Department of Mathematics, University of Michigan
Analysis Qualifying Exam, January 9, 2022
Morning Session, 9.00 AM-12.00

Problem 1: Let H = {z € C : 3z > 0} be the upper half plane in C and
f :H — C an analytic function which satisfies |f(z)| < 1 for all z € H.

(a) Show that

1/ 1_|f<i)|2
1£/(7)] < Y

(b) Identify all such analytic functions for which equality holds in (a).

Solution: (a) This is the same argument as gives Pick’s lemma and so follows
from the Schwarz lemma |¢’'(0)| < 1 for analytic functions ¢g : D — I satisfying
g(0) = 0. We map D to H using a fractional linear transformation f; which
satisfies f1(0) = i and another one f, from D — D which maps a = f(i) to 0.
Then g = fy o f o f; and the inequality |¢'(0)| < 1 becomes |f5(a)f'(7)f1(0)] < 1.
We can take

1+ =z zZ—a
and these have derivatives
2i ;o 1—|a?

fi(z) = A= fa(z) = 1—az2

Hence |f1(0)] =2, |fi(a)] = [1 — |a|*]~!, which yields the inequality.

(b) Schwarz implies that if |¢/(0)] = 1 then g(z) = €“z for some 6 € R, i.e
g(+) is a rotation. This gives a formula for f(-) by inverting the fractional linear
transformations.

Problem 2: Evaluate the integral
* In|z? — 1|
——dux.
/_Oo 2+ 1 v

Solution: Consider a branch of logarithm with the cut along the ray {—it, ¢ > 0}.
Observe that

* In|z? — 1] * In |z — > In(x
———dr = 2 —_— = 2R
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To calculate I(\) we use contour integration. Let € € (0,1) and R > 2. Consider
a contour I' consisting of

Fl = [1+€,R],
[y ={Re": 0<t <7},
P3 = [—R,l—E],

[y={l+ee": m7>t>0}.

By the residue theorem,

/Fwdz iR (MO _opnE—l) (ln(\@) + 23—7T) .
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Note that .
/ 111(22 - 1) PN / In(x — 1) s
I'ul's z + ]- —00 I‘2 + 1

as ¢ — 0 and R — oo. Also,

In(z —1) "In(R+1)+1
——dz| < —————— - Rdt
/ 22 +1 Z’_/O R?2 -1 fdt =0

as R — oo and

/F In(z — 1) dz‘</0”ln(1/£)+t.€dt_>0
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as € — 0. Thus,
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Problem 3: Let fy,..., f,_1 be functions analytic in a neighborhood of a point
29 € C, and let g be a function analytic in a punctured neighborhood of z;. Define
the function

2 n—1 n
hz) = fol2) + f1(2)g(2) + f2(2) (9(2))" + - + far(2)(9(2))" " + (9(2))".
Show that if g has an essential singularity at zy then A has an essential singularity
at zg.

Solution: We assume for contradiction that h(-) does not have an essential singu-
larity at zp. Then there exists an integer N > 0 such that lim,_,,,(2—20)¥ h(z) = 0.
We choose an integer k£ > 0 such that nk > N and observe that

(z — zo)"kh(z) = Pn(g(z), z), where g(z) = (2 — zo)kg(z) ,
and P, is the polynomial

Py(w,2) = w"+(2—20)" fu_1(2)w™ - -—I—(z—zo)(”_l)kfl(z)w—i—(Z—zo)”kfo(z) )



Observe that g(-) also has an essential singularity at zo and let w € C be such
that ﬁn(w, 29) # 0. By the Casorati-Weierstrass theorem there exists a sequence
Zm such that lim,, oo 2m = 20 and lim,, . §(2,,) = w. This implies lim,, (2, —
20)"™h(zm) # 0, a contradiction.

Problem 4: Let D={z€ C: |z| <1, Rz+ Sz > 1}. Find a conformal mapping
f(+) from D onto the unit disk D = {z € C : |2] < 1}. You may express f(:) as a
composition of simpler maps.

Solution: 0D is the intersection of a circle and a line with intersection points 1, i.
We use a fractional linear transformation to map 1 to 0 and ¢ to co. One such
map is .

5 —

fi(z) = .

Since we have fi1(—i) = (1 —1)/2 and f1(1/2+1i/2) = —1, we see that f,(D) = D,
is the wedge of acute angle m/4 between the negative real axis and the half line
from the origin though the point —1 4 i. We rotate and reflect the wedge to be
symmetric about the positive real axis so we define f; by f2(2) = —e™/82. Next we
set f3(z) = 2* which maps the wedge of angle 7/4 symmetric about the positive
real axis to the right half plane {Rz > 0}. Finally we map {fz > 0} to {|z] < 1}
by a fractional linear transformation such as

z—1

Jalz) = z+1°
The final transformation is then f = fy0 fzo fo 0 fi.

Problem 5: Show that if R\ > 1 then the equation e* = z 4+ A\ has exactly one
solution in the left half plane Rz < 0.

Solution: Let D, be the disk {z € C: |z+ A| < 1}. Since A > 1 the closure of
D, is in the left hand plane. Further if z ¢ D) and Rz < 0 then f(2) = 2+ X —¢€?
satisfies |f(z)| > |z + A| — |e*| > 0. Hence the only zeros of f(-) in the left hand
plane lie in D). We let g(z) = 2z + X so g(-) has exactly one solution in D,.
Furthermore |f(z) — g(2)| = |e*| < |g(2)| for z € 0D,. The Rouché theorem
implies then that f(-) has the same number of zeros in D, as g(-).



