Problem 1. Let p be a prime number. Let G be a group of order p* for k > 1 and let H be
the subgroup of G generated by elements of the form g”. Show that H # G.

Solution: A p-group is always nilpotent and thus has a nontrivial abelian quotient. Let
a: G — A be a quotient map with A a nontrivial abelian p-group. A nontrivial abelian
p-group always has a quotient map onto Z/pZ so, composing with this quotient, we get a
surjection 8 : G — Z/pZ. Then every ¢ lies in the kernel of .

Problem 2. Let K/F be a field extension of degree n. Show that there is a subgroup of
GL,(F) which is isomorphic to K*.

Solution: Choose a basis ey, es, ..., e, for K over F. For each o in K, multiplication
by « is an F-linear map form K to K; writing this map in the basis ey, es, ..., €, gives an
n x n matrix p(«). We have (af)y = a(f7), showing that p(af) = p(a)p(B), so p is a group
homomorphism. The last detail to check is that this map is injective. Indeed, we always
have p(«)(1) = a- 1 = «, so the only o with p(a) =1d is o = 1.

Problem 3. Let F be a field. GL,(F') is the group of invertible n X n matrices with entries
in F' and SL,(F) is the subgroup of matrices of determinant 1. Prove or disprove: There is
an action of F* on SL,(F) such that GL, (F) = SL,(F) x F*.

Solution: The statement is true! Embed F* into GL,(F") by sending « to the diagonal
matrix with entries (o, 1,1,...,1). This embedding is split by the determinant map det :
GL,(F) — F*. So GL,(F) is the semidirect product of F* and the kernel of det, namely
SL,(F). Explicitly, the action of a € F* on SL,(F) is conjugation by diag(c,1,1,...,1).

Problem 4. Let K/Q be a Galois extension with degree 9 and at least 2 distinct subfields
QC Ly, Ly C K. What is Gal(K/Q)?

Solution: The two groups of order 9 are Z/9Z and Z /37 & Z/3Z. The group Z/9Z only
has one nontrivial proper subgroup so, by the Galois correspondence, Gal(K/Q) must be
Z/3Z® Z]37.

Problem 5. Let ¢ be a primitive 7-th root of unity. Give an explicit element v of Q(()
such that v is not in Q but +* is in Q. You may assume that the cyclotomic polynomial
29+ 2% + 2 + 2% + 2® + x4+ 1 is irreducible.

Solution: We recall that the Galois group of Q(¢)/Q is (Z/7Z)*, where a € (Z/TZ)* acts
on Q(¢) by ¢ — ¢ (For the record, we recall the proof: Since 2%+ 2° + 2% + 23 + 22 + 2 + 1,
the Galois group must act transitively on the roots of this polynomial, which are {(* : a €
(Z)7Z)*}. So, for each a € (Z/7Z)*, we must have some o, in the Galois group with
04(¢) = ¢ To check that the group structure is (Z/7Z)*, note that o,(05(¢)) = 04(¢*) =
0.(C)" = (¢*)® = (® where, in the penultimate equality, we have used that o, respects
the field multiplication.) We note that (Z/7Z)* has a homomorphism x to {£1}, with
x(1) = x(2) = x(4) = 1 and x(3) = x(5) = x(6) = —1.

Set v = .czmmx x(a)(*. Then, for b € (Z/TZ)*, we have oy(7) = x(b)7. In particular,
o3(v) = o5(7) = o¢(y) = —7 so y is not fixed by the Galois group, and hence is not rational.
(Since og is complex conjugation, v isn’t even real!) But 4?2 is fixed by every oy, so 7?2 is
rational. In fact, one can compute that v? = —7.



