Department of Mathematics, University of Michigan
Real Analysis Qualifying Exam, August 20, 2021
Solutions

Problem 1: Let f € L1((0,00) X R). Define the sequence g, : (0,00) — R by

gn(z) = /OOO e_kf(nk,x) d\, mneN.

(1) Show that lim, . ||gn|l1 = O.
(2) Show that g, — 0 a.e.

Solution: Using the change of variables formula, we get

mia) =5 [

n
(1) Since f € L1((0,00) x R), Tonelli-Fubini Theorem yields

1 o0 —t/m 1
llgnllr < —// e M f(t,x)| dt dz < = || fl| £y((0,00)xR) — O
n R JO n

(2) For k € N, denote

F={rcR: /Ooo|f(t,x)|dt§k;}.

By the Tonelli-Fubini Theorem, Fj is measurable, and the calculation
above shows that for any « € Ej, [ga(2)] < £ — 0. Hence, g,(z) — 0 for
all z € Jey Ew, and

m(R\UEk) =0

keN

again by the Tonelli-Fubini Theorem.

Problem 2: Let (X, A, 1) be a measure space, and let f € Ly (u).
Prove that lim, . [y | f|*/" dp exists and find it (the limit can be +00).

Solution: Denote A ={zx € X : |f(z)| >0} and B={x € X : |f(x)] > 1}.
For any x € X, |f(2)|"/" — 1a(x). For any x € B , and any n € N, |f(2)|'/" <
|f(z)|, and f € Ly(u). Hence the Lebesgue Dominated Convergence Theorem
yields

n—oo

i [ 171 dp = [ Lady = ()
B B



On the other hand, for any z € B¢, the sequence |f(x)|'/" is increasing. By the
Monotone Convergence Theorem,

lim |f\1/"du:/ Tadu = pu(B°NA).
Be Be
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Finally,

n—o0

lim [ [FIV™ dp = p(B) + p(B° N A) = p(A).

Problem 3: Let K = {f:[0,00] = [0,00) : [;7 f*dx < 1}. Evaluate

sup /000 f3(z)e " du.

feK
Solution: By Holder’s inequality applied with p = %, for any f € K,
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To show that the supremum is attained, take a function f for which Hdélder’s
inequality becomes an equality, i.e.,

f(x) = V22,

/0 " Pla)e e — G)M.

Problem 4: Let {f, : [0,1] — {-1, 1}}20:1 be a sequence of measurable functions
defined by

Then f € K and

1 ifze(Z,EH] k=01,....2"" -1,

fn($) =

-1 ifwe (EH 22 k=01, 27" -1

Prove that
1
/ fngdx — 0
0
for any g € L1([0,1]).

Solution: Let X C Ly([0,1]) be any subset dense in L;(]0,1]). It is enough
to check that for any h € X, fol fnhdx — 0. Indeed, assume that this condition



is satisfied, and let g € L;([0,1]). Take any ¢ > 0 and let h € X be such that

lg — hll, < e Then
1
/ fohdx
0

1
/ fngdx
0

SO f01 fngdz — 0.
The set X can be chosen in many different ways. We show two of them below.

(1) X =span{ljy, 0 <a < b < 1}. It is enough to check the condition for
h = 1,4 In this case

1 b
/ fohdx = / fndx —0
0 a
as required.

(2) X = C([0,1]). Take any h € X. For any € > 0, there exists 6 > 0 such
that

lim sup < lim sup + lim sup

/Olfn(g—h)dw

< Hg - hH1

<e,

Ve,y € [0,1] [z —y[ <0 = |h(z) —h(y)] <e.
Assume that 27! < §. Then for any k¥ =0,1,...,2"71 — 1,

2k+2
omn

9
< —

falw)hz) de| < o,

2k

omn

and so

< €.

/01 fo(@)h(x) dz

Problem 5: Let A C [0,1] be a set such that m(A) > 0.999 (m stands for the
Lebesgue measure). Prove that there exists a point z € (0,1) such that
m(AN (x —r,x+7r)) >r foranyr e (0,1/4).

Hint: use the Hardy-Littlewood Maximal Theorem. Recall that for n = 1, it holds
with constant C < 4.

Solution: Denote by M f the maximal function of the function f:

1 x+r
M f(x) = sup o~ |f ()] da.

T‘>0 2r xr—r

Let
1
E = {flj’ eR: M]l[O,l]\A($) > 5} .



By the Hardy-Littlewood Maximal Theorem,
1
<. onall g ogg

Hence, there is a point z € (3, 2) such that = ¢ E. Since (z — 1,2+ 1) C (0,1),
this means that for any r € (0,1/4),
(

m(AN(z—r,z+7)) > 2r—m((x—r,x+7r)N([0,1]\A)) > 2r —=2rM L pa(x) > 7.

m(E)



