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(1) Suppose that f : [−1, 1] → R is continuous. Find directly the solution u(x) of the
boundary-value problem

−u′′(x) = f(x), u(−1) = u(1) = 0,

and show that the solution can be written in the form

u(x) =

∫ 1

−1
K(x, y)f(y) dy

for some kernel K(x, y). Then prove that the nonlinear boundary-value problem

−u′′(x) + µ sin(u(x)) = f(x), u(−1) = u(1) = 0

has a unique solution provided that µ ∈ R is sufficiently small.
(2) Suppose that λ ∈ C belongs to the residual spectrum of a bounded linear operator L

on a Hilbert space H. Determine whether the complex conjugate λ∗ is in the point
spectrum, continuous spectrum, residual spectrum, or resolvent set of the adjoint L∗.

(3) Consider the set C[0, 1] of continuous functions [0, 1] → C. Define a “norm” on
C[0, 1] by

‖f‖ := sup
x∈[0,1]

x2|f(x)|.

Does this make C[0, 1] a normed linear space? Is it a Banach space? Prove your
answers.

(4) Suppose that f : R → R is a continuous function with nonempty compact support.
Is the linear multiplication operator Mf : L2(R) → L2(R) defined by Mfu(x) :=
f(x)u(x) compact? Prove or disprove.

(5) For each ε > 0 the function fε(x) := (x + iε)−1 defines a regular distribution on R.
Does fε have a distributional limit as ε ↓ 0? If so, prove it, and find the limiting
distribution. (You may work in either D′(R) or with tempered distributions in S ′(R).)
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