42ND UNIVERSITY OF MICHIGAN UNDERGRADUATE
MATHEMATICS COMPETITION
1pm-4pm, April 5, 2025, final

Problem 1. Determine the value of the following limit or prove that it does not exist:
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Problem 2. Determine the maximum number of pairwise incongruent right triangles having
integer edges (a,b,c) with 1 < a < b < ¢ with at least one edge having squared edge-length
2025.

Problem 3. Show that
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is a rational number.

Problem 4. Let % be a binary operation on a set A.

(a) Suppose that (a*b) x ¢ = (a*c)*b for all a, b, ¢ € A and that * has a left identity
element e, i.e. an element e such that e x a = a for all @ in A. Prove that * is commutative
and associative.

(b) Suppose instead that (a * b) x ¢ = (a * ¢) x b and that a * (b x ¢) = ¢ * (b a) for all
a,b,c € A. Also assume that x has a right identity element f such that a x f = a for all
a € A. Must * be commutative? Must % be associative? Prove your answer.

Problem 5. Let b > 1 be a real number. A point r = (ry,7,...,7,) is chosen at random
in the n-dimensional cube C,, defined by the conditions r; € [1,b], 1 < i < n. That is,
C, = [1,b] x -+ x [1,b] = [1, b]". Assume that if two regions within C,, have the same
n-volume, then the point is as likely to be in one as in the other. Let E, be the expected

value of the geometric mean (H?:l ri)l/ ™ of the n coordinates of r. Find lim,, .. F, as a
function f(b) of b, for b > 1.



Problem 6. Define a special sequence of vectors v in V = C* (viewed as complex-valued
4 x 1 column vectors) to be a sequence vy, Vva, Vs, V4, Vs with the two properties:
(a) v1,Va, Vs, Vy, Vs span V.
(b) There exists a linear transformation 7" on V such that Tv; = viyq for 1 <i <4 and
TV5 = Vi.
Show that if v, va, vs, vy are the first four terms of some special sequence, then there are
exactly five distinct choices of a vector vy in V' so that vy, vy, vs, vy, Vs is a special sequence.

Problem 7. Let S be the smallest set of positive integers that satisfies the following three
conditions:

(1)4eS.
(2) If a € S, then a* € S.

a,be S and a+ b is even, then == isin S.
(3) If a,b € S and b h “‘2”"'5

Determine, with proof, the least integer n > 2025 that is a member of S.

Problem 8. Let z1, 29, ..., 2, be arbitrary complex numbers. Show that there is a subset

I C{1,2,...,n} such that
1 n
PO BICT!
j=1

jel

Problem 9. Let P(z) be a polynomial with real coefficients, and set
P(z+1i) —P(z—1
o= Px=Ple=i)
Show that if all the zeros of P are real, then all the zeros of () are real.

Problem 10. Find all functions f : {0,1,...,100} — {0, 1, ..., 100} satisfying:

f(fn)=n—-1 for 1<n<99,
and

f(£(100)) = 0.

(Note. The value f(f(0)) is not specified.)



