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Notation: m∗(E) is the Lebesgue outer measure ofE, m(E) is the Lebesgue measure
of E.

1. Let A1 ⊂ A2 ⊂ R
n. Assume that A1 is Lebesgue measurable and m(A1) =

m∗(A2) < ∞. Show that A2 is also Lebesgue measurable.

2. Let f be a measurable function on E ⊂ R. Assume that
∫

E

|x|1/4|f(x)|2 dx < ∞,

∫

E

x4|f(x)|3 dx < ∞.

Is f ∈ L1(E)? Justify your assertion.

3. (a) Construct a function f : R → R such that f ∈ Lp(R) for all 0 < p < ∞, but
f /∈ L∞(R).

(b) Let (X,A, µ) be a measure space such that for any t > 0 there exists a set
Et ∈ A, with µ(Et) = t. Construct a function f : X → R such that f ∈ Lp(µ) for
all 0 < p < ∞, but f /∈ L∞(µ).

4. Let f, g be nonnegative measurable functions on E ⊂ R
n, and assume fg ∈

L1(E). Let Ey = {x ∈ E | g(x) ≥ y}. Show that

a) for every y > 0,

F (y) :=

∫

Ey

f(x) dx < ∞.

b) Is F ∈ L1(0,+∞)? Justify your answer.

5. Let f be a function defined on R
n. Assume that for any ǫ > 0, there are

g, h ∈ L1(Rn), satisfying

g(x) ≤ f(x) ≤ h(x), a.e. x ∈ R
n,

and
∫

Rn

(

h(x) − g(x)
)

dx < ǫ.

Show that f ∈ L1(Rn).


