So, we have dim H'%(X) = dim H%!(X) = 1 dim H};(X). By relating the de Rham cohomology
to a new homology, related to simplices, we will be able to use these results to determine the
dimension of H%1(X).

Definition 2.9 (n-simplex). Let (vo,v1,...,v,) be an (n + 1)-tuplet of points in Fuclidean space
such that v1 — vg, V2 — Vg, ...,y — Vo 1S linearly independent. Then, the n-simplex determined by
them is [vg, v1,...,v,] and is the smallest convex set containing vo, v, ..., Vp.

The condition “convex” means that for any two points pi, ps in the n-simplex, every point on
the line segment between p; and ps is in the n-simplex, and the condition “smallest” means every
other set satisfying the other conditions for an n-simplex is a superset of the n-simplex.

The 0-simplices are points, the 1-simplices are line segments, the 2-simplices are triangles, the 3-
simplices are tetrahedra, and the other simplices are higher-dimensional analogues of these spaces.
The linear independence condition prevents any degeneracy (like, for instance, a “tetrahedron”
with four coplanar vertices) in the simplex. All simplices inherit the subspace topology from the
euclidean space, and in fact all n-simplices are homeomorphic to the n-ball. For more discussion,
see [?]. We can use simplices to understand any topological space X by defining simplices in X.

Definition 2.10 (Singular n-simplex). Let X be a topological space. A singular n-simplex in X is
the image o([vg, ..., vn]) of a continuous map

o [vgy...,vn] = X
where [vg, ..., v,] is an n-simplez.

As with divisors, we define formal sums on singular n-simplices to get a space of interest.
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Definition 2.11 (Singular n-chains). We define C,(X,C), the space of singular n-chains, to be
the space of formal sums
D dac

where all but finitely many terms are zero, the coefficients g, are elements of C, and the sum is
over singular n-simplices a in X.

A boundary operator on singular n-chains allows chains to have structure similar to a complex:

Definition 2.12 (Boundary map). We define the boundary map 6, : Cp(X,C) — Cp_1(X,C)
by defining it on singular n-simplices and letting it be linear on Cp,(X,C). Let o([vg,...,v,]) be a
singular n-simplex. Then, we define

n

Sn(o (o, -y val)) = D (1) "o ([0, -, Vim1,Vig1s- -, Vn))-

=0

We have 6,100, = 0 (see [Hat02] for a proof), so we can define a complex moving in the reverse
direction:

042 Cy(X,C) 4 O1(X,C) €2 Cy(X,T) <2 ..
This gives a homology, not cohomology:
Definition 2.13 (Singular homology). We define the nth singular homology space as
H,(X,C) :=ker(d,)/Im(6p41)

Especially important is the space H; (X, C), as it is closely related to the genus of X. In Figure
the two generators of the fundamental group are also a basis for H;(X,C), and, in general, the
dimension of Hy(X,C) is twice the genus of a space. This is sometimes even taken to be the
definition of genus.

As the name suggests, cohomology is dual to homology, and there is a dual singular cohomology.

Definition 2.14. Consider the complex

025 Co(X, ) 2L 01 (X, C) 25 op(x,0)r B

made up of dual spaces and dual maps to the “reverse complex” for singular homology. The nth
singular cohomology space is defined as
H"(X,C) :=ker(d;)/Im(d);_1)

In the case where X is a compact Riemann surface of genus g, H1(X,C) has dimension 2g, and
H,(X,C) is isomorphic to its dual space Hom(H; (X, C),C), which therefore also has dimension
2g. The map from H},(X) to Hom(H;(X,C),C) is constructed as follows. Let [w] € H}p(X),
then we map [w] to the element of Hom(H;(X,C),C) that takes, a 1-chain [C4], to fCl w. This is
well-defined by Stokes’ theorem and the definitions of de Rham cohomology and singular homology.
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Indeed, for every smooth function f and 2-chain Cj :
/ w+df = oJ—i—/ df = w+/ f:/ w
C14+6Co C146Co C146C C14+6Co 6(Cl+502) C146Co
= / w +/ w= / w +/ dw
Ci 5C3 Ci Cy
- / w
Cy

So, this map has the same output for different representatives of homology and cohomology classes.
De Rham’s Theorem says this map is actually an isomorphism.
Theorem 2.14 (De Rham’s Theorem). Let X be a compact Riemann surface. Then,

Hjp(X) = Hom(H,(X,C),C).

See [GH94] for a proof of Theorem As a result we now know that the dimension of H}p(X)
is 29, where g is the genus of X, as dim H;(X,C) = dim Hom(H;(X,C),C) = 2g. Furthermore,
from Theorem Hl,(X) 2 HY9(X)® H*!(X) and by Theorem HY(X) =2 HOY(X)
therefore, we get that dim H%(X) = g.

3. RIEMANN’S EXISTENCE THEOREM AND FINAL PROOFS

We can now show another theorem, which will be instrumental in our proof of Riemann-Roch.
Along the way, we will show the Uniformization Theorem in the genus 0 case.

Theorem 3.1 (Riemann’s Existence Theorem). Let X be a compact Riemann surface. There is a
nonconstant meromorphic function on X.

Recall, for a Riemann surface X of genus g, we had constructed a smooth function B - = on
X \ {p} and with a pole at p, and we were looking for a smooth f on X such that f + B
is holomorphic. This came down to finding smooth f such that 0f = —A for a globally deﬁned
(0, 1)-form A.
Theorem 3.2. Let X be a Riemann surface of genus 0. X is biholomorphic to the Riemann sphere
C.
Proof. If g = 0, then dim H*!(X) = 0, so

HON(X)=0%(X)/Im(0: Q°(X) — Q"1 (X)) = {0}
so every globally defined (0, 1)-form is in the image of the d operator on the smooth functions

on X. Therefore in the genus 0 case, there is a smooth function f such that 0f = —A
This means f+ B - — is holomorph1c on X\ {p} (as O(f+ B- ) 0), and since B - = increases

without bound near p, f + B - Z— is a meromorphic function on X \ {p} with one snnple pole at p.
P
Therefore

f+B- le X = C
is a nonconstant holomorphic function, so by Theorem f+B- i is a ramified cover of C. Since
f+B- i has just one pole of order 1, co has one preimage of multiplicity 1, and therefore all
points in C have exactly one preimage under this map. Therefore f + B - i is a biholomorphism

between X and C. O
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In particular, X is a quotient of C by the trivial group, so X follows form 2 of the Uniformization
Theorem.

For surfaces X of genus g > 0, it takes a little more work to guarantee a nonconstant meromorphic
function on X, as there are now (0, 1)-forms on X that are not images of smooth functions under
the O operator. We get around this problem by adding more poles to our meromorphic function.

Let p1,...,pg+1 be distinct points in X. For each p;, let U; be a neighborhood of pz on which
z; is a coordinate chart such that z;(p;) = 0. Then, as when we were constructing B - =, for each
1<i<g+1,let B; be a smooth bump function on X such that B; = 0 outside of U and B =1lin
a nelghborhood V; of p;. Then, B; - Z is smooth on U; and can be extended outside of U; by zero
to be smooth on X. Also, B; - Z is holomorphic on V; \ {p}, so 9(B; ) is zero on V; \ {p}, so we
can extend O(B; - ZL) to a smooth global (0, 1)-form on X, which we call A;.

Now, since [4;] € H*!(X) foreach 1 < i < g+1, and dim H%'(X) = g, there exist A1,..., \g41 €
C, not all zero, such that

—Ai[Ar] = = Agra[Aga] = 0.
By the definition of H%!(X), there exists some smooth f on X such that

Of = —MAL— - = Agr14gi1.

Then,
1

g+1

is an meromorphic function on X with poles only in {pi,...,pg4+1}, and with all of these poles
simple. Indeed, (M) = 0 everywhere away from the p; for which \; # 0, so M is holomorphic
away from finitely many points, which are its poles, so M is in fact meromorphic. Since M has
some poles (as there are nonzero \;), M is nonconstant. This concludes the proof of Riemann’s
Existence Theorem.

1
M = f+>\1B1; —+ .- +Ag+1Bg+1Z
1

3.1. Proof of Riemann-Roch. We now are ready for our proof of Riemann-Roch, as stated in
Theorem [2.5] We will use ideas from [DonT1].

Let X be a compact Riemann surface of genus g, and let D = {p1,...,pq} be a divisor of X, such
that the p; are all distinct elements of X. We will first investigate H°(D), the space of meromorphic
functions on X with all poles simple and in D, which we will eventually relate to H°(K — D), the
space of holomorphic one-forms on X that vanish at every point in D.

It would be nice to be classify elements of H°(D) by their behavior in D. For motivation, let
D = {p1,...,pa} be a divisor of C such that D C C and consider H° (D). By the definition of ® (the
complex plane with a point at infinity) there are two canonical coordinates z : C\ {oo} = C — C
where z is the identity map on C, and w : C\ {0} — C where w = 1 on the overlap. Then,
a meromorphic function is determined, up to addition by a constant, by its residues in these

local coordinates. Indeed, from the proof of Theorem [2.6] if ci,...,cq are the residues of some
meromorphic F, when expressed in z, at p1,...,pg, then the function
C1 Co Cd
f)=F(z-— ——--- —
Z—p1 = Pp2 Z—Pd

is constant on C. So, the residues, when expressed in z, do indeed determine F on the entire surface.
However, suppose we defined a different local coordinate 2z’ : C — C such that z/ = 2z. Then, a

function g : C — C such that g(z) = 1 would now be expressed g(z’) = 2, and the residues of g

with respect to z and 2’ are different. This is an even greater problem with surfaces that are not @,
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where there is no canonical coordinate and we might not even know the nature of the coordinate
charts. We circumvent this problem by defining a new notion of residue.

Definition 3.1 (Tangent Residue). Let z be a local coordinate on a compact Riemann surface X,
let z(p) = 0, and let f be a meromorphic function on X with Laurent expansion at p

f(z) = Z a;z'.

i=—1

Then, we define the tangent residue of f at p to be Res, f = a,l% € T,X, where T, X is the
tangent space of X at p.

In this and what follows, we consider the tangent space as a complex vector space, which has
complex dimension 1 and basis %, where z is a local coordinate.

The notion of “residue” is now well-defined, regardless of local coordinate, and meromorphic
functions with only simple poles are still determined, up to addition by a constant, by these residues.
Let D = {p1,...,pq} be a divisor on a compact Riemann Surface X, and let fi, fo € H°(D) such
that Resy, fi = Resy, f2 for all 1 <7 < d. Then, f; and f, differ by a holomorphic function, which
is constant by Theorem [1.2

This gives a map

d
R:H(D) - PT, X
i=1
taking a function f to the d-tuplet of its tangent residues. Now, consider the following sequence:

I R
0—C=H'(D) = PT,X

i=1

where [ is an injective inclusion map taking ¢ € C to the function f. = ¢. This is therefore a complex,
since R o I = 0. Furthermore, the associated cohomology group ker R/Im [ is trivial, as ker R is
exactly the space of holomorphic functions on X, which is just the constants by Theorem [1.2] so
ker R =1Im .

We would like to determine the value h®(D) = dim H°(D). By the Rank-Nullity Theorem, we
have

dimHO(D) =dimkerR+dimImR =dimIm/ +dimImR =1+ dimIm R.

So, we now investigate Im R.

We define a map from @jzl T,, X to H%!(X) such that its kernel is dim Im R. For each 1 < i < d,

let A; : T, X — H%(X) be a linear map that, for a local coordinate z; of p;, takes % to the

cohomology class of the global (0, 1)-form A;, the extension of 9(B; - Zi), as defined in the proof of
Riemann’s Existence Theorem. A; is then extended over the rest of T}, X to be linear. The image
Ai()\ig) = \;[A;], where A; is defined in terms of the local coordinate z;, is independent of choice
of local z;.

Next, we define A : 69?:1 Ty, X — H%'(X) such that, for any (t1,...,tq) € @le Ty, X,

Altr, .. ota) = Ailt)
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Now, we have Ao R = 0, since given meromorphic f € H°(D),

d
AOR(f)ZZ)\i[A

such that )\i% is the tangent residue of f at p; for each 1 <14 < d. Then, consider the function

d 1
F=f-) \Bi-—
i=1 v

F has no poles on X by the definition of tangent residue and since f only has simple poles, all
in D, so F' is smooth on X. Therefore,
d

OF) = [0(f ~ Y ABi- 1) =0
i=1 v
in H%1(X). B B
Note since f is holomorphic away from the p;, f = 0 on X \ D. We can extend df to be zero
on all of X.
Then,

1

d
CHEDIRIY! ZéAB =0
in H%1(X), so -
Ao R(f) = X[Ai] =0

and Im R is a subspace of ker A. ) )
Furthermore, we actually have Im R = ker A. Let A = ()‘16%17 . .Ada%d) € ker A. Then, we

have
d
> 4] =
i=1

so by the definition of H%'(X) there exists some smooth g on X such that 0g = =N A — - -—NgAyg.
Then, d(g+ M Bi- ;- +---+XaBa- =) =0, 50
1 1
Glzg—‘r)\lBl-f—F---—i-/\dBd-f
zZ1 Zd
has all of its poles simple and in D and is holomorphic away from its poles, so G € H°(D). Also,

R(G) = A. So, ker A is a subspace if Im R. So, Im R = ker A. Since, from our above rank-nullity
claim, we have dim H(D) = 1 + dim Im R, we have

dim H°(D) = 1 + dim ker A.

We also have dim @?:1 T,,X = d, since each tangent space has complex dimension 1. So, using
facts from linear algebra,

d — dimker A = dimTm A = dim H%*(X) — dim(Im A)* = dim H*!(X) — dim ker A*
— dimker A = d — dim H>'(X) + dim ker A*

where A* is the dual map or transpose of A.
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By the way dual spaces interact with the direct sum, we have (@?:1 T,,X)* with @?:1 T, X,
where T X is the cotangent space attached to p;. We also want to associate a space to (HOY(X))*
to better understand (H!(X))*. Consider the following construction, which identifies H%(X)
with (H%Y(X))*

Given a one-form o € H?(X), we let a correspond to the element of (H%!(X))* that takes
the class of forms [0] € H*'(X) to [, o A §. We abuse notation and consider « as a function in
(H*'(X))*, writing «([f]) = [y & A 6. This expression is well-defined, regardless of representative
for the class [0], since if [§'] = [#], we have that there exists smooth f such that 6’ = 6 4+ 0 f. Then,

we have
a([e/]):/XaAafz/XaA(9+5f):/XaAe+/XaAa’f

+/Xd(omf)
:a([e])+/6x_wwf=a([9]>

(We have a A 0f = d(a A f) since, because « is a holomorphic 1-form, da A f, da A f, and a A Of
all vanish. The next line follows from this by Stokes’ Theorem.) This shows the correspondence
between HY(X) and (H%!(X))* is well-defined. It is shown in [Donl] that this correspondence
defines an isomorphism.

So, we can consider A* as a map from HY?(X) to @?:1 T, X. We are now able to relate ker .A*
to one of the key terms in Riemann-Roch.

Theorem 3.3. We have ker A* = HY(K — D).

Proof. Let a € H°(X) and consider « as an element of (H%!(X))* as above. We consider the
conditions for A*(a) = 0. A*(«) is the functional that takes an element

, 69

(ty,...,t

to

alA(ty, ..., tqd)).
Since each tangent space has complex dimension 1, each t; must actually be \; =2 a5 - for some \; € C.
Since A*(«) is linear, We have that A*(«) vanishes on all vectors in @i:l T;i X if and only it

vanishes on all vectors a . So, we consider

A (@) 5.

This is equal to

aoA(aiz) a([Ai]):/Xa/\Ai.

In the local coordinate z;, let « be represented as g(z;)dz;. Recall that A; is the extension of
5( ) for some smooth bump function B;, and that z; is defined such that z; is 0 at p;. Let U
be a nelghborhood of p; such that B; is 1 on U. Then, let v be a path in U around p. Then, ~
partitions X into two regions, that is, X \ v has two connected components. Let C be the connected
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component of X \ v containing p;, so p; € C C U. We have that -y is the boundary for both C and
X \ C. Then, we have, using Stokes’ theorem,

a(al) = [ ana

2/ Oz/\Ai-i-/Oz/\Ai
xX\C c

_ 1 = 1
:/ a/\a(Bi'—)+/a/\a(Bi'—)
X\C 24 C 24
1 1
5(X\C)=y Zi §0=v Zi

1
ZQ/BZ"*CY
v Zi

1
=2 | —«
v %

vy i

1 1 1
d(Bif()é) =aA d(BZ*) - Bl—da

2 Zi Zi

So we have

=ai a(Bil) +aA S(Bzi) — Bilaa — Biléa

= 1
=and(B;—)
Zi
=aA AZ‘,

since « is a holomorphic (1, 0)-form, allowing us to apply Stokes’ Theorem.
By the Residue Theorem, the integral

Ny i

evaluates to 2(271ig(0)). So, a([A;]) vanishes if and only if g(0) = 0, which occurs exactly when «
is 0 at p;. So, A*(a)) = 0 if and only « vanishes on all [A;]’s, equivalent to the condition that «
vanishes at every p;. So, a € ker A* if and only if o € H*(K — D). (]

Now, combining the two dimension relations
dim H°(D) = 1 + dim ker A
dimker A = d — dim H*'(X) + dim ker A*
gives
dim H°(D) = 1 +d — dim H*'(X) + dim ker A*
=d—g+1+dimH°(K — D)

So,
(D) —h°(K —D)=1+d—g.
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The Riemann-Roch Theorem is proved.

3.2. Proof of Uniformization. We conclude with a proof of the Uniformization Theorem, follow-
ing [Donl11]. Note we have already dealt with the case where X is compact and simply connected.
In this case, X is of genus 0, so X is biholomorphic to C by Theorem 3.2

Theorem 3.4 (The Uniformization Theorem, version 3). Let X be a non-compact simply connected
Riemann Surface. Then, X is biholomorphic to either C or D.

Proof. We look to construct a map f : X — C such that f is injective and proper. That is, f is
injective and inverse images under f of compact sets are compact. We use a similar theorem to
Theorem to show the following result.

Lemma 3.1. Let X be a simply connected, non-compact Riemann surface. If p is a form on X
with compact support and such that fX p =0, then there exists a smooth function ¢ on X such that
006 = p and, for any € > 0, there is a compact subset K C X such that |¢p(z)| < € on X\ K. (That
is, “p tends to 0 at infinity in X”).

For a proof of Lemma [3.1| see [Donll]. We also will also need the Riemann Mapping Theorem.

Lemma 3.2 (Riemann Mapping Theorem). Let U be a simply connected proper subset of C. Then,
there is a biholomorphism b: U — D.

For a proof of Lemma see [Fil]. — Now we put all of our results together to demonstrate the
existence of the desired injective, proper map f: X — C.

Let p € X, and let z be a local coordinate on a neighborhood U of p such that z(p) = 0. Then, as
in the proof of Riemann’s Existence Theorem, let B be a bump function such that B is identically
1 on a smaller neighborhood of p, and B is compactly supported with support entirely within U.
Then, B- L has a pole at p but is not meromorphic. Again, let A =9(B-1) on X\ {p}, and extend
A to be a global (0, 1)-form since A is 0 in a neighborhood of p.

Then, p = 9A is a (1,1)-form with compact support, as A vanishes outside the support of B.

Then,
/p:/aA:/dA:o,
X X X

by Stokes’ Theorem. By Theorem there is a smooth g on X such that 0dg = p and g tends to
zero at infinity in X. Now, consider the 1-form

a=(A—-0g)+A-0g.

a is twice the real part of A — Og, so a is a real one-form. Then, we have d(A — dg) = 0, since
O(A —0g) = 0A — 009 = 0 and A — g is a (0,1)-form, so I(A — dg) also vanishes. Similarly, we
have d(A — dg) = 0. So, da = 0.

Because X is simply connected, its 1st singular homology group is trivial, so by Theorem [2.14]
we have H C%R(X ,R) = 0. This theorem was stated with both the singular homology and the de
Rham cohomology defined over the complex numbers, but it still holds true when they are defined
over the reals. The de Rham cohomology over the reals is defined where complex-valued smooth
functions are replaced with real-valued smooth functions, complex one-forms are replaced with real
one-forms, and so on.

Then, since da = 0 and a is a real one-form, we have [a] = 0 in H},(X,R). By the definition of
H}o(X,R), there is a real-valued smooth function ¢ on X such that a = di. Then, A — dg = 9,
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because the left is the (0, 1)-form component of a and the right is the (0, 1)-form component of di).
So,

BB~ (g+4) =0,

Let f=B- % — (g +¥). Now, f is meromorphic with one simple pole at p, since it is holomorphic
away from p by Theorem [2.9] and it has simple pole behavior at p. Furthermore, the imaginary
part of f tends to 0 at infinity in X. This is because B - % and ¢ tend to zero at infinity in X and
1) is real-valued.

Now, consider the spaces Hy = {z € C | imz > 0} and H_. = {z € C | imz < 0}. We also
define X, = f~}(H,) and X_ = f~}(H_), along with f, : X, — H, and f_ : X_ — H_ the
(respective) restriction maps. Since f is continuous, X, and X_ are open. Also, fi and f_ are
holomorphic maps.

Now, fi and f_ are proper maps. Suppose B is a compact subset of H . Then, there is € > 0
such that imz > e for all z € K. Using an argument from [Fil], suppose f;'(B) did not have
compact closure. Then, we would have a sequence a,, in f;l(B) such that im f(a,) approaches
0 as n approaches oo, since the imaginary part of f tends to 0 at infinity in X. This violates the
condition of a positive lower bound on im z, so f;l(B) must have compact closure. Since Hy is
Hausdorff, B must be closed, so f;l(B) is closed and therefore equals its closure, which is compact.
So fy is proper. A similar argument shows f_ is also proper. Because f, and f_ are proper maps,
they are ramified covers of their images [Donl11], Proposition 7.

Since f has a simple pole at p, there is a neighborhood of co in the image of f. This neighborhood
must intersect both H; and H_, so both X and X_ are nonempty. So, both f; and f_ are ramified
coverings with degree at least 1, possibly infinite. We show the degree in fact must be 1.

Suppose to the contrary fi has degree at least 2. Then, using the fact that the imaginary part
of f tends to 0 at infinity, let K be a compact subset of X such that im f < 1 on X \ K. Then,
for each positive integer n, there is x,,y, such that fi(x,) = fi(yn) = ni and z,, = y, only if
fi(xn) =0 (that is, ,, and y, are distinct unless they are a branch point for fi). The sequences
(x,) and (y,) are contained within K, so there is a convergent subsequence of both (z,,) and (y,),
converging to limits z,y. Since fi is continuous, we must have f(x) and fi(y) equal oo, since
(f+(x,)) and (f+(yn)) approach oco. This means, since f1 has one pole at p, z = y = p and there
are sequence elements of both (x,) and (y,) arbitrarily close to p. This violates the simple pole
behavior of f at p, as it either violates injectivity or the condition that the derivative of f cannot
vanish in a neighborhood of p.

So, f+, and f_ by a similar argument, are ramified coverings of degree 1 and therefore bijections.
We now show f is injective on its entire domain. Suppose there were two points x1 # x5 in X such
that f(z1) = f(x2). Then, we must have f(z1) € R, since f only has one preimage for points in
Hy UH_ U{oc}. But, then there is a neighborhood Uy(,,) of f(z1) € C such that there are disjoint
neighborhoods Uy of x; and Us of x5 such that f(U;) and f(Uz) both contain Ug(,,). Then, Ug(,,)
contains elements of H*, so U; and U, both contain preimages of HT, contradicting the fact that
f is injective on HT. So, f must be injective.

So, f is a biholomorphism from X to f(X). We also have Ht UH™ U {oo} C f(X). So,

C\ f(X)CR.

Since X is simply connected, f(X) is simply connected, so C\ f(X) is connected and therefore is
some interval I C R. Furthermore, f attains the value oo in C, so f attains a neighborhood of oo
and therefore there is an upper and lower bound on points in I. So, I is an interval of finite length.
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Because f(X) must be open, I must be closed, so we have I = [a, b] for some a < b € R. — Notice
I must be nonempty since X is not compact. Therefore we conclude by considering two cases.

Case 1: If a = b, then X is biholomorphic to f(X), which is the Riemann sphere with one point
removed and therefore biholomorphic to the complex plane, where the biholomorphism is
given by an automorphism of the Riemann Sphere that shifts the point removed from the
Riemann Sphere to co.

Case 2: If a < b, then f(X) is biholomorphic to a proper subset of the complex plane, given by
an automorphism that shifts one of the points removed to co. In this case the Riemann
Mapping theorem, Theorem guarantees that f(X) is biholomorphic to D, so X is
biholomorphic to D.

In one case, X is biholomorphic to C. In the other case, X is biholomorphic to . The Uni-
formization theorem is proved. O
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